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1 Symmetries in Quantum Mechanics

1.1 Symmetries, Conservation Laws, and Degeneracies

1.1.1 Reminder: Symmetries in Classical Physics

One defines the Lagrangian £(g;, ¢;) of generalized coordinates ¢; and generalized velocities ¢;.
Consider a displacement ¢; — ¢; + dq; for a fixed . If the Lagrangian does not change, i.e.

L(¢i, d:) = L(qi + 6Gi+ i)
then one finds
o _
dq;
Example: Free particle Lagrangian £ = m/2 - (2% + 5? + 22).

0.

¢ Canonical Momentum:

oL
T
e Lagrange Equation:
_doc ot
~dtd¢;  Og;
Using the symmetry this is
0— dp;
oAt

The canonical momentum p; is a conserved quantity if the Lagrangian is invariant under
translation ¢; — ¢; + dq;.

Similarly, in the Hamiltonian formalism of classical mechanics, with H(qg;, p;), one finds

% = 0 whenever 03]-: =0.

The Hamilton equations of motion are

dpi 87‘[ d dqi . 67‘[

de B _8(]2' an dt - 8}% .

If ‘H is independent of ¢;, then p; is a conserved quantity.

1.1.2 Symmetries in Quantum Mechanics

In Quantum Mechanics operations like translation or rotation are described by a unitary operator
S:
516 = 88" =1, that is S~ = ST where (w,flcp) = (flTw,cp) .

o Translation operator:
T, = e—ig-g/h,



¢ Rotation operator: A
D)=t

Symmetry operations that differ infinitesimally from the identity transformation can be written
as

~ 1€ -
§=1-2¢
h

where G is a Hermitian operator called the generator of the symmetry operator S,
An operator is Hermitian if G = GT.
Properties of Hermitian operators:

o real eigenvalues
o eigenvectors to different eigenvalues are orthogonal to each other.
g € R is called an eigenvalue of G with the eigenstate |g) if
Glg) = glg) -

For a discrete spectrum g;: (gn|gm) = Onm.
For a continuous spectrum: (g|¢g’) = d(g9 — ¢').

Physical observables like position and momentum are associated with hermitian operators, which
have a complete eigensystem.

> lgn)lgnl =1 ) =D calgn)
[dglortsl =1 o) = [ dg clo) lg

where the expansion coefficients are given by

¢ = (galp) and c(g) = (gl¢) , respectively.

When H is invariant under the symmetry S, the transformed operator satisfies

A

STHS = B or BS = SH & BS— SH =i, 8] =0.

This is equivalent to [G, H ] =0, when G is the generator of S.
Due to the Heisenberg equation of motion for an operator in the Heisenberg picture Fy(t):

d - i - OFu(t)  dG
—Fy(t) = - |H, Fyul(t — =0.
Glu®) =7 [, Fa)]+ —— = =0
(The subscript in Gy is now implicit. )
. 2 —ia-p/h A PN dﬁ 3 i
Example: Translation operator: T, = e¢ "4 2" = G = p and d—; = 0 in case of translation

symmetry.

G is a constant of motion. For example, if H is invariant under translation, then momentum p is



constant of motion. In the case of invariance under rotation, angular momentum [ is a constant
of motion.

It is instructive to look at eigenstates |g) of G when [H , G] = 0.

(In the Schrodinger picture the state kets are time dependent, given by the Schrédinger equa-
tion.)

The time evolution of |g) can be obtained by using the time evolution operator U(t, to) according
to:

‘g;t07t> = 0(t7t0)’gat0> .

At the starting time |g; o, to) = |g,to) is an eigenstate G|g, to) = glg, to).
Reminder: The time evolution operator satisfies the differential equation:

. Ut o)

e HU(t,to) with initial condition U (to,t0) = 1 .

If the Hamiltonian does not depend explicitly on time then
U(t,to) = e H0—10) — (G U(t,to)] = 0if [G, H] =0.
If Glg,to) = glg,to) then |g;to, t) is an eigenket of G with the same eigenvalue (if [H , G] = 0):

G (U(t,to)lg to)) = U(t,10)Glg, to) = U(t, to)glg, to) = g (Ut t0)lg,to)) -

Example: |p,tp) is eigenstate of p at time to, it will be an eigenstate at all times if the system
is translationally invariant with [H , p].

One can transform between the pictures (where Ggisa time-independent Schrodinger operator)

A

Gu(t) = UT(t,10)GsU(t, o) and |g;to, t)s = Ut t0)|g: to)m -

1.1.3 Degeneracies

In classical mechanics, degeneracies occur for example in the context of closed orbits in the
Kepler problem (many solutions rotated around the focal point).

In Quantum Mechanics, we consider a symmetry operator S (unitary and commutes with the
Hamiltonian) with [H , 5] = 0.

Consider every eigenket |n) with H|n) = E,|n). Then S|n) is also an eigenket with the same
eigenvalue F, because

o (§|n>) = (Hs) In) = SH|n) = E, (S\m) .

Suppose now that |n) and S|n) represent different states, then this states have the same energy
and are hence degenerate.
Consider S characterized by a continuous parameter, e.g. a rotation

D(g) = et Uh.



Assume now [ﬁ(f), H =0=[l,H =0and [[2, H] = 0. (The implication can be shown
using the commutator rule [AB, C] = A[B C’] +[4, C)B)
Consider simultaneous eigenkets of H, 12, and [, denote them by |n;l,m) :

1n;1,m) = KA1+ 1)|n; 1, m)

L|n; 1, m) = hm|n; 1, m) .

= all states ﬁ(g)m, l,m) have the same energy.
In general, D()|n; 1, m) is a linear combination of the 241 independent states |n; 1, m’) (—1 <m' <1)
which is independent of E,:

©)|n; 1, m) Z n;,m") DY) () with DY) () = (1, m|D(@)|l,m) .

[The total angular momentum is not changed under rotation. ﬁ(g) has a block form: [ = 0
scalar, | = 1 vector,...].
By changing ¢ continuously, we obtain different linear combinations of |n,l,m’). If all states

with ﬁ(g)m; I,m) have the same energy, then all the |n;l,m’) have the same energy = FE,, is
(21 4 1)-fold degenerate.

Alternative argument: The |n;[, m) can be constructed by successive application of Iy =1+ iiy,
which commute with H as well.

Application: Atomic electron moving in rotationally invariant potential V(r) = V(|r|) = expect
a (20 + 1)-fold degeneracy of atomic energy levels.

In the presence of an external electric or magnetic field, the rotational symmetry is broken and
the degeneracy is lifted (Stark and Zeemann effect).

E,, of hydrogen atom (I = 0, 1, ...,n) is n? degenerate (higher than expected because of a dynamic
SO4 symmetry).

1.2 Discrete Symmetries, Parity, or Space Inversion

1.2.1 Parity

There are three important discrete symmetry operations: parity, lattice translations, and time-
reversal.

When applying the parity operator to the coordinate system, then a right-handed coordinate
system is changed into a left-handed one.



parity

right-handed left-handed
Figure 1.1: A parity operator transforms a right-handed to a left-handed coordinate system.

However, here we consider transformation of state kets and operators rather than transforma-
tions of the coordinate system.

Given a ket |a), we consider a space-inverted state obtained by applying the unitary parity
operator 11 as follows: la) — ﬂ|a>. We require the position operator z taken with respect to
I1|or) to have opposite sign

(1) & (Tila) ) = ~(alla)

If this is true for all possible kets |a), then due to the associative character of operator multi-
plication, this is achieved if

A

210 = —2 or 211 = —11z .

Hence, Z and I must anti-commute with each other:
21+ 112 = 0, anti-commutator notation: {2, I} = 0.
Eigenkets of the position operator must transform in the following way, we claim that

flla) = ] — 2') (1.1)
This is true because @ﬁ|§’> = —ﬂi@’) = —g’ﬂ@’). = f[|§’> is again eigenket of the position
operator Z with eigenvalue —x = Up to a phase factor e? it must be equal to | — /).

It is customary to choose % = 1. Using this conversion in Eq. (L.I)) we find 2|2y = |z'), and
hence 112 = 1 with eigenvalues A2 = 1 = \ = £1. Using [ =1 = 10 =TIt

I1 is both unitary and Hermitian, and has eigenvalues +1.

(For a unitary operator one can show StS=1=MA=1= A= et®)

How does the momentum operator transform under parity?

dz
p is related to m — , so we expect it to be odd under parity. More rigorous: p is the generator

of translation. A translatlon followed by parity is equivalent to parity followed by a translation
in the opposite direction.



Figure 1.2: Visualization of the different order of applying a translation and parity operator.

Let T(dz') denote a translation operator by da’.

T (dz') = T(—daz)II
ip - do’ ip - da'] .
I|1--= =14+ = I
R ip - da’ | . ip - da’
II|1--= =1+ =

Angular momentum [=2x p = we have [ﬁ, Z] =0.
More generally angular momentum J is the generator of rotations and has the same properties
as 3 x 3 orthogonal matrices in R3.

-1 0 0
B(parity) _ 0 1 0 - _1
N 0 0 -1
B(Parity)B((p) — E(E)E(parlty)

= Rotations and parity commute.
We postulate the same for rotation operators: ILD(p) = D(p)IL

A 1 ~
Consider a infinitesimal rotation D(g) = 1 — 7 e + J with the rotation axis unit vector n and

the rotation angle e: € = € n.
From this follows

A

(11, J] =0 or T.JIT =

We know [jl, j]] = ’ihé‘ijkjk = [12, jz] =0.
= J 2 and J, have a common set of eigenfunctions/kets |j, m):

<

J2j,m) = K% (j + )|, m) and J,|j,m) = hml|j,m)



where —j < m < j and m increases in integer fashion from —j to j. j can take on either integer
or half integer values.
Example:

10,0)

11/2,-1/2), |1/2,1/2)

I1,-1), [1,0), |1,1)

|3/27 _3/2>7 ’3/2’_1/2>’ |3/27 1/2>’ |3/273/2>

Consider eigenfunctions (6, p|j, m) = Y™ (6, ¢).

Y™ (0, ) are solutions to the eigenvalue equation ZQYlm(G, @) = R+ 1)Y™(0, ),
LY/™(0. ) = hmY;" (0, ), and Y"(0, ) = f(6) ™.

The uniqueness of the wave function requires

imp _ eim(<p+27r)

e = 2mm = n2w

= In wave function only values m € Ng are allowed.
= Y""(0, ¢) are only single-valued if m is integer.
= Orbital angular momentum related wave functions can only take integer values of .

 'internal angular momentum" operator § (realizes the N + 1/2 representations of the ro-
tation group) = [§, II] =0
e J=1+3
Under rotations Z, p, and J transform in the same way, hence they are all vectors. However, &
and p are odd under parity, and i is even: ﬂ@ﬂ = —Z but ﬂi 1= i .
For this reason Z and p are called polar vectors (Schubvektoren) and J is an axial vector.

Z - p is a scalar (invariant under rotations) and even under parity.
§ - 2 is odd under parity and called a pseudo-scalar:
I3 all=-3-2.

1.2.1.1 Wave Functions under Parity

Let 14 (z") be the wave function of a spinless particle whose state ket is |a):
Ya(z) = (@|o) -
The wave function of the space inverted ket II|a) is
(@'[MMe) = ((2/[ID]a) = (~2'|a) = ¢a(-2) .

Assume now that |a) is eigenket of parity with IIja) = #|a). Then the corresponding wave

function is .
(@'|(Ia)) = +(2'|a) = +pa(2) .

For parity eigenstates: ¥o(—z') = +1),(2') where the + is for even and — for odd parity.
We note that not all wave functions have definite parity, even if [II, H] = 0. One example are

10



momentum eigenkets |p). Since [f[, Z] = 0, eigenkets of orbital angular momentum are expected
to be eigenkets of parity as well.
Wave functions in a rotationally invariant potential have the following form:

(@'[nyl,m) = Ry (r) Y™ (0, ) -

We want to find the parity of ¥;™.
In spherical coordinates, the transformation ' — —z’ corresponds to

rer, @71 —0and o @+ = cosf s —cosh, sinf s sind and e s (—1)"eME

We have

v D o)

where the Legendre polynomials are given by

D™+ M) o
2411 — [m|)! (sin )™ I(dcosﬁ

Pl|m|(cos 0) =

= eim¥ 1 (—1)me™? and P — (—1)l_|m|PZm:

Y™ e (—1)lYlm and f[|n, lym) = (_1)l|n;l,m>

When [H, II] = 0, and |n) is a non degenerated eigenket of H with eigenvalue E,,, then |n) is

also a parity eigenket.

Consider the 1d harmonic oscillator as an example. The ground state |0) has a Gaussian wave

function, and has even parity for this reason. (This is a consequence of the Sturm-Liouville

theory: 0 nodes for ground state.)

The first excited state |1) = a'|0) has odd parity (AJr &+ ip =odd).

Using [T = It = 117! we find TIaf|0) = II-'af|0) = II—'afIII-10) = —af|0). In general, the

parity of harmonic oscillator eigenstates |n) is (— 1)".

For the non-relativistic hydrogen atom, 2p (n = 2,1 = 1) and 2s (n = 2,] = 0) are degenerate

and parity eigenstates each.

However, the linear combination c¢,|2p) + 05]25) is obviously not a parity eigenket. As a fur-
52

ther example, the free particle Hamiltonian H= 4— is invariant under parity, but momentum

cigenstates [p’) and | — p') are not: H]p> = | — p'). However, since they are degenerate, parity

eigenstates can be formed: 1/v/2 (|p/) £ | —p’)). In terms of wave functions, e 2/M does not
have a definite parity, but cos(p’ - 2/h) and sm( - z/h) do.

11



1.2.1.2 Symmetrical Double-Well Potential

/_‘~-‘_.___,*'_\ E
/I Vo \\ Vo PR
1 \ . N
U \ - s Y
X N P
N e
N
ground state first excited state
symmetric anti-symmetric

Figure 1.3: Symmetric (S) and assymetric (A) state, where E4 > Eg and for Vy — c0: E4—FEg — 0

We can from states |R) and |L), which are localized in the right and left potential well, respec-

tively.
1 1

7 7 (15) = 14)) -

|R) and |L) are neither eigenstates of the Hamiltonian nor parity eigenstates.

|R) (15) +14)) and [L) =

. 1 /- - 1
L) = — (II|S) — II|A) ) = —
1) = (1) - 11l4) = —
Instead, they are typical examples of non-stationary states. The time evolution of the state |R)
is given by

(I15) +14)) = [R) .

1

Rito = 0,8) — — (675 B5!S) + 77 Pat|a)) = = e F5t (|5) 4 e~ (Pa=Es)t| 1))

V2

While the system is represented by |R) at t = 0, at time

T ol 1
t=t= T Ghere - (B4 — Eg)t =
3 T 3(Ea By VR (Ba-Es)t=m

the system is found in pure |L). At t = T, we are back in pure |R), and so on. We observe an
oscillation between |R) and |L) with angular frequency

Eq— Eg
w=——"
h

An example demonstrating the importance of the symmetry is the Amonia molecule.

12



N

Figure 1.4: The Amonia molecule rotates arround the dashed axis. Due to the rotation both ori-
entations can be distinguished by the direction of the angular momentum.

Up and down for the Nitrogen are analogous to |L) and |R) in the double-well.
The energy and parity eigenstates are superpositions and the energy difference corresponding
to an oscillation frequency of 24000MHz, a wavelength of about lem (microwave).

There are naturally occurring organic molecules, such as amino acids or sugars, which are of
R-type or L-type only.

For such molecules with a definite handedness, in many cases, the oscillation time is infinite for
practical purposes (10%-10° years).

Examples are chiral amino acids (L-versions: rotate the orientations of linear polarized light to
the left) and sugars (R-versions) in biochemistry.

The origin of symmetry breaking is unclear, since the synthesis in the laboratory yields equal
amounts of L- and R-types.

1.2.1.3 Parity Selection Rule

We consider parity eigenstates |o) and |3) with eigenvalues Ao, Ag € {£1}: ITja) = \4|a) and
11)8) = A\g|B3). We now show that (8|2]a) = 0 unless Ao = —Ag.

(B|2]er) = (B~ T2 [Tja) = —(B[IT2M]a) = —AaAs(BI2]a)
——

-

which is only possible if either —A\yAg =1 or (8|Z|a) = 0.
This selection rule is important for transitions between atomic states.
The vector potential operator of incoming light with frequency w is given by

Aa t) = Aot
Since the wavelength of light is much larger then the Bohr radius, we can expand a plane wave:

1

et il tik-2— (k- 2)?,
—— 2
dipole quadrupol

13



(we consider only the stronger dipole transitions) and for the application of Fermis golden rule
(transition probability from initial state I to final state F; only when energy difference is equal
to photon energy)

2 A
Awa7;KFMﬁHH%ﬂEF—Eb—hw)

we need to compute matrix elements of the position operator  between different atomic states.
Together with our result for the parity of angular momentum eigenstates, f[\n, I,m) = (=1)!n; 1, m)
we can immediately conclude that optical dipole transitions are only possible between states with
different angular momentum.

1.2.1.4 Parity Non-Conservation

During fS-decay, a neutron is transformed into a proton by emission of an electron ("beta ray")
and a neutrino, or conversely a proton is transformed into a neutron by emission of a positron
and a neutrino.

The basic Hamiltonian for this so-called weak interaction is not invariant under parity. Observ-
ables like the angular distribution of emitted S-rays depends on pseudo-scalars like (3) - p, where
(8) is the expectation value of the nuclear spin. In the experiment by Wu, Ambler, et al. [Phys.
Rev. 105, 1413 (1957)] it was demonstrated that the emission of S-rays occurs preferentially in
the direction opposite to the orientation of the nuclear spin.

1.2.2 Lattice Translations as a Discrete Symmetry
We consider a periodic potential in one dimension, with V(z + a) = V(z).

V(x)

Figure 1.5: Periodic lattice potential

Such a potential may describe the motion of an electron in a chain of regularly spaced ions. In
general the Hamiltonian is not invariant under a translation by an arbitrary amount ! as de-
scribed by the translation operator 7; which transforms the position operator according to

T2Ty =& +1, and Ty|z') = o/ +1) .
Only when [ coincides with the lattice spacing a, one finds

A

TV ()T, = V(& +a) = V().

14



Since the kinetic energy contained in the Hamiltonian is invariant under arbitrary displacements,
the entire Hamiltonian satisfies

TTHT, = H, and since T, is unitary, also [H , T}] .

H and T}, can be simultaneously diagonalized for this reason.
First, we study a periodic potential with infinitely high boundaries.

V(x)

Figure 1.6: Periodic lattice potential with infinite boundaries

A particle located at lattice site n is a ground state of the Hamiltonian. We denote this state
by [n), H|n) = Eg|n). The wave function (z/|n) is finite only on the n-th lattice site. |n) is not
an eigenstate of T,:

Taln) = |n+1) .

This is possible because of the degeneracy.
Consider the state

o0

10) = Z e|n) with 6 € [—m, 7]
= <
Ta|9> _ Z ezn9|n_|_ 1> _ Z ez(n _I)QW>
=ep) .

= |6) is eigenstate of T, with eigenvalue e~ with |e=%| = 1.

In the limit of infinitely high barriers, the energy is independent of §. Now we consider the more
realistic case of potential barriers with finite height. Then, the wave functions (z’|n) also have
tails extending to neighboring sites.

15



V(x) <X’ n>=Y, (x)

a

Figure 1.7: Periodic finite lattice potential and wave function on lattice site n

The diagonal matrix elements (n|H|n) = Eq are all equal because of translational invariance.
We assume that the only non-diagonal elements of importance are the one connecting immediate
("neutral") neighbors.

(n'|H|n) #0 only if ' =norn’ =n=+1.

This assumption is known as "tight-binding" approximation. More specifically (n+1|H|n) = —A
independent of n due to translational invariance. We thus obtain

Hin) = Eoln) — Aln+1) — Aln — 1)
valid to the extend that (n'|n) = d,, . We now again form the linear combination |6):

= Zeina\m with 7,|0) = e~%|9) .

Applying the tight-binding Hamiltonian yields

00 00
H|p) = Z ef™\n) = Ey Z en) — A Z en4+1)— A Z ef™|n —
n=—00 n=—00 n=—00 n=—00
i . i . . i . .
_ EO Z ezn9’n> —A Z €1n06—10|n> _A Z ezn€€1€|n>
n=-—00 n=—o00 n=—o0
iy .
= (Ep — 2A cos0) Z e n) = (Ey — 2A cos6)]6) .
n=—00

The eigenstates depend on the parameter #. The degeneracy is lifted, and we have a contineous
spectrum of eigenvalues between Ey — 2A and Fy + 2A.

16



Eo.é

Figure 1.8: Energy spectrum

(In the homework the SSH-model, the simplest model of an topological insulator, is discussed.
It has a diatomic unit cell (A, B labeled with n) and two different hopping strengths. The idea
is to express the wave function as v, = (¥4, ¥, B) separate.)

Physical significance of §: Consider the wave function (2|f). For the translated state 7}|0),
we find (2/|T,|0) = (2/ — al6) by using («/|T, = @/|TT, = (T_a|2'))! = (J/ — a))T because
I e
On the other hand, we know T,|0) = e~%%|), such that
(x' —alf) = (2']0) e~ .

We find a solution by making the ansatz:

(2'|6) = e uy(2') with 0 = ka and uy(z') = up(z’ £ a) .
We varify by substitution that this ansatz indeed satisfies the condition

<:L‘, o a|9> _ eik(xl_a)uk(x/ . a) _ eikx’uk(x/)e—z'ka _ <$/’0>e—ikza )

For wave functions in a periodic potential we thus find the condition known as Bloch theorem:
The wave function of the eigenket |0) can be written as a plane wave times a periodic function
with periodicity of the lattice.

Since we only used that |) is an eigenket of T, with eigenvalue e~ the theorem even holds,
when the tight-binding approximation breaks down.

We can now reinterpret our earlier result |§) = 3, e?|n).

(2']0) = Z ¢ (g |n) = et* Z e~ k@ na) (1 1n) with 6 = ka

ug(z')

As 6 varies from —7 to 7, the wave vector varies from —Z to 7.

The energy eigenvalue E depends on k as follows:
E(k) = Ey — 2A cos(ka) .

This is independent of the detailed shape of the lattice potential, as long as the tight-binding
approximations stays valid.

17



Eo+2A

E

Figure 1.9: Dispersion relation E(k)

The range of allowed k values that yield linear independent wave functions is called Brillouin

zone: (—2, 7).

(The velocity v = 0pE(k)/h = Ogw of electrons moving through the lattice. p = hk and
p = eE = velocity can decrease when the momentum increases after passing k = 7/a. In a
clean atomic crystal a dc B-field can lead to an ac current. A Ohmic current-voltage dependence
is only due to impurities.)

So far we considered only one electron in a periodic potential. In the case of many electrons,
the Pauli exclusion principle must be satisfied: each state can only be occupied by one electron.

E(k) E(k)
/

A

=T == I 1

! ! band gap !

occupied | | :

| | |
1

; — k ; : k
-n/a n/a -n/a n/a
metal semi-conductor or insulator

Figure 1.10: Band structure of a metal and a semi-conductor

The Fermi energy is referring to the energy difference between the highest and lowest occupied
single-particle states in a quantum system of non-interacting fermions at absolute zero temper-
ature.

If the band gap in the second case is A ~ kgT it is a semi-conductor and for A > kgT an
insulator.

Electrons fill up the low energy states of the band, and the main quantitative features of metal,
semi-conductors, and insulators can be explained.
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1.2.3 The Time-Reversal Discrete Symmetry

This topic sounds initially difficult, because "time-reversal" is a misnomers, some what reminis-
cent of science fiction. What is meant here is a "reversal of motion".

We consider the trajectory of a particle subject to a given force-field. At time ¢t = 0, we let the
particle stop and reverse its motion, Q’ ot = Py The particle runs backwards along the
same trajectory.

reversed momentum
P p

(@) (b)
Figure 1.11: Reversing of motion to check time-reversal symmetry

If we run video recordings of trajectories (a) and (b), it looks as if the video of (b) was the video
of (a) played backwards. This is the definition of time-reversal symmetry in classical mechanics.
A system in classical mechanics is called time-reversal invariant if motion-reversal looks the same
as playing video (a) backwards.

More formally, if z(¢) is a solution of Newton’s equation m& = —VV (z), then z(—t) is a solution
as well:

t’z—tﬁiz—gid—Q:d—Q
dt’ dt = dg? 2

In the presence of a magnetic field, one can tell the difference between "motion reversal" and
"playing the video backwards".

playing
video
backwards
.- reversed
t=0 . * motion
y 3
1 1
A} 1
A} ,
\~ ’I

(a) (b)

Figure 1.12: Electron in a constant magnetic field as an example of non-time-reversal-invariant
System

This is since the Lorentz force qu x B = q& X B contains the first time derivative = xz(—t) is
not a solution to the equation of motion.
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We now consider the Schréodinger equation

81/1 h? *
n (2 ViV >)w Q

When we have a solution ¢ (z,t), then v (z, —t) is clearly not a solution due to the appearance
of the first time derivative.
The complex conjugate of (*) is

—ih

o K2
o~ \ 2m

Vi4+V(z ))w

However, 1*(z, —t) is a solution as one sees by complex conjugation.
This can be seen explicitly when considering an energy eigenstate

. En » Lin
D, t) = un(ax) e T Y (@, —t) = up(z) et
substituted into the Schrodinger equation. We thus conjecture that time-reversal is related to
complex conjugation.
1.2.3.1 Digression on Symmetry Operations

Consider a symmetry operation |a) > |&), [8) — |B). So far, we required that the inner
product stays unchanged

(Blay = (Bla) -

This was natural because the symmetry operations considered so far were unitary:

18)=U18) , (Bl = (810" = (BIU" = (Bla) = (8170 o) = (Blo)

1

For time-reversal this condition is too restrictive, and we impose the weaker requirement that

|(Blay| = [(Bla)] -
This is obviously satisfied if (8|&@) = (8|a), but (B|a) = (8]a)* = («|B) works equally well.

The transformation |o) — |&@) = Gla) , |B8) — |B) = 0|3) is said to be anti-unitary if
(Bla) = {Bla)* M
0 (crle) + c2])) = cibla) + c3018) (1)

The second condition (II) defines an anti-linear operator. We now claim that an anti-unitary
operator can be written as 6 = UK, with a unitary operator U, and with K denoting the
complex conjugation operator. K takes the complex conjugate of any coefficient multiplying a
ket, e.g.

Kcla) = ¢ Kla) .
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If |«v) is expended in terms of base kets |a), then
= Z la’){(d |
Kla) =) (d'la)*Kla) = Y (d'|a)*[a) .

al al

Important is that the base kets are not changed under the action of K. This is due to the fact
that the explicit representation of the base ket |a’) corresponds to (0,...,0,1,0,...,0) which is
not changes by K (no proof given here).

One can ask whether the 5,-eigenkets for spin % are changed by K. When the 5,-eigenkets are
used as space-kets, they stay unchanged. If the §,-eigenkets are used however, then

1 7 1 )
K (\/i ’+>i\/§|_>>:\/§|+>¢ﬂ‘_>’

Thus, the effect of K changes with bases, and the form of U also depends on the particular
representation.

Let us check the anti-linearity for 6=UK.

0 (c1]er) + c2|8))

UK (cia) + 2| B))
AUK|o) + SUK|B)
)+ c5018)

*
G
cibla

Before checking condition (I), we state that it is safer to work with the action of 0 on kets only,
and to not consider the action of § on bras or the Hermitian adjoint 6.
We find

@) = bla) = > _(d|a)*Uld")

similarly for

18) = >_(Bla’) Ula')

a/

(Bl = Z:<a’|ﬁ><a'|(7T
ma ZZ (a"1B) (a" UTU]a><a]a>

]1

—_———
(5a/,a//

=S (ald)(d|B) = (alB) = (Bla)*
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1.2.3.2 Time-Reversal Operator

In the following, we denote the time-reversal operator by 7', and la) = T!a> is the time-reversed
(or better motion-reversed) state.
If [o) = |p’) is a momentum eigenstate, then we expect T'|p’) = | — p’). Similarly, we expect

angular momentum J to be reversed under time-reversal.
We now establish a fundamental property of T by studying the time evolution of the motion
reversed state. For a infinitesimal ¢ we have

| H
oty = 0, = 6t) = ll - % 64 o) with initial state |a) = |a;to = 0,¢ = 0)

as the time evolution of |a). The time evolution of the time-reversed state is given by
1——6t| Tla) .
- 1o

According to our classical considerations, if motion obeys symmetry under time reversal, then
T|a;tg = 0,t = 0t) is the same state as the above.

state |p’>

t=-0t 0>
at earlier time

motion reversed state
T|p’,-6t>

Figure 1.13: Hlustration of the condition for time reversal symmetry

Considering a state at an earlier time and motion reversing is the same as propagating the motion
reversed state forward in time. Mathematically, we obtain

7 (1 - % (—5t)> ) = (1 - % 6t> T o)

If this relation is true for every ket |«), it must be an operator identity

AT = Tifl

If 7' was unitary, it was also linear and we could cancel the factors i in the above equation, and
would find that —HT = HT.

Consider now an energy eigenstate 7 with eigenvalues E,. Then, the time reversed state T'|n)
satisfies

A

HT|n) = ~THn) = (~Ex)T|n) ,
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i.e. an eigenstate with eigenvalue —F,. This is not possible even in the elementary case of a
21.2
free particle: the energy spectrum % is positive semidefinite and thus not contain negative

eigenvalues.
~ A2
We also see this contradiction when looking at the Hamiltonian H = 2Em' Under time reversal,

we expect p — —p, but BQ should not change sign = we are not allowed to cancel factors of ¢ in
—{HT = Tzf], and that 7" should better be anti-unitary.

Then, —4HT = TiH = —iTH and
HT =TH].

The Hamiltonian is 7-invariant if [T', H] = 0.

We now consider a general operator O, and prove that the identity

(B0la) = (& TO'T"|5)

follows from the anti-linear property of T.

Proof: We define |y) = Of|3), the corresponding bra is (y| = (8|O. Then using |3) = T|v)
yields

(Bl0le) = (y]a) = (a]7) = (@|TOTB)(@|TOVT 1 (T18)) = (@|TOVT(B) . D
For a Hermitian observable A, we find that
(BlAa) = (@ TAT"(B) . (*)

We define an observable to be even or odd under time-reversal according to whether the upper
or lower sign in the following equation applies:

TAT' =+A

Taking this equation together with the rule (*) for matrix elements, we find the following re-
striction on matrix elements

(BlA|e) = £(B|Ala)" .
For expectation values with |5) = |a), we find
(alAja) = =(alAla) .

Example: Expectation value of p. We will reasonably assume that the expectation value of p
taken with respect to the time-reversed state will have the opposite sign as compared to the
original state:

= pis an odd operator:
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It follows than that @T!Q’ ) =T plp’) = —p' T |p’) which agrees with our earlier assumption that

T]Q’ ) is a momentum eigenket with eigenvalue —p'.

Similarly we find that

and T'|z/) = |2/) up to a phase factor e’ which is often taken to be unity.

Now we can verify the invariance of the fundamental commutator relation [#;, p;]|e) = Thd;;|a)
where |a) stands for every possible ket. Applying 7' to both sites yields

Tl#:, pj|T~'T|e) = Tihdy;la) .
Using the transformation properties of Z and p, and using Ti = —iT we find
[ﬁ?i, —ﬁj]ﬂ@ = —ihéijf\@
[i‘i s 13]] = zhéw .
From the invariance of the commutator under 7' we can sometimes determine if a operator must
be odd or even.
The fundamental commutation relation is only preserved since 7' is anti-unitary. Similarly, in

order to preserve
[JZ‘, Jj] = ’ihEiijk s

the angular momentum operator J must be odd under time-reversal.

I

TIT' =~

This applies to orbital angular momentum and spin. For a spinless system with J=2x p this
is consistent with Z being even and p being odd.

1.2.3.3 Wave Functions

We consider a spinless particle to be in state |a).
In position representation, we can expand

@) = [ &%/ (&la)lz)
Application of the time-reversal operator yields
Tla) = [ &%’ (@/|a) Tla)
= [ &% (@la)’la)

= (2/|a)* is the wave function of the time-reversed state, and we used the phase convention
T|z') = |z').

We recover the following rule v (z’) AN *(2'), inferred earlier from looking at the Schrodinger
equation.
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In a rotationally invariant potential the angular part of the wave function is given by a spher-

ical harmonic Y™(0, ) with Y™ oc P/™(cos®)e’™¥. We find Y;"(6,¢) N Y™ (0,p) =
(=1)™Y,;7™(0, ) since P/ = (=1)"P ™. We deduced that in general

T\, m) = (=1)™[l, —m) | .

jform<o0

jform>0

Figure 1.14: Probability current associated with a wave function of type R, ()Y, (6, ) (expected
motion, e.g. of an electron; j oc Im(1)*V1)))

When computing the probability current associated with a wave function of type R,,;(r)Y;" (0, ¢),
one finds that for m > 0 the current flows in the counter clockwise direction within the x-y-plane
(as seen from the positive z-axis). The wave function for the corresponding time-reversed state
has the probability current flowing in the opposite direction, as m is reversed.

An interesting consequence of time-reversal symmetry is the following theorem:

We consider a time-reversal invariant Hamiltonian with a non-degenerate energy eigenket |n).
Then the corresponding energy eigenfunction is real, or can be made real by multiplication with
a phase factor independent of the position z.

Proof: We start with
HT|n) =TH|n) = E,T|n),
and conclude that |n) and T'|n) have he same energy. Due to the assumption of non-degeneracy,

In) and T'|n) must represent the same state. The corresponding wave functions are (z/|n) and
(2'|n)*. They must be the same (z'|n) = (z/|n)* since Z is even. [

As a consequence the wave function of a non-degenerate bound state is always real. In the hydro-
gen atom, the eigenfunctions for states with [ £ 0, and m # 0 are complex because the spherical
harmonics Y;™ are complex. This does not contradict the above theorem because |n;l, m) and
|n;l, —m) are degenerate.

Vice versa, if H is T-invariant and we have a complex wave function, there need to be a degen-
eracy.

Similarly, the wave function of a plane wave e P'Z i complex, but degenerate with e RPE

For a spinless system, the wave function for the time-reversal state is simply obtained by com-
plex conjugation (in the position representation).
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Expanding a ket |«) in position representation, T is the same as complex conjugation K because
both have the same effect. When expressing in terms of momentum eigenkets however, we need
to take into account T'[p’) = | — p) and obtain

Tla) = [ @ | =) /la) = [ @ 1))

Apparently the momentum space wave function of the time-reversed state is not just the complex
conjugation of the original wave function, but in addition we need to take ¢*(—p’), the complex
conjugate with the momentum reversed.

1.2.3.4 Time-Reversal for a Spin-% System

Consider an eigenket of S

St

|, +) = e S e SuB|py

Since the rotation operator is given by e~ %22 this is a rotation of the |+) state which points
in positive z-direction (S.|+) = 4|+) and S.|-) = —5|—)) to a position with polar angle 8 and
azimuthal angle a.

X oIS X gisam

Figure 1.15: e S corresponds to a rotation by « around the z-axis and e~ %P is a rotation of

B around the y-axis.

Because of T'J = —JT" and the anti-unitary property of T we have
Tli, +) = e i S=e=7 S| )

where |+) = |m = +1/2), therefore T|+) = 5|-)
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X 1S B X e

Figure 1.16: Additional factor e =775 is needed for the |, —) state.

We saw earlier that 7' = UK is a possible representation of 7. Remembering that K|+) = |+),
K|—) = |—) does not change the base kets, we see that

~ ‘AA 2
T=ne n™vK = —zn<§>K

is the representation we are looking for.
Here we used that

Cins X (25,\" (—ia/2)"

e R Sy:Z (h) (n‘/)
& (28 2m (a/2)%™ 5. .28, & (28 e (a)2)2m
-5 (%) G e () e

With 52 = % (remember this via: 52 = h%s(s+ 1) = h?3/4 = 52 + 5’5 + 582 = 52 = h2/4) we
have (2S§/h) = 1 and thus

Ciag, - (@/2)PM (=) 2Sy m (@/2)*m 1

e ne? _mz::O 2m)! Z 2m+1)!
B 00 (a/2)2m 25’ (a/2)2m+1
- mz_o(_l) (2m)! y Z (2m + 1)!

We found:

i & 23
e H 5% = cos <a> — i =Y gin (a)
2 h 2

2
e h

and thus

Along similar lines one finds the important result
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For spin—% system holds

. 25, - 5 . h 0 —i
= _in Y 225 y
T znhKandSy 52 5 2 (1, O>'
Therefore we have for the spin—% system: 7' = —ingyf( , and often one chooses 11 = 7 and thus
T = gyf(

In a homework problem, it was verified that if x (7, +) is an eigenspinor of 7 + g = n,g” + nyg? 4+ n.o*
with eigenvalue +1: 7o x(71, +) = x (7, +), then —ig¥ x*(7, +) = x (7, —) withn - g x (7, —) = (=1)x(7, —)
an eigenspinor pointing in the opposite direction. The appearance of Sy, a? is due to the fact

that we use a basis {|+),|—)} of eigenspinors of S., i.e. S, is diagonal, and S'y,gy is purely

imaginary.
0 1 0 —1 1 0
T __ Yy _ zZ __
0_<1 O>’0_<i 0)’ _<0 —1)‘

We check T'g%¥* = —g®¥=T"

IS

Y. (—) sign from complex conjugation

IS]

T,z

o g%*: (=) sign from g®*g¥ = —g¥ag™*

We note that S QS
e TH4) = (+1)]-) and e7FT]-) = (- D)|+
5 ‘_

)
as can be seen in a component representation with |[4+)=(1,0) ) =(0,1), and phase conven-

tionn =1

e )00 9)0)-()

We are now in a position to work out the effect of T on the most general spin—% ket

T(cyl+) +c—|=)) = nc|=) + nc (=1)|+)
T2(c|+) + c—|=)) = m*es (1) |+) +me—(—1)|-)
= (=1) (c4[+) +c-|=))

Hence, we have for a Spin—% system

|

This situation is very different for a spinless system, where 72 = 41, which can be inferred from
T|l,m) = (—1)™|l, —m). Even more generally, we now demonstrate that

12 |7 half-integer) = —1 |j half-integer)
T?|j integer) = +1|j integer) .

28



As a consequence, the eigenvalue of 12 is given by (—1)%. First, we note that even for general
J we have o

T=ne i™WEK

since the from of the rotation operator does not depend on the specific value of j. We now
expand a general ket |a) in terms of |7, m) base kets

T@mn—fﬁilwmumm>— @2}& M), m ummﬂ
m
= [nf2e= 5 S |G m) (. mla) = e 5 o)
m
- P2 e—2iﬂ'jy/ﬁ _

However o ‘
e BN i m) = (=1)%|j,m)

due to the properties of angular momentum eigenkets under rotation. This can be understood
for instance by expanding in an eigenbasis of J which satisfies J, ylJsmy) = hmy|j,m,) with
—Jj < my < j such that J can be replaced by an integer-# for integer j = e~ 2™y = 1, and it
is replaced by a half-integer-h for half-integer j = e~ 2™ = —1,

Remark:

An integer j is obtained either by the orbital state |I,m) of a spinless particle, or by the "addition"
(to be discussed later) of two spin-1 particles, for instance the spin state % (l+—-)L£]|—+)
(corresponds to m = 0, +:j5 =1lor —:j=0)or |++) (=1, m=1) or |- —)
(j =1, m = —1) where |my, my) is used as a notation. Two times spin 3 can be j = 0 (one
state, singlet) or j = 1 (three states, triplet).

Similarly, a half-integer j may stand for a single electron or a three-electron system in any
configuration. Generally, for a system made up of electrons only, any system with an odd (even)
number of electrons has 72 = —1 (T2 = 1). For this to happen, the electrons do not have to

22
be in an eigenstate of J .

Remark on phase convention:

Inspired by the rule for angular momentum T|l,m) = (=1)™|I, —m) often on chooses

T\ j,m) = (=1)"|j,—m) for integer j. This can be generalized to half-integer j by demanding
T\], m) = i®™|j, —m). This corresponds to a choice of phase 1 = i.

1.2.3.5 Kramers Degeneracy

Consider a charged particle in a electrostatic potential e¢(z) . = [T  H ] = 0 since & is even
under time-reversal. = |n) is an energy eigenstate with eigenvalue E,,, then T'|n) is an eigenstate
with the same eigenvalue.

A

H(T|n)) = T(Hn)) = En(T|n))

Does T'|n) represent the same state as |n)?
Assume that it does represent the same state, 7'|n) = ¢°|n). Then

T2n) = T(e|n)) = ¢~ PePln) = [n) = T2 = +1
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in contradiction to 72 = —1 for half-integer j. As a consequence, in a system with half-integer
j, all energy levels are at least two-fold degenerate. This is called Kramers degeneracy.

Consider a free electron with spin.

»

Dispersion: €(p) =
m

, state [p’,m = +1)

[\

&p)

>\ |  F |p+>

Figure 1.17: Parabolic dispersion of the free electron and action of time-reversal T’ the states Ip', +)
and | — p/, —) are called Kramer pairs

Action of time-reversal yields T|B’ ,m) < | —p',—m). In addition we have a parity symmetry
[H, 11 = 0 and II|p/,m) = | — p/,m). We consider IIT|p',m) = |p/, —m) therefore also |p/, m)
and |p/, —m) are degenerate. B B B
In the homework we will discuss
A2

ﬁ:L+aﬁQy+BzQZ .

2m = =
There avpg? is a "spin-orbit coupling" term.
(Motivation: 1D system needs confinement (potential) equivalent to a B, field: Moving electron
feels a effective B field that couples to the spin: B «x Exv, B:g = «a(é,xp)+a. "Left movers",
"right movers', and no backscattering between both. This is relevant e.g. in spin quantum Hall
edge states.)
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2 Dirac Fermions

2.1 Graphene

Graphene is a two-dimensional variant of carbon, and can be experimentally prepared from
Graphite by peeling of a single layer using scotch tape. This preparation was successfully per-
formed in 2004 by K.S. Novoselov and A.K. Geim, who were awarded the 2010 Nobel prize in
physics for proving that they had indeed studied single layers of Graphene.

Graphene is a two-dimensional hexagonal lattice of carbon atoms.

e A sublattice e B sublattice

asin(30°)=a/2 a

V3/2a

acos(30°)

Figure 2.1: Graphene lattice, primitive and translation lattice vectors, diatomic unit cell

The Graphene lattice is composed of a triangular lattice (only A-sites for instance) with a di-
atomic unit cell. The underlying triangular lattice has the following translation vectors:

4 =5 (3,V3) and g = 5 (3,~V3)

where a is the bond length. In addition, there are reciprocal lattice vectors b; and by defined by
a; bj = 27d;j. One finds
27

2w
bl - % (17\/5) and Q2 - % (17_\/5) .

A-sites can be moved into other A-sites via translation by an amount a; or a,.

The Brillouin zone defines the allowed (distinguishable from each other) eigenvalues of the lattice
translation operators
eiﬁ'ﬁl/h and eiﬁ'%/h
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given by €% and £ % | respectively.

, Brillouin zone ,
I I
! b2 o
I I
I I
! ! b=2n/a

o - o - o

-2m/a -n/a r n/a 2n/a

Figure 2.2: 1D reciprocal lattice and construction rule of the Brillouin zone

Remark:
The Brillouin zone is the Wigner-Seitz cell of the reciprocal lattice.

ky

g kx

Figure 2.3: Hexagonal Brillouin zone with three-fold-rotation symmetry and special points

On finds for the K-point

2 1 2T 1
K=" (1, — dK' =22 (1, ——) .
3a(’¢§>an 3(\/3)

These points are time-reversal partners of each other because K L —Kand —K = K'—b; —bs.
Points are considered equivalent, if they can be connected by reciprocal lattice vectors, because
pikra; — gi(ktby)-ay — pik-a, 2mi

What is the dispersion relation (k) of Graphene?

The simplest tight-binding model for Graphene contains hopping of electrons to nearest neighbor
sites in the direction of the primitive vectors

0 = % (1, \/g) ; 09 (1, _\/g) , and 03 = a(—l,O) :

_a
2
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We introduce Fourier transformed states such that (using the total number of lattice points N)

1 .
’E; B> e Z 61(n121+n292)'k ’n1Q1 + ’I’ZQQ2>
VN
1,N2€EZ
1 .
|k, Ay = — Z et(nia, +n2ay) - k In1a; + ngag + 8;) .

VN

ni,ne€Z

Using this notation the to momentum-space transformed Hamiltonian is given by

aw =k aniem (45 ") ()
\—7/—/ ;

k
h(k)

The diagonal elements vanish because there is no hopping to nearest neighbors on the same
sub-lattice. And the off-diagonal term is given by

3

h(k) = ZeiE'EjHEvaj = ZtZGZEéZ .
T
=7

i=1

Where Hy r = <fj\fl |rg) are matrix elements with respect to a basis of the Hilbert space.
Unfortunately in this basis the Hamiltonian is not invariant under translation by a reciprocal
lattice vector, i.e. h(k) # h(k + G) with G = m1b; + maby because b; -+ 0; # 2m0;;.

Because of a; = §; — 5 and ay = J9 — d5 a rescaling of Y t; etk-9; by e~ ‘k restores the trans-
lation invariance. This can be achieved by transforming wave functions: (k, B| — (k, B|e® "%,
= We obtain

h(k) = 0 —t1etkra _ poetkray gy
:(—) - _tfefik‘ﬁl _ t’éefik'g2 — t§ 0 '

We now consider the isotropic limit with ¢t = t9 = t3 = t € R. In Graphene one can find
t ~ 2.8¢V. We expand around the points K and K'= — K:

Figure 2.4: There is a full vicinity of K in the first Brillouin zone.
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We parametrize k = K + k or k = —K + k and Taylor expand (around K or K’ that is k = 0):
A(ﬁ) = ei(5+ﬁ) ta —+ ei(ﬁ‘i‘ﬁ) D) + 1.

We only keep the terms to first order in x:

= A(k) = e U1+ 4k - a)) + %21+ 4k - ay) + 1+ o(x?).

1 4/3 for a
__ 21 3a 1 — = -
We USeK . QI,Z_ 302 (1,%) (:l: 1 ) —W(lil/?)) _7T{2/3 for as

Im(z)

2in/3
e i,

Re(z)

4in/3
e

Figure 2.5: Sum of the constant terms e*™/3 4+ €2¥7/3 4 1 = 0 in A(k)

We have e2i7/3 = —% + z@ and e*7/3 = —% — z§ Therefore the expansion is

A(k) = ™ B4k « ay + ik - ay

7 3

=3k (a1+a2)+\§“ (a1 — ap)
1 V3 a

= Y7 - 2(0.2
Sk (6,0) + 5t 2(0, V3)
3a 3a

Sty ety
. 3a .

= —1 7 </€m + 'L/‘C/y)

Therefore the Bloch-Hamiltonian expanded around K as a function of k is given by

_ 0 —tA(k)\ _ . 3at 0 Kz + iky
by (5) = <—tA*(/<;) 0 ) BTN (—Ex-i-’l:liy 0 ) ‘

We now define vp = 32%1 R 106% and absorb the phase factor ¢ into the wave functions

= QK(E) = hvp ( 0 . fia + ZK@) =hvpo « kK (*)

Kg — Tky 0
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where o = (g _, gy) is the vector of Pauli matrices. We note that in the last step we have adopted
an unusual definition of handedness (¢ — —¢ ) in order to conform with the usual definition
of handedness on the Dirac-Hamiltonian at the K-point in Graphene.

For the expansion around K’ = —K:
Im(z)
e2i71/3

( Re(z)

4in/3
e

Figure 2.6: Again sum of the constant terms e**7/3 4+ ¢27/3 + 1 = 0 in §(k) because the minus sign
corresponds to a complex conjugation

Therefore, the expansion is
1 3 1 3 3
A(k) — (——i\[> ik - a + (——i\[> ik -QQZ...:—i—a(/ix—imy).

Hence, the Bloch Hamiltonian at the K’ point is

since g is real and a, is imaginary.

In order to find the eigenvalues E, of h(k), we use that h*(k) has the same eigenfunctions as h
and eigenvalues E7 ( since h |k) = Ey|x) = hh|s) = EZ|x)).

Because g and g, anti-commute g,0,=-2,0,,We find

2

1(5) = Polag, + e,
= n*vp [k + ﬁzgi + hatiy(o,0, +0,0)]

0
= h2vi[k2 + /{5]]1 = h2vh K21 .

Hence, the energy eigenvalues are

= E, = thop |k|.
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Ex

Ky

I=x

Figure 2.7: Dispersion at the K-point

From a formal point of view, the Hamiltonian (*) is exactly that of an ultrarelativistic (or mass-
less) particle of spin %, such as the neutrino (neglecting the rest mass which is very small and
gives rise to neutrino oscillations).

However, the velocity of light ¢ is here replaced by the Fermi-velocity vr, smaller by a factor
of about 300. The "left-handed neutrino described by (*) is not equivalent to the right-handed
anti-neutrino living near K.

This opens up the possibility of observing many phenomena predicted (but not experimentally
observed) in high energy physics in a solid state experiment. It is important to keep in mind that
the Dirac excitations near K are not the anti-particles of those near K’. Instead, the possible
excitations near one Dirac point with energies +hvp|k| are one another’s anti-particles.
Eigenfunctions in the vicinity of the K-point are given by (homework problem)

1 et0s/2 &
+ _ . — Y
l/JK(ﬁ) G (:I:ew“/2> with 6, = arctan ("%)

Ky

Kx

Figure 2.8: If the momentum rotates by 27 the ei0x/2

from electron spin

only gives a phase factor of —1, like known
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When & rotates around the "Dirac-point" at K, the phase of 11)[32 changes by 7, not by 2, as

characteristic for spin % particles.
(We will find in a homework problem that in Graphene there exists a Landau level with E,, = 0.)

Remark
Assume electrons on A and B lattice sites had different energies. Then we can write

[ Aeg/2 —tA(K)\ Ae
Q(ﬁ) - <—tA*(l€) —A6/2> =K - Q‘i‘?gz—d(ﬁ) 0.

Are there corrections to this result, for instance due to second-nearest neighbor (next-nearest
neighbor) hopping with some matrix element #'? On the honeycomb lattice all next-nearest
neighbor (nnn) are on the same sub-lattice as the original atom. This gives rise to diagonal
terms in A(k). Importantly such a term

3 t . } . .
Hnnnzfg Z (|7“7A><37A|+|Z’B><j7B‘+hC)

1,j=nnn

where 7, j = nja; +noas is exactly symmetric between A and B sub-lattices. Its Fourier transform
—t' f(k) appears as diagonal element in h, it is proportional to the unit matrix.

W'(k) = h(k) — t'f(k) 1 = €'(k) = (k) — ' f (k)

= only destroys the perfect symmetry of the solutions around € = 0, but keeps the cones intact.
One finds

f(k) = % Z (eiE'Eij + h.c.) = Z cos(k-R;;) = 2 cos(V/3 kya)+4 cos (? ky a) Ccos <g kq a)

1j=nnn %,J=nnn

(homework problem). It turns out that the value of —t'f(k) at the Dirac point is +3t’ and its
gradients vanish. As a consequence up to an additional constant 3¢, the form of the Hamilto-
nians QK(E)’ QK (k) does not change.

Expanding up to O(x?), the function f(k + k) is isotropic around K, but the original ¢-term
introduces a "trigonal" dependence ~ sin(36,). With 6, = arctan(x,/k.) as before. However,
in the analysis of experiments, this term is usually neglected.

We now consider a shift of the energies of the sub-lattices.

+Ag/2 —Ae/2

Figure 2.9: Shifts of the energies in the sub-lattices
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Any kind of asymmetry in the Hamiltonian between the A and B sub-lattice will lift the degen-
eracies at the Dirac points, since the Hamiltonian can be written in the following form

Ae/2 hwr(ke + tky)

B = (hUF(/‘ix — iKy) —Ae/2 ) =dx) - o withe =(g,,0,,0,)

Yy’ =z

with dy = hwpkg, dy = hwpky, d, = Ag/2.

Here we have %{gl., gj} = 0;; and thus QQK(@) = h?v% K? + (Ae/2)%. The eigenvalues are given
by

Er = +,/(Ac/2)? + W20} 2.

We compare with the relativistic dispersion relation E = \/m?2c* 4+ p%¢c? and identify p = fix and
mc? = Ae/2. In the presence of a sub-lattice asymmetry, h () describes massive relativistic
particles. -

Ex Ex

Ky

Ky

1<

Figure 2.10: Dispersion relations in comparison

2.1.1 Symmetries of Graphene

In this section, we work with

B 0 TKy — Ky B 0 TKy + Ky
Qﬁ(ﬁ) = hop (—imm — Ry 0 ) and QK(@ = hor <—z’f<ax + Ky 0 ) ’

Time-Reversal Transformation
Time-reversal changes (homework problem)

and we have k = K + k, —k = K’ — G. From this we have

2 * 0 —1 r T " 0 ; T
Thy (k) = hj(—5) = hop ( mo Ky) = hwp ( . b 0 Ky) =h, (k).

TRy — Ky
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Our Hamiltonian has a time-reversal symmetry.

Parity Transformation

Figure 2.11: Action of a parity transformation on the Graphene lattice

A parity transformation changes k to —k and interchanges the A and B sub-lattice:

(k, A\ subtag et ((k, BI\ _ = ((k, Al
(k, B| (k,Al) == \(k.B|) "
Therefore the transformation equation of the Hamiltonian is given by

I B B B o 0 —ikg — Ky
QK(E) — gng—K( ﬁ)gx - gxgg’( E)Qx =g (i’@x — Ky 0 )Ux

B 1 0 —iky — Ky 0 1y (0 1 —iky — Ky 0
a 0) \iks — Ky 0 1 0) \1 0 0 Thy — Ky

_ 0 TRy — Ky \
= (—i/@x ~ ky 0 ) = QK(E) .

Our Hamiltonian is indeed invariant under parity transformation.

)

2.1.2 Local Stability of Dirac Points with Inversion and Time-Reversal

Time-reversal and parity separately do not impose any constraints on the Hamiltonian h(k)
because they both link a generic k to —k, and thus do not impose any constraints for generic k.
Remark:
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Figure 2.12: In the Brillouin zone there could be £k = —k 4+ G thus k£ = —k would be non-generic.
The M-points are time-reversal invariant momenta and I' is trivially time-reversal
invariant. = This are the 4 time-reversal invariant points on the Graphene reciprocal
lattice

However the combination of time-reversal 7" and parity 11 relates a momentum k to k, and does
impose a constraint on the Bloch-Hamiltonian for each k separately.

A

T: h(

&y

) L Ph(k)T! = b (—k)

A

: h(k) — (KO = g_h(—k)g

From the combined action of 7" and II we find

bk) = o 1 (k)

For a generic 2 x 2 Bloch-Hamiltonian of the form

3

h(k) = di(k)g, + (k)1
=1

with real d;(k) the above condition implies (dropping the explicit k£ dependence)

!

Z digi—% =g, (Z digi + 5) g =0, (dﬂch — dygy + dzgz + 5) g = dxgx—l—dygy—dzgz—ﬁ—e .
i i
This implies
d.(k) =—d,(k)=0.
As a consequence, no ¢_ term can arise and open a gap directly. However, (small) additional g,
and g, terms are allowed, giving rise to the generalized Hamiltonian
Q’K(E) = Kgg  + Kyd, +aio, + asg, = (ke + al)gm + (ky + az)gy

which only shifts the center of the Dirac cone to K — a1é, — agﬁy in the Brillouin zone as long

as a1 and ag are small. For large perturbations obeying T and II it is possible that the Dirac
points merge and disappear.
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2.1.3 Global Stability of Dirac Points

In this section we will only state the results. The calculations can be found in the book of B.
Andrei Bernevig ("Topological Insulators and Topological Superconductors', Princeton Univer-
sity Press).

If additionally the threefold rotational symmetry of the honeycomb lattice is preserved, one can
show that the location of the Dirac points at K and K’ is fixed.

2.2 Relativistic Dirac Fermions

In this chapter (following the Book by Sakurai) we use so called natural units with 2z = ¢ = 1.
Time is measured in length units. Velocity becomes a dimensionless number typically denoted by
5. In addition, both momentum and mass are measured in units of energy, e.g. eV or MeV. Due
to h =1, units of length and energy are tied together. For instance, the canonical commutation
relation [Z, p| = 4 tells us that the product of length and momentum is dimensionless and length
is measured in units of inverse energy.

2.2.1 Klein-Gordon Equation

The Schrodinger equation can be obtained by using the non-relativistic dispersion relation
2
E= g—m + V(z) and making the replacements £ +— i0; and p — —4V, from looking at plane

waves etk z—iwt

The relativistic dispersion relation is F = /p? + m?2. Making the same substitution

10p) = v/ —V?2 + m? ¢ yields a differential equation with infinitely high derivatives which is not
useful for our purposes. Considering the squared relation E? = p?4+m? — —02¢ = (—V2+m?)¢
this can be written as the Klein-Gordon equation

(07 —V*+m?)p=0
We use the 4-vector notation ¢t = ZCO, r =l

= (x
(1 0
ij

o Scalars/scalar products are invariant under rotations

The relativistic metric is given by

Remark:
In 3d we know:

1 0 0 b1
a -+ b=aib; + agby + azbs = (a1,a2,a3) [0 1 0] | by
0 0 1 b3

— 13 can be called a metric for the Euclidean R3. (This can change in other coordinate
systems.)
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e Formal definition: Rotation leaves metric invariant
For our 4-vector holds:
e Metric is n
« Lorentz transformation L keeps the metric invariant L=nL =7

Using the metric we differentiate between upper and lower indices: 0* = n*¥9, where the sum

0
is implicit. Upper indices denote coordinates z”, and 9, = —.
x
We have that 00, is invariant under Lorentz transformation since it is a scalar product, 7 is

invariant, and

940y = 1" 9y = B — V2 = 0 — V2 |

The Klein-Gordon equation can be expressed as
(0"0, + m*)¢ =0

which is manifestly relativistically invariant.

In non-relativistic quantum mechanics, a state is completely described by the wave function
¥(x,t). As the Klein-Gordon equation is 2nd order in time, this does not work anymore, because
as initial condition we need to know both ¢(z,t) and d;¢(z,t), in contradiction to the postulate
that ¢(z,t) completely describes the state.

Introducing d;¢ = ¥, one has dyx = —(—V2?+m?)¢, and can write a off-diagonal matrix equation

0 (0) (o o) ()

We consider a multi-component wave function ¥(z,t) which satisfies

2.2.2 Dirac Equation

(i7"0u —m) V(z,t) = 0 (*)

with yet undetermined matrices 7*, € {0,1,2,3}. (This is similar to the Graphene case using
ki = —%0;.) Demanding that B

we find as before

(_iluaf‘ — m)(zluaﬂ — m)\Il(x,t) = (auaﬂ + m2)‘~I/(x,t) —0.

= U(z,t) satisfies the Klein-Gordon equation, in addition to satisfying the Dirac equation.
= E? = p? + m? is obeyed. The four quantities 7, n € {0,1,2,3} are elements of a Clifford
algebra defined by B

) (00 =1

i) (

=2

N2 =-1,i€{1,2,3}

=2
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iii) Yy = ="y if p # v

Due to the anti-commutation property, the matrices ¥ are traceless (homework problem).

We now substitute a relativistic plane wave into the Dirac equation
Y(z,t) =¥, e P — gpei(ﬂ'ﬁ‘Et) with p = (E,p)

(Y'py —m)¥, =0= (lOE — lipi —-m)¥,, .

Multiplying by 10 we find

EY, = (7 - p+2'm) ¥,
and identify the Dirac-Hamiltonian
ﬁ =qQ - B _|_ ﬁm

with o; = loli and 8 = 10. We have again, using F' — ©0;, a eigenproblem ¢0;¥,, = H v,
In the presence of a electrostatic potential, we find

H=a-p+pm+ed(z,t).
A vector potential is included by making the usual substitution

pp—eA.

Remark:
%{1“, 7"} = 0" cannot be realized using 2 x 2 matrices. We will use 4 x 4 matrices

i (0 o (1 0
a-(gi 0) and,@-(o —]l)'

We argue that ¢ = U can be interpreted as a probability density. There we have

2.2.2.1 Conserved Current

vy
Uy
Uy
Uy

U= andgT:( ylﬂ’ 37‘1’37‘1’2)

One can show (homework problem): If ¥ solves the Dirac equation, the continuity equation
holds
do

aJrv-l'zowithl':yﬂ.

That implies that o changes only by flow into or out of a given region, and is conserved for this
reason

O:f)t/d?’x o(z,t) .

Remark:
In the non-relativistic case we had j = i/m Re[y)*(—2V)%]. In the relativistic case we need only
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a matrix and no derivative because the Hamiltonian is only of first order in momentum and the
current is one order lower. Some of the components of the vector ¥ have already the meaning
of derivatives.

Instead of U, the standard Hermitian adjoint of a column vector, one often uses ¥ = oig =
QTZO when forming the probability density and current. For simpler notation we will leave out

the underlines ¥ = U, =

Then
0=UTr = \I/T’yO’yO\II = U~°¥ and Jj= \IleyO’yOg\Il = @fyol‘ll = U0
such that 5
5 (D) + V- (y0) = 0,5 =

with j# = U~V in a covariant notation.
The Dirac equation in momentum space is

0= (v'p, —m)¥.

We take the adjoint and insert a factor of 4°

0=W(y"py —m),
and find the following interpretation of the free particle current using associativity
w1 [gan U (~H
=5 (@ + TR

Using the Dirac equation, we obtain

1 7 — _
o YAV Vo (gl
M=g [(T9)7" Py W + Typ, (140))] .
Using p* = n"*¥p,, we find
b L Gy v _
= =5 UM " Uy = T T
m
2Ky
That is
E_ _
=23y . =Ly
m Z m

Taking into account relativistic mass enhancement by a Lorentz contraction factor v(v) = \/ﬁ
—(v/c

m(v) = ——" = (v)m , p=m(v)v=(v)my and = = — 2 () = (v)

V1= (v/c)? - m y(v)m
where m(v)c? = E = \/m2 + p? and p/m = p/(y(v)m)y(v) = vy(v)

and we have
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~v(v) can be interpreted as describing the Lorentz contraction of the volume element.

vy
. . NRCAP Vip . AS AL
Decomposing the four spinor components Uy into ( . with U, = Uy and ¥iown = v, )
4

we obtain the final result

i’ =

S

v 7(’”) [\I’Lp‘l]up - \Ijjiownqjdown]

U= V(U)Q[\Ilirlp\:[jup - \Il;riown\:[jdown] .

S

j=

I3

2.2.2.2 Free Particle Solutions

We first consider a free particle at rest with p = 0. The Dirac equation simplifies to
10, = BmVU = ~9mT where 7 is diagonal such that the components of ¥ are uncoupled. There
are four independent solutions

1 0 0 0
; 0 ; 1 0 0
—imt —tmt tmt tmt
vy = ol Uy = ol Vs =e R Uy =e 0
0 0 0 1

The e?™P is quite unusual because we had e #Et/" with E(p=0)=+vm?+ pzlm:o = m factors.
It seems that the solutions U3 and ¥4, spanning the space of ¥4own, have a negative energy —m.
Next we look at free particle solutions with finite momentum p = pé.. The eigenvalue problem

HV = EV is no longer diagonal.

m 0 P 0 Ul Uy

0 m 0 —p U U2
=F

p 0 —m O u3 U3

0O —p 0 -—-m Uy Uy

Both the equations for ui,us and us,us couple together, but the two pairs of components are
independent of each other. For the two pairs of components w1, u3 and u9, uq we find eigenvalues
E=+ym?+p?==+E,.

We now construct the free particle spinors. For E = +E, we can start with u; = 1 (and
uz = uq = 0), and obtain uz = Epﬁ or ug =1 (and w3 = ug = 0) with uy = Ep_fm

In both cases, the upper component dominate in the non-relativistic limit.

Similarly, for negative energy solution £ = —p, the nonzero components are either us = 1 and
Uy = Ep_fm or us =1 and ug = Epﬁm.

For negative energy solutions, the lower component dominates in the non-relativistic limit.

We now consider the following operator ¥ - p = X, (in our case p = pé., p = é.) where X is a

vector of 4 x 4 matrices
_ (g 0} .. . (2" O
EZ(O o) with X _<O O_Z>.

We expect this operator to project onto the spin in the direction of momentum (in the relativistic
case we are not free to choose the quantization direction of spin but the spin is fully coupled
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to p ; maximal spin-orbit coupling ; orbital angular momentum is not a good quantum number
anymore). Spin is quantized in the direction of momentum, the states with positive and negative
eigenvalues are called to have positive and negative helicity, respectively. Indeed, is is easy to
see, by realizing the block-diagonal form, that the spin operator s = %; projects out positive
(negative) helicity for the positive-energy solution with u; # 0 (uz # 0). In combination, we
find

1 0
(+) 0 (+) 1
ug ' (p) = - z; and uy"’ (p) = 0 for £ = E,
p T -
0 Epfm

with the subscript R (L) denoting right (left) handedness (and upper £ denotes positive/negative
energy solutions), i.e. positive or negative helicity . The negative energy solutions are given by

E_—&I-)m 0
pO D

ug{)(p) = . and u(f)(p) = Epa‘m for £ = —-E,
0 1

Normalization is achieved dividing by 2B and the free particle wave functions are obtained
P

Ey,+m>?
multiplying by e P#=" .
2.2.2.3 Interpretation of Negative Energy Solutions

The problem is that there are infinitely many negative energy solutions, and the Hamiltonian is
not bounded from below. The system could emit photons and lower its energy ad infinitum.
To make progress, we think about Graphene with a Fermi energy Er = 0.

E

empty conduction band

xcitede/  empty states

Er=0 Py

filled states

" —

Figure 2.13: Graphene dispersion near the K point for Fermi energy Er = 0, there is a lowest end
of the band, at zero temperature the positive energy states are all empty (conduction
band) and the negative energy states are all occupied (valence band), excitation of
an electron into the conduction band leaves a hole in the valence band with opposite
charge, mass and momentum

occupied valence band

Removing an electron with momentum p from the occupied valence band creates a hole with
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momentum —p and charge —e. If the electron has energy £ = —F,,, its excitations to the Fermi
level costs energy +E,, i.e. the hole created in the process has a positive energy +£,. Dirac
made use of the Pauli exclusion principle to argue that each of the infinitely many negative en-
ergy states is occupied by an electron, and that removal of the electron creates a positron ("hole",
anti-particle of the electron) with positive energy. A high energy photon can promote an electron
out of the "Dirac sea" (filled valence band) into the region of positive energies (conduction band).

excited e

Y
—moCZ 7 S
positron

filled negative energy states

Dirca Sea

Figure 2.14: Dirac sea and excitation of an electron by a high energy photon -

The positron was experimentally discovered by Carl Anderson in 1933. After this discovery, the
Dirac equation was accepted as the correct relativistic wave equation.

2.2.2.4 Electromagnetic Interaction

A vector potential is introduced into the Dirac-Hamiltonian via the standard substitution

p=p—cA

such that the Dirac equation becomes

7 ) ()=

with ¥ = (u,v) = (¥1, ¥y, V3, ¥,). The two component spinor u represents the "upper' or
"particle" component, whereas v represents the "lower" or "hole" component. At non-relativistic
energies £ = K + m, the kinetic energy K < m (the rest energy), and the lower equation
becomes g - éu = (F 4+ m)v =~ 2muv, which allows us to write the upper equation as
(e - p)le-p
2m

S

=

u= Ku
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We find (a - a)(b - @) = a;o:bj05 = 32, [(1 — di5)aibjicijror + dijlab;] = a - b+ig - (a x b) and

]. 2 2 IEQ zg 2 2
%(Q'B)(Q‘B)—%JF%OEX@
(p x p)u = (4V + eA) x (iVu + eAu)

= ie[V x (Au) + (A x Vu)]
=14e(V x A)u = ieBu
where B = V x A is the magnetic field. Hence, we find the equation
p’ h
[—,u B]u—Ku\mth,u—SandS—Uandg—2
2m = 2 2

This is the derivation for the electron spin and the way how it couples to a magnetic field.

2.2.2.5 Symmetries in the Dirac Equation

Consider a situation with external potential
i0, W (x,t) = HY(z,t) with H =a - p+ fm+ V(z)

for some potential energy function V(z). Due to the external potential, the Dirac equation
cannot be brought into a covariant form.

Angular Momentum

In non-relativistic quantum mechanics, rotational invariance in 3 dimensions is centered on the
observation that [I:I , L] = 0 with L = & x p for a "central potential'. This observation is
based on the fact that L commutes with f)2 and hence with the kinetic energy. In addition L
commutes with 22, and hence with every potential V(|Z|). We now compare the commutator of
L with the free Dlrac Hamiltonian H = « - p+ Bm. Since obviously [f, L] = 0, we focus on
the commutator, using [Py, pj] = 0 and [p;, Z;] = —0;5,

la - p, L] = [upr, €ijidibr) = eigeeulpr, 25)pk = —ieijrajpr # 0

= L does not commute with H, and orbital angular momentum is not a good quantum number
for spin—% electrons (the reason is spin-orbit coupling in the relativistic case).

Next we consider the commutator of the spin operator Y with the Hamiltonian. Using the
definition

a 0 e
= (O a) one sees that 5X; = X5,

and [oy, ¥;] = 24g;pa (homework problem) and using [p;, ¥;] = 0 since ¥; is only a number
in momentum space we have

[ - D, ] = [ou, Zilpr = 2deijp0;Pr -
We found
[ﬁ, I:l] = —1€;j10, Dk,
[H , 5] = 24e10,pr -

Although neither Lnorx by them self commute with H , the combined operator
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=L+

SN

X=L+S8

[N~

does commute with A (h is reinserted here). The Dirac Hamiltonian conserves total angular
momentum J, but not L or S individually ("spin-orbit coupling").

Parity

For a potential V(&) = V(|2|) we expect solutions to be parity symmetric which means they are
even or odd functions of z: U(—z) = £¥(x). However, parity not only changes & — —Z but
also p — —p, and hence H=qa- P + pm changes its form under parity. Previously we defined
1T with TIF21T = —2 and IIpIl = —p and IITLIT = L.

The full parity operator P needs to contain a unitary operator which acts in spinor space (due
to spin-orbit coupling), and can hence be represented by a 4 x 4 matrix. We consider the form

ﬁEﬂUp

and require to have the Dirac Hamiltonian independent under P transformation. We need
Ungg = —a and UPBUZI = 8 and P? = 1, since II? = 1 this is Ug = 1. Since 8 = +% and
a= 'yol, the choice U, = 7 is consistent with this requirement and

P=TH0, ie. U(z) Ds pU(—z)

Charge Conjugation

Motivation: We know that the "particle-like" solutions have positive energy Wpar(2,t) = VEso(z,t)
and we propose that the "anti-particle’ (charge —e) solutions are Wanti—part(2,t) = ¥ _o(2,1).
Complex conjugations can be motivated by the Klein-Gordon equation with a vector potential
p—eAd=—iV —eA = —i(V —icA) given by

[(@L —ieA,) (0" + ieA*) + mﬂ Wpart = 0.
Complex conjugation changes the sign of the electric charge, such that
{(aﬂ — ’L'(—G)AN) (6" + 'L.(—e)AM) + mﬂ \Ijantifpart =0.

The anti-particle wave function behaves like that of a particle, but with opposite electric charge.

We consider the Dirac equation in presence of a vector potential A
[iv"0u — ey Ay — m] ¥(z, 1) = 0. ()

We look for a new equation with e — —e that relates the new wave function to the old one.
Taking the complex conjugate of (*) yields

[=i(v") 0 — e(v")" Ay — m] U™ (2, 1) = 0.

To only change the sign in front of the e (and change the wave function), we need to find a
matrix C' such that
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Therefore, we need to insert 1 = C~1C in front of the wave function, and multiply the equation
by C from the left to obtain the result

[9#0, — (e Ay — m] OV (1) = 0.

Hence, C'\P*(g, t) satisfies the "positron equation', if ¥(z,t) satisfies the "electron equation".
We note that 7°, v!, 43 are real matrices, but (y2)* = —2. Using % {v*,7"} = n** we see that
~2 anti-commutes with 4%, 4%, 73. We choose C' = i7? where the phase is a convenient choice
for later. = The positron wave function corresponds to iy2U*(z, t).

Remark: An alternative way to express the "positron wave function" is
U =00 = CU*(z,t) = i12(T°) = U.(T)!

with U. = iv29° because (1) = 4°.

We define the charge conjugation operator ¢ by

CU(z,t) = U.(P)" which here is C = CK = iy2K

Considering ¥(z,t) e~ "% e see that C effectively takes z — —zx and t — —t since
plr,=FEt—p -z

Time Reversal

For the Schrodinger equation we had the anti-unitary operator T = UK with complex conjuga-
tion K and unitary U. T takes an arbitrary state ket |a) into the time-reversed (motion-reversed)
state

Tla)y = |&) with THpT ' = —p, TaT ' =z and TJT ' = —J .

Since we are in a spin—% state, if [ﬁ , T] = (0 we say that the Hamiltonian is time-reversal
invariant and every energy eigenstate has the same energy eigenvalue as its time-reversed partner
T]n> Acting twice on a spin—% state yields 72 = —1, and we found the explicit representation
T = —iayf(

=12 = —i0,K(—io,K) = —i(@(—}—i)dikz =o0y0, = —1
since 022/ =1 and oy = —oy.
Consider the time dependent Dirac equation

100 (z,t) = [—z”yol -V —i—fyom} U(z,t),

and denote the time-reversal operator for the Dirac equation as T = UrK. Inserting 77!
with 7= = (UrK)™! = K~'U;' = KUZ! in front of the wave function and multiplication by
T yields for the left hand site
T@EO)T 1 T(x,t) = UrK (i0,) KUZ ' Ur¥* (a, t)
= —10,UpV™*(z,t) = 10— [Up¥*(z, )] .
We want that the right hand site stays the same except ¥ +— UpW*, i.e. the Hamiltonian is

T -invariant, and on the left hand site we want 8, — d_; and ¥ — UpT* (which propagates
"back" in time). For Ur¥*(z,t) to satisfy the time-reversed form of the Dirac equation, the

operator on the right hand site needs to satisfy (due to [I:I, 7’] = 0)
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T(iy09T 1) = i7% and THOT 1 = 4°

First apply 71! from the left, and 7 from the right to both of the equations. Next, apply K
on both the left and right hand sites. Then we have

K(iyol)f( = IA(7A'_1(7:701)7A’IA( = U (iy°y)Ur
EAR = RTWNTR = Uz U .
The second equation is equivalent to

(V0) =4° = U '4°Ur

and the first one is
—i(y")* ()" = i Up 'Y Ur U 'yUr .
(°)
,Y *

Multiplying with (7°)* yields

—(y)* = Up'yUr
2

7?2 is imaginary and +°,~',v3 are real = We need to find Ur which commutes with 4° and ~?
and anti-commutes with v' and 3.

[Ur, 7% =0 and {Ur, v’} =0
can be accomplished by Ur = 443 up to a phase factor. One finds (homework problem)

1.3_.[oy O
’Y,Y_IL(O O_y)‘

Tk

So we have

CPT-Symmetry
It is interesting to consider the operator CPT given by
CPT(x,t) = ir? [PTU(z,1)] "

= iy*° [’f‘P(—z,t)]*

= i1 0 (-, 1)

= iy991923 0 (., t) = 49T (—z, t)
We defined

N e G g) ‘

~® exchanges the upper two "particle like" with the down "anti-particle like" components of the
wave functions. Such an operator is called a "chiral"-operator.

In context of the Dirac equation CPT converts a free electron wave function into a positron wave
function (datails as homework problem). In relativistic quantum field theory, CPT is equivalent
to a total symmetry between matter and anti-matter. CPT can be shown to be equivalent to
Lorentz symmetry.
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3 Review of Angular Momentum Addition

As a motivation we will consider two examples before generalizing the results in a semi-classical
model. We are interested in the addition of angular momentum because terms like L - S often
appear in Hamiltonians we consider.

3.1 Examples

A. One Spin—% Particle with Orbital and Spin Angular Momentum
We denote spin-up and -down with + and decompose kets in orbital part |2’), and spin part |+)
via a direct product ® of two vector spaces

|2/, ) = |2/) @ | &) or |j1,m1) ® |j2, ma2) = |1, Jo; m1, ma) .

The rotation operator with angular momentum J for rotation around axis n by an angle ¢ is
given as

D(p) = exp {_}sz . ncp] with ¢ = ¢n

where we write

A

J=L+8=L®1,+1,05.

1y is the identity in orbital space and 1, is identity in spin space, i.e. they only act on orbital
kets and spin kets, respectively. Obviously we have [L, S] = 0 because the operators act on
different spaces and using the Baker-Hausdorff formula we find

D(p) = exp [—hL : ncp} ® exp {—hS : W} = D™ () @ DEP) () .

We write wave functions as vectors with spin-up and spin-down component
Uy (2))
/ - N on_ +\£L
<§,:|:’O¢> _‘Il:t(i) = <\I/_(a:’) .
Then |W4 (2')|? is the probability of finding the particle with spin + at z = z'.

B. Two Spin-% Particles without Orbital Angular Momentum
The total spin is denoted by S and given by

S=84+8,=5801,+1,8,

where 11 and 15 is identity for subspace 1 and 2, respectively. Hence, we again have [S 1s S o] = 0.
Within one and the same subspace, we have the usual commutator algebra for angular momen-
tum

151, S1.4] = iheijnSk
[S2,i, Saj] = iheijnSa -
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We see that in this case the total spin (added) from two spins is again a spin imbedded in the
known algebra, since using S; = S it Sy 4 we have

[gi, S’]] = iheijkgk .

) ~
Hence, we already know the eigenvalues of S and S, because they were deduced only using the
commutator algebra:

S” = (5, +5,)% has eigenvalues (s 4 1)h?
gz =51, + 5’2 » has eigenvalues mh

Sl » has eigenvalues mih

5’2 . has eigenvalues moh

To describe a general spin state one can pick any two compatible observables. In this case, we
have two choices

i) Use eigenstates of S’LZ, 512,,2 (|m1, mo) representation) with basis

‘+7+>7 ’"’_7_)7 |_7+>7 _7_>‘

~2 ~
ii) Use eigenstates of S~ and S, (in |s = s1 £ s2, m = m; + my) representation) with

e Triplet state s = 1:
ls=1m=1)=|++)

[s=1m=0)=—7%(+-)+[-+))

1
V2
[s=1,m=-1)=|——)
e Singlet state s = 0:
1
5= 0,m=0) = (1 == | - +)
The coefficients in the basis transformation between i) and ii) are (simple) Clebsch-Gordon

coeflicients.
We define ladder operator S, as

8. =814 4851 = (Si1,iS1,) + (Sa0 £ 52,)

where Si’i only affects the ith entry in the ket since it only acts on the i-subspace.
The action on our state kets in ii) is

S+ =8 ls=1Lm=1)= /0 + D1 -1+1)|s=1m=0)=v2]s=1,m=0)

and in i) we have

S_|++>=<él_+ﬁz,_>++>=\/<§+;) (3-3+1)1-++ W;;) (5-3+1)1+-

==+ +]+-)
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which coincides with our considerations above.
We see that using the ladder operators we can express

A

2 A A ~2 ~2 N N
§ = (§1 +§2)2 :§1 +§2 +2§1 : §2
) A9 ~ ~ A A ~ A
= §1 + §2 + 2 [Sl,xSZx + Sl,yS2,y + 51,252,2}
~2 A9 A A ~ ~ ~ ~
=5+5,+ 2517,25272 + 517.,_527_ + 517_527_;_ .

Formal Theory for Addition of Angular Momentum

We want to consider the formal theory in a general case of two angular momenta J 1 J 5 in the
semi-classical model. We have the commutator algebra

[J1i, Jij] = iheijrJig
[Jai, Jaj] = iheijnJop
[j1,z‘, j2,j] =0.

The operator for infinitesimal rotations around the axis n by an angle ¢ is given by

'A . OA . . 2 ]_ :H- 2 .
(1_1J1 ”‘P>®<1_2J1 ngp)—l—(’)(goQ):Il—Z(Jl@ 2+ 11 ®Jy) W+O(¢>2)

h h h

I

El—%—i—@(@z).

We identify the total angular momentum, the generator of rotation, as
J=Ji0lh+1L1®J,=J,+J5.

For finite rotation angles ¢ we use the commutator [JAM-, jg,j] = 0 in the Baker-Hausdorff
formula to obtain

iJy - np

Di(p) ® Da(p) = exp | ———

® exp l—zJ2 h ngo] = exp l—zj : ncp} = D(p) .

We again have the commutator algebra
1L, ;) = éheijid,,

which is why Jis again a angular momentum.
We have two choices of bases:

A2 A2 A ~
i) Use eigenstates of J;, J5, Ji ., Jo,. and find

20
J1lg1, g2z ma, me (]1 + 1)R?|j1, jo; m1, m2)

) =
W20 o
Jolir, j2;ma, ma) = ja(ja + )% |51, j2; ma, ma)
J12 g1, j2; ma, ma) = m1h|,71 Jo;mi, ma)
)=

J2 2191, J23ma, ma) = mahl|j1, jo; mi, ma)
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22 22 22 N
ii) Use eigenstates of J , J;, J, and J,

J11j1, Gz jom) = j1(ir + A2, ja; jom)
Jolir, o d.m) = Ga(a + V2L, jas 4, m)
f|j1,j2;], m) = j(j + 1)h?|j1, ja; j, m)
Jaljv, d2s §,m) = mhlju, ja; j, m)

We want again to consider the base transformation i)« ii) inserting an identity (completeness
relation)
1, Josdsm) = D 0> |1, das ma, ma) (i, jo;s ma, ma| |1, j2; 4, m) -

mi1 ma2

1

Here 1 is the identity in ket-space with fixed j1, ja.
The elements of the transformation matrix (ji, jo;m1, mal|j1, jo; j,m) are the Clebsch-Gordon
coefficients.

Claim: The coefficients vanish unless m = my + mao.
Proof: We consider

(jz - jl,z - j2,2)|j15j2;j7 m> =0.
Applying (j1, jo; m1, m2| from the left and letting J. act to the right on the ket, and JAIZ = jl,z,
JA;J = jQ’Z to the left yields
(i1, josmi,ma|(Js — iz — Jo2)|j1, jos 4ym) = 0
(m —m1 —ma)(j1, j2; m1, malj1, jo; jym) =0. O
Claim: The Clebsch-Gordon coefficients vanish unless
j1 —j2| < J < j1+J2.

Proof: Can be found in Sakurai.

The matrix formed by the Clebsch-Gordon coefficients is unitary due to the properties of the
kets. We pick the elements to be real. Hence, the matrix is orthogonal (A* = A~!) and we have

ZZ<]1,j2,m1,m2|j1,j2,j,m> <]17]2am17m2|]17]2’]7m> = 5m1,m’15m2,m’2
(<j17j2;j7m|j17j2§m/1’m/2>)*

0> (s dasma, mal i, s ,m) (v, dos ma, mali, G 5, m') = 65 O -

m1 m2

Picking j = j' and m' = m = my + my we find

D> 1, dasma, malj, jai dm)F =1

mi ma
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In the literature one finds alternative notations for (ji, jo; m1, ma|j1, jo; j, m) like

<j1)m2;j27m2|j17j2§j>m> ) C(jl,j2,j§m1,m2,m) ) ley]é(j>m;m1>m2)

or the Wigner 3-j-symbol:

.. . _ (_1)\j1—J2t+m jl j2 ]
(41, J2s m1, malji, jo; j,m) = (—1) <m1 mo _m>'

3.2 Recursion Relation for the Clebsch-Gordon Coefficients

For fixed ji, jo and j, the coefficients with different mi, ms and m are related by recursion
relations:

Jaljv, josgom) = (Jix + Jox) Y |in, d2s ma, mo) (ju, jas ma, malji, j2; 4, m) -

s
We use that
Jeljym) = /(G —m) (G +m+ Dhlj,m + 1)
J_ljym) = /(G +m) (G — m+ Dhlj,m — 1)
to obtain

VGFMGEm+ Dljgaijom = 1) = 3 [\/GrFmi) G, mh + Dl josmi +1,mb)

ml,m2

/(2 F m) (o £y + 1)1, s i, mh £ 1)
- (J1, Jo; ma, ma|ji, jo2; 4, m)

We relabeled mi, mg just to indicate that —j; < m; < j; might not hold anymore. We now
multiply by (j1,j2;m1, ma| from the left hand site, and use orthonormality, i.e. non-vanishing
contributions from right hand site only possible with

first term my=m)+1 |, mo=m)
second term m; = m} , mo=mh+1.

This is

\/(j Fm)(j £ m+ 1){j1, j2;m1, malj1, jos j,m £ 1)

= /Gy Fma + )£ ma) (G, dasmn F 1,malji, jas . m)

+ \/(jz F ma + 1)(Jo £ m2)(j1, jo; m1, ma F 1|1, 425 j,m) . (*)

The condition on the sum of z-components has now become mi +m9o = m £ 1 due to the action
of J1. We interpret (*) graphically in the m-ma-plane .
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RHS LHS RHS

(m;-1,my) (my,m;) (my,my+1)
my
m (my,my-1) (my,m;) (my+1,m,)
RHS LHS RHS

Figure 3.1: Graphic representations of the recursion relation where the points represent the three
sums in (*)

The recursion relation (*) together with normalization condition, uniquely determines the Clebsch-
Gordon coefficients up to a phase factor.

Strategy
Due to the fact that ji, jo, and j are fixed, the allowed region in the mi-ms-plane is limited by
the inequalities

Ima| <1, Ima| <jpand —j<mg+mg<j.

my
my=j,
i c
- /X
& %\\ NJ|A
>
» forbidden
B m,
’%XO)
\—>\\\ W‘
- £
my=-j

Figure 3.2: Allowed regions where the sums are not vanishing determined by the inequalities above

We may start with the upper right hand corner, denoted by A.

OD.\A

VAN
° Eos - P S forbidden

1IN B

m;

N

my;

Figure 3.3: Forbidden region, iterative calculation of the points starting from A
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We first apply the J_ recursion relation with (my, mg + 1) corresponding to A. The recursion
relation connects A to B only, as the site (mj + 1, mg) is forbidden by the constraint m; < jj.
We obtain the Clebsch-Gordon coefficient of B in terms of the coefficient of A. In the next
step, we consider the triangle defined by the points A, B, and D. Application of j+ allows to
determine the coefficient of D, than E, and so on. After some afford, we know all the coefficients
expressed in terms of the coefficient in A. The overall normalization is provided by

ST (1 gosma, maljn, jos jom)F = 1,

mi,m2

and the overall sign is fixed by convention.

As an example, we consider the addition of orbital and spin momentum of a single angular
spin—% particle. We have

j1 =1 (integer) , mj =my

. 1 1
J2=8=3% , M1 =mg = *3.

The allowed values for j are given by j =1+ % orj = % only if [ = 0 which can be deduced from
|71 — jo| < j < j1+j2. = There are two possible j-values. As an example we consider [ = 1 and
obtain in the spectroscopic notation pg/s, p1/o where p denotes [ = 1.

Using m = my + mg = m1 = m — mg we can write

i1, g2sdym) = > (i, jasma, malji, jas 4, m)|jr, jo; ma, me)

mi,m2

= {(j1,23m — ma,malj1, ja; 4, mY|j1, j2; m — ma, ma) .
ma2

Goal: Find the transformation matrix in

|j1:l+%,m> [ cosa  sina |ml:m—%7ms= %
|j1:l—%,m> ~ \—sina cosa |ml=m+%,ms:—%

where we used the notation |j; =1, jo = %;j =1+ %,m> =|j=1+ %,m)
Strategy: Using the recursion relation
ms x x recursion relation
AN . . only connects two
| \\ ! \\points
N
¥\ ° 1/2 0 @ — — — — — — PO o (?\\
\\ A\
\\ AN
\\\ make up i ’\ﬂl
\ cos(a) in : \
\\ the matrix ! \\
\} 12 . .formula . . : \%

Figure 3.4: Recursion relation in mg-m;-plane for j; =1 and jo = s = %
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5, we use the J_-recursion
relation in such a way that we always stay in the upper row mgs = mg = +%, while the m;-value

We focus on the case j =1 + % (the upper row) here. Since m, < 3

changes by one unit within each j_—triangle. This is

VG +m)G —m+ 1) (mimg = Hiom = 1) = /(1 +my+ 1) (r —ma) (g + 1,me = +317,

Note that on the left we have m; + % = m — 1 and on the right m; + 1 + % = m which is the
same. Substitute m — m + 1 and use j =1+ %, and j; = to obtain

VG +m 1) — m)mg, 3+ 5om) = /(4 m+ 1) — ) (mg + 1,414+ L, m o+ 1)

We now use m; = m — % due to m; + % = m in the upper row. We consider

m)

VO3 tm e D —m)m = b3l §om) = @m0 —mt 3)m+ 340+ 3.m 1)

l+%+m+1<m—§7§|l+§vm>:m< %%]l+2,m+1>

Hence, we have
(m—1L1+21m)= %@TH_l Wi+t m+1)
212 2 l+m+% 212 27 :

Next we can express (m + &, 2|l + 5, m + 1) in terms of (m + 3, 3|l + 1,m + 2) and so on. This

can be continued until m; reaches [, the maximum possible value

l+m+L [ l+m+3 ,
m— 3 i+ L1m)= 2 2m4+3 M+ m+2
(m =33l +5,m) l+m+%l+m+§ 22l +2 )

+ 3.+ 1, m+3)

__l+m+%l+m+%l+m+a
l+m+3\l+m+3\1+m+1

l+m+% 1 1 1
=V awin el atta)

We used that the denominator always cancels the next nominator, so we are only left with the
first numerator and last denominator with m; =1 = m + % This is the maximum value of my
and mg, i.e. m; =1 and my; = % >m=m;+ms =1+ % This is possible only for j =1+ %,
not forj:l—%.
The recursion relations stop since
|1, Jos m1 = j1,m2 = j2) = |j1, J25 5 = j1 + j2, m = j)
[J1, J25 M1 = —j1,ma = —ja) = |j1,72;5 = j1 + ja,m = —j)

due to the missing of a partner (see Fig. 2.18) at the ends.

:>]ml:l,m2:+%>:ei‘s\j:l+%,m:l+%>
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We take e? = 1 by convention and have (I, 1|l + 3,1+ 3) = 1.

Using this, we have
I+m+ 3
11 1 _ 2
<m—§,§’l+§,m>—\/ 01

We are close to finding the desired transformation (*): (The z component of the angular mo-

mentum needs to be conserved: m:ml—l—mg:m—i—%—%:m—%—&—%)
. 1 l+m+% 1 1 2 1 1
j=1+3,m)= T—l—l|ml:m_§7ms:+§>+ 2 my=m+5,ms = —3)
J=l—3m)y=7|m=m—3m,=+3+ ? [m=m+3m,=-1).

We know comparing with the matrix relation (*) that

l+m+1 A+1—(I+m+3 l—m+1
cosa = TIQ:SmQa:l—COSQa: 2l(+1 2):>Sin204:2l+12
We now use the idea that the coefficient represented by sina: (my = m+3,mg = —1[j = I+4, m)

has to be positive because all j = [ + % states can be reached by applying J_ sucessively to

l7=1+ %, m=1+ %), and the matrix elements of J_ are positive by convention. = We choose
the positive sign when taking the square root.
The transformation matrix is thus given by

I+m+3 l-m+1
20+1 20+1
l—m—i—% l+m+%
B 2041 214+1
We can use this result to define spin angular wave functions in two component notation x4+ = (1,0),
~=(0,1):

y] li m l:l:m—|-2Y % l:':m+2Ym+2
¢ \/ 20+ 1 0,0 \/ 20+ 1
1
JIiEm+3Y, 20,0
) .

2
1
Vﬂ+1(\ﬂ¢m+2%+%,@

j=l+1, . . . A2 A2 2 A
The yl’ 2™ are simultaneous eigenfunctions of L ,.S,J and J,. As a consequence, they are
A2 A2 A4 22 A2 A2 R
also eigenfunctions of L - S since L - S = % (J - L -5 ) (— J is a good quantum number

as we have spin-orbit coupling L - S in the Hamiltonian). The eigenvalues of L - Sare

2 % forj:l—i-%
5 [J(]+1)—l(l+1)—3(3+1)} :{ L2 o1
i ——g— forj=l-3
3
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4 Identical Particles

Due to the Heisenberg uncertainty principle, it is not possible to keep track of individual parti-
cles:

particle 1 p+4p

- \p—ﬂp

Figure 4.1: If the spacial resolution is good enough to differentiate the particles then we cannot say
which one goes up and down after the scattering, due to momentum uncertainty. If the
momentum resolution is good enough then we cannot track the particle in the marked
region due to the position uncertainty.

particle 2

When they perform a scattering process and come close to each other, Ax; Ap; > h/2 tells us
that we don’t know the particle’s locations well enough to keep them apart, and/or know their
momenta well enough to predict where they will go.

To describe a two-particle system in ket-space, we use a direct product |k') ® |k”) or short
|E')|k"). Since particles are indistinguishable, |k”)|k’) has to classify the same state, and all kets

c1[K")|K") + col K" |K)
have to be considered. To derive ¢; and co, we define the permutation operator
ProlK)[K") = [K")|K') -

We have ]512 = 1521 and (1512) = 1. We now introduce observables A1 and AQ representing the
state of particle 1 or particle 2. Examples are the spins S S or SQ
Ayla’)|a") = d'|d")]a")
A2|a/>|a//> _ a”\a’ﬂa”)
From the first equation, we obtain by application of Pyy and insertion of 1 = Pﬁlﬁm
PioAy|d')|a") = d Ppyd’)|a”) = d'|a”)|d)
= ]512141ﬁ’1_21p12]a’>]a”> = ﬁlgﬁlpﬁlla”ﬂcz') .

This is consistent with the eigenvalue equation for flg only if If’lgflllaﬁl = flg.
The Hamiltonian of two interacting identical particles is given by
2 2

H = % + 7 + Viwie (121 — 22]) + Voo (21) + Vet (2) -

We find P12H P12 = H = [Plg, H] = 0. As a consequence of the Heisenberg equation of
motion, Pjy is a constant of motion. Because P}, = 1, the allowed eigenvalues are +1. = If
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the two particle state ket is anti-symmetric or symmetric initially, it will remain so at all times.
The eigenstates of P are

anzjgwww+mmw]
KK = 2 IR — R

S5

2

In addition we can define symmetrizer and anti-symmetrizer

Sip = % [1 + P12}
=1 [1- P

Applying this operators to an arbitrary two-particle state yields

%ﬂkmmwwwmeﬂ=;mwmw+mwmwi§mwww+wwwm
12
= A2 ) £ )

4.1 Symmetrization Postulate

We describe interchange of particles by a w-rotation of one particle around the other (followed
by a translation).

/"_N,‘\
-~ mrotation ~ <
. N
4 N
/ \
/ \
\
\

b0

translation

P
. ~

~

’ . >
¢~ 2mrotation °.
N

Figure 4.2: mw-rotation and translation (we often consider translational invariant systems) as a way
to describe interchanging the particles; 27 rotation is identity in three dimensions

In three spacial dimension the loop corresponding to the two-fold interchange of two particles
can be contracted to a point, i.e. it is topological equivalent to the identity operation. = Phys-
ical interchanging particles can be identified with the action of Py with ﬁ122 =1.

The indistinguishability of quantum particles makes it plausible that many particle states should
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be eigenstates of Pjy, and due to ]5122 = 1 there are only two possibilities:

]%]N identical bosons) = +|N identical bosons)

P;;|N identical fermions) = —|N identical fermions) .

Particles whose wave function is symmetric under exchange are called bosons, particles with an
anti-symmetric wave function are called fermions.

Note:
If the motion of particles is restricted to two spatial dimension, a two-fold exchange is no longer
equivalent to the identity. This gives the possibility for

Ty, 7o) = ey, ry) with 0 # {0,7} .

Particles satisfying such generalized statistics are called anyons and are believed to exist in the
fractional quantum Hall state.

Oxy
[e%h] o classical
2 ” ‘
11 c z integer QHE state
23} <
130 - fractional QHE state

1 2

Figure 4.3: The Hall conductivity in the QHE state is quantized o, = 1/% where v = Zq"ﬁ, p,q €N

is the filling fraction (for v = 1 all states in each Landau level are filled, and e.g.
v = 1/3 says that 1/3 of the states in the Landau level are filled). Classically we have

2 2 . . o e
Opy = VS = 2%‘%% = % where we used that v is here the electron density divided

by the number of the places in the Landau level v =
1

2q+1

Tt
anyons with charge e which is a fraction of the elementary charge.

In addition there exists an even more exotic possibility of non-Abelian exchange statistics. In
the presence of N quasi-particles (N € 2IN), the ground state has a 2"-fold degeneracy for fixed
particle positions (we do not mean the translational degeneracy), i.e. there are (for N = 4) 4
different ground state wave functions with energy Eqy where E; > Eg+ A with excitation gap A:

¢1(R1, Re, R3, Ry) , Hyp1 = Eggp
¢a(R1, Ry, Ry, Ry) , Hepo = Egpo
¢3(R1, Ry, B3, Ry) , Hes = Eops
¢4(R1, Ry, B3, Ry) , Hea = Eogs .
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The exchange of two particles corresponds to unitary operations in the 4-dimensional ground
state sector of the Hilbert space.

@ ®

Figure 4.4: Rotations/interchanges Wia, Way of the particles in the ground state space with wave
functions ¢ = c1¢1 + cap2 + €33 + cap4 interpreted as 4 x 4 matrix actions W3 1, Wa y
on ¢ = (c1,c2,¢3,¢4)

The unitary transformations ng, ng can be represented as 4 x 4 unitary matrices W31, Wa 1.
Since in general matrix multiplication is non-commutative (matrices form a non-Abelian group),
such particles are called non-Abelian anyons. The transformations W31 and Wy are topological
in nature ("topological protected") since they do not depend on the detail of the particular path
but only on its topology ("which particle goes around which other particle"). Non-Abelian anyons
are believed to be realized in the fractional quantum Hall state at v = g and in superconductor-
semiconductor-heterostructures with strong spin orbit coupling.

Back to fermions and bosons: there exists a remarkable connection between the spin and the
statistics of particles. Half-integer-spin particles are fermions and integer-spin particles are
bosons.

In this context, particles can be composites: a He nucleus is a fermion in the same way as a
electron e~ or a proton is, and a *He nucleus is a boson such as a photon, the m-meson or the
ZY gauge boson. The spin-statistics theorem is believed to be an exact law of nature with no
known exceptions. In relativistic quantum field theory it can be proved that half-integer-spin
particles cannot be bosons and that integer-spin particles cannot be fermions.

A consequence of fermionic statistics is the Pauli exclusion principle: two electrons (fermions)
cannot occupy the same quantum state. This follows because a state like |k')|k’) is automatically
symmetric, which is not possible for fermions.

The important difference between fermions, bosons and "classical" particles can be illustrated
by considering two free particles which occupy states |k'), |k”):

o Fermions: % (| )K" — [K")|K"Y)

o Bosons: |K)|K'), [K")|K") or % (| Y E"Y + [K")E"Y)

o "Classical:" [K')|[K'), [K")|K"), [K))[K"), [K")|K')
(Entropy of classical particles is not extensive)
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4.2 Two Electron System

We specify base kets and bras by z;, 25, and the spin quantum numbers my,, and mg, such that

U= Z C’(msl,m32)<§1,m51;g2,m32\a>.

Msq,Msy

~2

9 ~ ~ ~ ~
If the Hamiltonian commutes with S, with S, = S1+9S5, i.e. [Sio: s H] = 0, energy eigenstates

A2
can be chosen as eigenstates of S,.;, and if expressed as U = ¢(x;, z,)x(ms,, ms,), the spin
function x is one of the following possibilities

X1++
54—+ x-4) p  triplet (sym.) Sior =1
X(ms1 ) m52) = X——

%(X_s__ - X—+) } singlet (anti-sym.) Siot = 0

Here x4- =4, 16, 1, and so on. Fermi-Dirac statistics for the electrons require
172 20 2
(T1: Mgy Ty, Mgy o) = — (T, Misy; T1, M, )
We decompose the permutation operator Pjo according to Pl(;pace) Spm), interchanging the

position and the spin coordinates, respectively. We can express pl(;pin) as

A (spin 1 4 o
PP ):<1+h251 -52>,

2
due to  (spin)
& .8 {h2/ 4 triplet . Py [triplet) = (+1)|triplet)
Q1 " Q2 = . ~ (e
—3h%/4  singlet Pl(;pm)|singlet> = (—1)|single)

Using this decomposition, the transformation |o) — Pja|a) gives rise to

G(&1, 22) 3 Gz, ) and Y (M, May) 3 X (Miay, M, ) -

= If the space part of the wave function is symmetrical (anti-symmetrical), then the spin part
must be anti-symmetrical (symmetrical). = The spin triplet part has to be combined with an
anti-symmetrical space part, the spin singlet part has to be combined with a symmetrical space
part.
The probability for finding electron 1 within a volume element d3z; around position z;, and
electron 2 within a volume element d3zy around z, is |¢(xy, zo)|2d3z1d3zs.
What influence does the statistics of particles have on observable quantities? If the interaction
of particles is not important, and in the absence of a Zeeman field, the Schrédinger equation is
given by

h? h?

“om i o Vi + Vexe(21) + Vext (22) | Uz, 20) = BV (2, 7)) -

The spatial part of the wave function ¥(z;,z,) is now separable into the form wa(z;)wp(zy).

A2
Since Si. trivially commutes with the Hamiltonian, we can choose the spin part of the wave
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function to be an eigenstate of the total spin Stot, i.e. a singlet or triplet state, which both have
i A (spin)
a definite symmetry property under P,

or anti-symmetrical combination

. Accordingly, the space part must be a symmetrical

o2y, 25) = ;5 (wa(z))wp (2s) + wa(zs)ws ()]

where the upper sign applies for the spin singlet, and the lower sign for the triplet.
The probability for observing the two electrons around z; and z, is given by

9z, 22)” = §{|wA<x1>|2|WB<x2>2+ (walez)Plwp () ? 4 2Re wa(z Jwp (2w (zs)wh (21| }

"Exchange density" due to the
exchange of coordinates z; and z,
in wg and W}, wp and wp

For electrons in a spin triplet state, the probability of finding both electrons in the same point
in space z; = z, vanishes. Electrons in a spin triplet state tend to avoid each other. However,
when the two electrons are in a singlet state, there is an enhanced probability of finding the
electrons at the same point in space.

Remark:

If wg and wp are non-zero only in spatially well separated regions, there is no need to (anti-)
symmetrize the wave function, as the exchange density vanishes.

4.3 The Helium Atom

The Hamiltonian for two electrons moving in the Coulomb field of two protons is given by

g B 2 2 &
2m  2m 1 T T12

with r1 = |z1], r2 = |25| and 19 = |2, — 25| where the positive nucleus has the charge 2e and
is located at (0,0,0).

- I- -e
electron 1 H 2 ® electron 2
X X2

r1 r2

nucleus

Figure 4.5: Definitions of quantities for the helium atom

We first assume that the e2 /T12 term is absent. Then the wave functions would just be the prod-

A2 ~
uct of two hydrogen wave functions with Z = 1 changed into Z = 2. S, commutes with H, so
we choose the spin state to be either singlet or triplet. We consider the case where one electron
is in the ground state, and the other one in an excited state with quantum numbers (n,l,m)

= (21, 29) = \2 [W100(21) Ynim(22) £ Y100(22) Wnim(21)] - ()
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For the ground state, both electrons are in the state n = 1,1 = 0. = The space function is
necessarily symmetrical, and only the spin singlet wave function is allowed:
Z3

W100(21) Y100 (Z2) Xsinglet = —5 €
7Ta0

~Zrira)faoy e with Z = 2.

The energy of this "unperturbed" wave function is

62
EFE=2- 4 .|—— ] =—-108.8¢V,
2a0

about 30% larger than the experimental value: Eq., = —78.8€eV since we neglected e? /T12.

We now treat the Coulomb interaction between the electons in first order perturbation theory,
i.e. we compute the expectation value of €?/r13 with regards to the wave function (*). In this
way, one finds the energy shift

2Z(7‘1+7‘2) 62
2 2
A(ls)2 = (15 // —d a:ld o .
7T ao T12

V100 (z1)¥P100(zy)

The term under the integral can be understood as interaction of different charge densities
oc(z1)oc(xy)/r12 (but electrons in the "charge clouds" are not interacting).

- I -e
electron 1 ¢ 2 ® electron 2
X Xo

nucleus

2e
Figure 4.6: Definitions of the angle and the distances

A useful coordinate system to calculate the integral uses the angle v between z; and z4, and
Ty + Ty = TiT2 COS7Y to obtain

T2 = |21 — Zo| = \/@1 —x9)2 = \/r] + 75 — 2riracO87 .

Denoting r« = min{ry,r2} and r~ = max{ry,rs} we can write

2
r r
g = r>\/l — 2T—< cosy + (;)
> >

1 1 1
= —=—

2
T2 > \/1_27750087%—(:;)

Comparison with the generating function of the Legendre polynomials m =30 Pu(z)t"

yields
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To perform the angular integration, it is useful to use the addition theorem for spherical har-
monics
CAm

Z Y7 (61, 01)Y[" (62, d2) -

Interpret the "constant factor" in the integral as Y = \/%. Due to the orthogonality between
spherical harmonics, the angular integration is straight forward

m 1 m
/Yz (0, ¢i)dSY; = v4ﬂ/mYz (0i, )Y = VAT 000 -

The radial integration is elementary but tedious, it leads to

oo [ 1T 1 2z 5 5

/ [ P ao 2Z (1 415) 2d7“ +/ T (T1+r2)?”§d7“2] T%dﬁ _ 2 E'
r 1

Combining everything, we obtain for Z = 2:

AL ) ao 5 e
Bap = mp AL L/_,”M) 12875  22ap

N—— Ad.Th. 1/Y8

N~——
Normalization Radial integral

Adding this energy shift to the zeroth order energy, we find
5 2
Ecale. = <_8 + ) 76 ~ —74.8¢eV .
2 2a0

However, we can do even better when treating the nuclear charge Z in the wave function as a
variational parameter, i.e. use the wave function

3
(21, 25]0) = Zett e~ Zet(r1tr2)/ao
Sl mad

to compute the expectation value of the Hamiltonian and then minimizing with regards to Z.g.
This is the Ritz variation method.

=0 Py - 677 20 0o

where we have to dlstlngulsh Z in the Hamiltonian from Z.g in the wave function. We can write

ZZH (0| ijflez + He 0) to make use of the assumed eigenfunction. One finds in the end

A 72 5 e2
(H) = ( 2= 27 75 + Zeff> —

2 8 aq
with the minimum found for Z.g = 2 — 1—6 = 1.6875 which is smaller than Z as expected
from the argument that one electron partially "screens" the nuclear charge seen by the other

electron. Using Z.g = 2 — 16, we find for the energy F., = —77.5eV, already quite close to
Eoxp = —78.8eV, given the crudeness of the trial wave function. [A. Unséld, Ann. Phys. 82,
355 (1927)]
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For the discussion of excited states, we consider symmetrized wave functions with the building
block (1s)(nl), and write the energy of such states as

En,l,:i: = Fi00 + By + AEL with AEL = In,l + Jn,l .

2

In first-order perturbation theory, AE is obtained by evaluating the expectation value of )

which we can decompose according to

e2

—) = + Jni,

() = Ina Jng
where I and J are called Coulomb integral and exchange integral, respectively. The upper
(lower) sign goes with the singlet (triplet) state. I and J are given by

62

I= /d3$1d3£2|‘1’100@1)|2|‘I’nzm($2)|2712
where we can think of [W1go(z;)|? = 0100(z;) and |V, (29)|? = 0nim(z2) as charge densities,
and

2
e * *
J = /d3£1d3£2‘1’100(l1)‘1’nlm(l2) . Wloo(Z2) Vim (21)

which cannot be interpreted using charge densities, its due to the exchange statistics. Obviously
I is non-negative, and it can be shown that J is non-negative as well.

= For the same configuration of orbitals the spin singlet states lies energetically higher than
the triplet state.

singlet

Ero0+Enim
Figure 4.7: Shift of the unperturbed energy states by the exchange and Coulomb integral

In the singlet case, the space wave function is symmetrical and the electrons can get close to
each other = have a strong mutual Coulomb repulsion = high energy.

In the triplet case, the space wave function is anti-symmetrical, and the electrons avoid each
other = have a weaker Coulomb repulsion = smaller energy.

Helium in the singlet state is known as para-helium, helium in the triplet state is known as
ortho-helium. Although the original Hamiltonian was spin-independent without an explicit
Sl . Sz—term, the electrons with parallel spins have lower energy due to the effects of Fermi-
Dirac statistics.

The explanation of the apparent spin dependence of the helium energy levels is due to Heisen-
berg. Along similar lies, Heisenberg could explain the occurrence of ferromagnetism in solids.
Electrons with parallel spins avoid each other spatially and heave a lower energy for this reason.
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4.4 Multiparticle States
We now define the action of the permutation operator for states with IV identical particles
Py = (KK - |k - k) o= (R EY - kD) Ry R -

We still have ]33 = 1 as before, such that the allowed eigenvalues are +1. In general, [13” , ﬁkl] #0.
We work out explicitly the example of three identical particles: There are 3! = 6 possible kets
of the form |k")|k")|k""), where k', k", and k" are all different from each other. However, there
is only one totally symmetrical (+), and one totally anti-symmetrical (-) linear combination

1
|k/k,/k”/>:t — {|kl>|k1/>|k///> :l: ‘k,/>|k,>|k§,”> + |k”>‘k,//>’k/> :l: |]C,”>V€H>|k3,> + ’k///>|k/>|k//> Zl: |k3,>|k3,”>|]€”>}

V6

which are simultaneous eigenkets of ]512, 1513, and ]523. It follows that there are four independent
kets which are neither totally symmetrical nor totally anti-symmetrical (six ways to choose the +
but only all + is symmetrical and all — is anti-symmetrical). So far we assumed that &', k", and
k" are all different from each other. When two coincide, we can only form a totally symmetrical
state

[K'E'E") ¢ [EDEDE") + [K)[K)IE) + k") KK }

f
where the normalization factor can be interpreted as \/,2—!. In a more general case, the normal-

ization factor is \/W where N is the total number of particles, and N; is the number of

times |k?) occurs.

4.4.1 Second Quantization

Second quantization is a different approach to keeping track of multi-particle states, which is
also the foundation of quantum field theory. Historically the term was coined to describe the
idea that the wave function of single-particle quantum mechanics is turned into an operator,
which is subject to its own canonical quantization, such that the quantization rule is enforced
a second time. However, "second quantization" is completely equivalent to solving the many
particle Schrodinger equation (but allows for powerful approximation to be found). We define
a multi-particle state vector as |ni,no, ..., n;,...), where n; defines the number of particles with
eigenvalue k; for some operator. Such state vectors are element of a new typ of vector space,
called Fock-space, which has the necessary permutation symmetry built in.

We begin by describing two special cases of states in Fock-space, the first of which is |0, ..., 0) = |0),
which does not contain any particles and is called "vacuum'. The second special case is
|0,...,0,n; = 1,0, ...) = |k;), which has exactly one particle in the state with eigenvalue k;.

We now need to build multi-particle states in such a way that permutation symmetry is re-
spected. It turns out that the creation and annihilation (ladder) operators as defined for the
harmonic oscillator are the right tool for this. We define a "field operator" a AT
number of particles in the state with eigenvalue k; by one, i.e.

that increases the

&j]nl, ey My o) OC Mgy vy + 1000,
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where the correct normalization will be determined later. We postulate that applying a particle
creation operator &Z to the vacuum creates a properly normalized single-particle state &Z |0) = |ki)
(and (0]a; = (kil)-

1= {kilks) = ((0]a:)(af]0)) = (0]asa]|0) = (0] il k:)
——
|0)
We see that a;|k); = |0), so that @; is a particle annihilation operator.
ity .y Ny o) X N1, cymy — 1,00

with @;|0) = 0 and a;|k;) = 6;;|0). These postulates almost fully define the field operator, but
do not incorporate permutation symmetry yet. For discussing permutation symmetry, we create
a two-particle state by applying two creation operators and demand

i3y _ atatioy — watafloy — (g
k') = afaf|o) = +alaf|o) = [k/k7) .

Here, the 4+ (—) sign applies for bosons (fermions). Using the same logic for the application of
two creation operators to a general multi-particle states leads to

afal —alal =0=1[al, af) (bosons)
&Id} + d}di =0= {dj» , &}} . (fermions *)
Taking the adjoint of the relations yields
0=[a;, aj] (bosons)
0={a;, a;} (fermions)

We note that the Pauli exclusion principle is incorporated into this formalism since (*) implies
alal =0

e A
What are the commutation rules between a; and dj? We would like to define a number operator
N; = &I&i counting the number of particles in single-particle state |k;). From working with
the harmonic oscillator, we know that this is possible when [, , dg] = 1. We claim that a self-
consistent picture for both bosons and fermions can be built this way, replacing the commutator
with the anti-commutator for fermions:

f
J

<

i = las, (bosons)

ii ={ai,

0
0

I
[=)
<

e (fermions)

A

M, = di&i is the number of particles in state l?:z-, and N = Do diai the total number of particles
in the system.

4.4.1.1 Single Particle Operators in Second Quantization

We assume that the single-particle states |k;) are eigenstates of an "additive" single particle

operator K= Zé»v:l k;, e.g. momentum or kinetic energy.

For a multi-particle state |¥) = |ny,na,...,n;,...), we expect the eigenvalue of K to be >oinik;
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where the sum is over states in the single particle Hilbert space (not over particles). This can
be easily accomplished when using

K= Zk:N Z/f“

If needed, this can be transformed to a different basis.

e Tight binding Hamiltonian
=3 =(k)ajay ()
p k%K
from |n) = >, e, ¢, = 3, ekl and

—tZ(|l—|—1 A+ +1]) =Y ek)

k

is equivalent to (**) in the single particle subspace

) S CRURECH
l
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5 Time Dependent Perturbation Theory

5.1 Sudden Perturbation

We decompose the Hamiltonian according to H = Hy + AH,(t), and assume that Hj has known
eigenstates |m),|n) with eigenvalues E,,, E,. X is a small number, and we are interested in
finding the solution to linear order in . We assume that [ (t) vanishes for ¢ < tyg. Hence, for
t < tp, the system is described by the Schrédinger equation

0 .
i WO (1) = A wO(1))
with the initial condition |¥(t)) = |®©)(#)) for t < t,.

Brief reminder:
« Schrodinger picture [Ug(t)), Ag
« Heisenberg picture |Uy), Ay(t)

These pictures are related by the transformation
W) = e w2 |Wy) and Ay (t) = ei At Age w1t = U1 AgT,

if H does not explicitly depend on time.
If H does depend explicitly on time, one finds

t
. B _—ifdt H)/h
U(t,to=0)=e*n —Te ©

where T is the time ordering operator
A(
B

)E(tg) for t1 > to
(t)A(ty

TA(t1)B(t2) :{ l) (t1) forty >ty

t
t

The sign in U can be remembered by noting that the time evolution has to satisfy the Schrédinger
equation

A

iho,e— /N — hi(—1) %e—iﬁt/h _ [ o—ift/h

so it needs to be a (—).
Using A A
Ws(t)) = e FHV W) | (Wg(t)| = (U gyletTHh

the expectation value in the Schrédinger picture
(A) = (Us(t)| AT (1)) = (Cyle"/M Ae™ MW ) = (Oy| A (8)|Vr)

coincides with the one in the Heisenberg picture.
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« Dirac interaction picture H(t) = Hy + H,(t)
t
—i [dt’ Hy p(t')/h

Ap(t) = eiflost/h fge=Host/h and | Wy (t)) = e Host/hpg(t)) =e o W5 (0))

with [Up(0)) = [¥s(0)) = [Vp), where we used the time evolution in the Dirac picture
and the fact that H1 can depend on time where Hy is time independent (HO D = HO s
and time evolution Up|¥p(0)) = |¥p(t)) satisfies the Schrédinger equation in the Dirac
picture). Transforming the Schrédinger equation into the interaction picture yields

z&%hﬁﬂﬂ)zfﬁpﬁﬂ¢D@»,

where Hy p(t) = eiHo,st/hHLSe—iHo,st/h'
We now transform into the interaction picture
U (1)) = eHotP (1)) .
As an example we consider a system which was initially, at ¢ = ¢y, in an eigenstate |m) of Hy.
Im(t < tp)) = e*iﬁot/h’m> — o 1Bmt/h|yy

The action of H; for times t > to, gives rise to a time evolution |¥,,(t)) = 32 <n( )W () |n(2))
where (n(t)|¥,,(t)) is the amplitude to find |¥,,(t)) in state |n). [(n(t)|¥,,(t))|? is the probability
to find |W,,(¢)) in state |n(t)), called the "transmission probability from |m) to |n)".

(n(8) [ W) = (n]e T W, (1)) = (0] W0, p (1))

Expanding the time evolution of |¥,, p(t)) to first order in A, we find usign the notation

|V, p(0)) = |m) that |¥,, p(t)) = |m) — %)\/df I:ILD(tN)|m>, and since |m) is eigenstate
to
of Hy and Hip(t) = eiHO’St/hHLSe*iHo,St/h;

¢
<mwwm@>=%m—%ﬁ/“&w“&””mmﬂmm»
to
The transition probability is given by
t 2
A s i (Ee—ENi L
Prn(t) = [{n(t)| O (1)) = %/dte (En=Em )t (| H, (F)m)

to

We now set A = 1. We first specialize in Hy(t) = VO(t), to =0 and X = 1.

t 2
1 - . ; N
= Pralt) = 15 | [ dF /P B o] V)
0
: 2
1 ezwnmt 1 R )
= 5| [V |m)|
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with Wy, = %
1| togm (2 |eiwnmt/2 _ g=iwnmt/2|? o,
= Pm,n(t) ﬁ e 2h ’ o )(n!V!m>‘
1 /sin(wpmt/2)\? N 2
— o (R 2 )
h Wnm/2
For ¢t — oo the expression SiHQ(QO‘ t) is a representation of the delta function d(«). For large times
Tact

. 2
t (actually large wpm,t while Py, < 1, i.e. ‘(n\V|m>’ small) we find

Prn(t) =t 6 (“"m> (|7

m\ 2
2 N 2
= t = 8(En — ) ’<n|V|m>‘

The transition rate, i.e. the transition probability per unit time is given by

2 N
Lo = S 0(En = Ey) |(nlV]m)

‘2
There §(E,, — E,,) ensures energy conservation.
If the eigenvalues E,, form a continuum (or quasi-continuum) and if the matrix element (n|V'|m)
depends only weakly on n, we can introduce the density of states (number of states per unit
energy o) and obtain for the total transition rate
2T A 2 |
> T = [ dEw 0(Bn) T = o(Bw) - | (0l V)| )
n
This relation is known as Fermi’s golden rule. It was derived in 1928 by Wolfgang Pauli and
because of the usefulness of the relation E. Fermi coined the term golden rule in 1950.
Next, we consider the case of periodic perturbations.

A

(1) = 0(t) [Pe™ 4 Flet]

<mwwmw>:—;zﬁf&ﬂ%mwﬂmﬁmw+&mmﬂ“WWMmﬁ
And hence
(OIEAON =t T |8 — ) () + S + ) | (nlET )]

The mixed term does not contribute due to the incompatible delta-functions.

_27r

= T'nm -

N 2 A 2
lé(En—Em—hw)‘<n|Fm)‘ + 8(En = B + hw) | (n] £ |m)| 1 .

absor. stm. em.

In addition spontaneous emission of an excited atomic state due to vacuum fluctuations in the
electromagnetic field is possible and discussed in the problem sets.
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5.2 Adiabatic Theorem

Adiabatic Process:

The Hamiltonian of the system changes gradually, such that the system can adopt its con-
figuration to the changed Hamiltonian. If the system starts in an eigenstate of the original
Hamiltonian, it will end in the corresponding eigenstate of the final Hamiltonian.

Diabatic Process:

A rapid change of the Hamiltonian ("quench") preserves the system from adapting its config-
uration during the process, hence the spacial and spin probability density remains unchanged
(same state but no longer an eigenstate).

Reminder:
For a time independent Hamiltonian, the time-dependent Schrodinger equation ¢/ |¥(t)) = H|¥(t))
can be turned into the time-independent Schrédinger equation via a product ansatz

|, (1)) = e~ Ent| W) | with H|W,) = E,|¥,),

and the general solution of the time-dependent problem is

() =3 | Wn)e Pt with ¢, = (W, [W(E = 0)) .

A time-dependent Hamiltonian H (t) has at every instance of time eigenfunctions and eigenvalues
H(t)[Wn(t)) = En(t)|Vn(t)) )

with >, |V, (6))(Vn(t)] = 1 and (¥, (¢)| ¥y (¢)) = Onm. Note that the |¥,(¢)) are not solutions
of the time-dependent Schrodinger equation in general.
Ansatz:

St =

T(1) =D cn(t)| W0 (t))e D with 6,(t) = — / E,(t)at'
" 0

to determine ¢, (t). Substitution into the Schrédinger equation $hd|¥(t)) = fI|\IJ(t)> yields
> en B[ (1))’ = ih Y7 el W) + eal W) + den| Uy | 0

with [U,,) = 9|, (t)) and 6, = —E,/h and H|U,(t)) = E,(t)|¥,,(t)) due to (x). We are left
with

Z C‘n|‘11n(t)>ewn = - Z Cn|\1jn'(t)>ewn .
We multiply by (U,,(¢)| from the left
em = = 3 e (U (£) [ () &0 (*)
We now compute the time derivative of (*) as

(QH®)) [n(t)) + H|C, (1)) = En(t) + Ea|Wa(0))
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We again multiply from the left with (¥, (¢)], assuming m # n, and obtain

(U () (D) Wi (1)) + B (Ui ()| Wi (1)) = B () (Wi W) + B (U ()| W (1))
=0

(W (0] (B H ()W (1))

(W) = 5 —F

Inserting this into (**) gives (we have to consider m = n in the sum separately) the exact result

Co (O OE)0(0) i0,-0,)

em = —Cm (U (D)W (8) = o' En(t) — En(t)

n#m

In the adiabatic approximation, we assume that the time derivative of the Hamiltonian o.H
is extremely small, and the sum will not contribute (small means that the matrix element
(U (1) (0:H) |V (t)) < Ey — Ep, which depends on the spacing of the energy levels). Then,

Em(t) = = () (U (1) T (1))
which can be solved yielding
cm(t) — Cm(o) e— f(f dt’ <\I’m(t/)|‘11m(t’)> = Cm(O) ei’ym(t) .

In the last step, the geometric phase

t
nlt) =1 [ at (B¢ 0)
0

was defined.

Remarks:

In the adiabatic approximation, the system is always in an instantaneous eigenstate. (|W(™)(t))
is an eigenstate of the time dependent Schrédinger equation, ¢,,(0) = 1 and ¢, 2, (0) = 0 and
|W,,(t)) is instantaneous eigenstate)

(WO (1)) = [ W (1))e D (O and W0 (0)) = W)

where H ()| W,,(t)) = Ep(t)|¥,n(t)). The phase convention for |¥,,(t)) is chosen in the ansatz

i [t gy ’
1U()) = 3, en ()T (t))e 1 Jo ¥ Bn() o that the |W,(¢)) evolve explicitly in time. This is
contained in the e?™®) phase at the end.

Am(t) is real, since (U,,|,,) is imaginary which can be shown by taking the time-derivative of
L= (W (8)[ W (1))

= 0= (U,,|0,) + (V| ¥y) = (U [T ) 4 (U, |0,,)F = 2Re(T,, | T,,)
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5.3 Berry Phase

We now consider the example of a spin with magnitude S in a time-dependent magnetic field
B(t). The spin has a magnetic momentum W;—LBS, and H(B) = —gupB(t) - S/h, with energy
eigenvalues F,, = —gupBm, and —5 < m < S using a quantization axis parallel to the B field.
Under adiabatic changes of the magnetic field direction, the spin keeps its quantum number
m, but the quantization axis rotates with the magnetic field. We denote the spin-quantization
direction by n (with B = nB), and instantaneous eigenstates by |m(t)) (but the quantum
number m does not depend on time, better would be |m,n(t)) = |m(t))) with S, (2 axis is
parallel to n) = S,/|m(t)) = mhlm(t)). We move the direction of B along a closed loop C, and
compute v,.

T T
(€)= i [ (o) @m(BEN) dt =i OV slm(B) G e
b 0

= (€)= & § (m|Vm(B)) dB

where |Vpm(B)) = V|m(B)). Hence, 7, (C) depends only on the geometry.
We use Stokes theorem to write this as a surface integral

@) =~ [ o Ln(B) - as

with V,,(B) = Im (Vg x (m(B)|Vpm(B))) where we used that the matrix element is fully
imaginary. We use V x [f(2)Vyg] = (Vf) x (Vg) to write

Vou(B) = Im ((Vpm(B)| x [Vem(B))) =1Im Y (Vpm(B)lm/(B)) x (m(B)|Vsm(B)) .

m#m/

Here we used that (m|V pgm) is purely imaginary so that the product will not contribute taking
the imaginary part. We now compute (m'|Vpm) by taking the gradient of the eigenvalue
equation

A

H(B)|m(B)) = Em|m(B))
= (VpH)|m(B)) + H|Vgm(B)) = (VpEn)|m(B)) + En|Vem(B))

Multiply from the left with (m/(B)|, m # m’

(m'(B)|V s H|m(B))

= (M (B)IVem(B)) = ———F —5—

Using VpH = —gupS/h with V(z - a) = a yields

(m(B)|S/hlm/(B)) x (m'(B)|S/h|m(B))
B2(m/ — m)? '

V,(B)=Im Y

m/#m
We now use the direction of the magnetic field as instantaneous z-axis ("z’-axis") for spin

quantization. Then, S,. does not contribute to the sum, as it leaves m,, unchanged, due to
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Solm(B)) = mohlm(B)).
Only S, and S,/ give rise to contributions for m’ = m + 1. We now use the matrix elements

(S, m 4 1|8, /H|S, m) = % JEFm)sEm+1)

A 1
(S,m % 1|8, /B S, m) = % VS Fm)(S£m+1)

In this way, we obtain for the components of V,,

m

Vn(B))w =0, (V,,(B))y =0and (V,,(B)) = B

The 2’ and ¢y component are easy, because they are ~ S, in the cross product.

We check the 2z’ component for the case S = %, m = %, m' = —%

(1/2,m — 1|8, /h|1/2,m) = %'\/(1/2 11/2)-(1/2-1/2+1) =

N~ DN .

(1/2,m| Sy /B1/2,m — 1) = %\/(1/2 1/2) - (1/2—1/241) =

There are two contributions Sy x S’y/ and S'y/ x 8. = in total one finds Im(2 - 1/2-4/2) =
1/2=m=m/B>.

We now established that

B
Ym(C) = —m//s(c) 5 dB = —m/ch = —mQ(C)

where Q(C) denotes the solid angle which is enclosed by the trajectory C.
Mathematically, it is important that there exists a degenerate point of the Hamiltonian at the
origin of the coordinate system.

In the problem sets we show that the Aharonov—Bohm phase can be understood as a Berry
phase with v, = QW%, where @y = h/e is the flux quantum.
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6 Topological Phases and Anions

6.1 Introduction

Consider a regular lattice with N sites in one spatial dimensions, and wave functions v; defined
on the sites. The Fourier-representation of the wave functions is given by

Uy = STl
kn

We use periodic boundary conditions ¢ = ¢y = ! WVHTDkn = ¢ikn which is satisfied for
eiNk:n -1
2
= Nk, =2mn = kn:%n.

Figure 6.1: Visualization of the periodic boundary conditions, in the one dimensional case, as lattice
points lying on a circle

For N lattice sites we thus have IV different values of k,,, and we choose N even:

N N-2 N—-4 N-2 N -2 N—-4 N-2
n= —o T v T g g and k, = —m, 7T7T, TN , N .
In the limit of infinite lattice sites N — oo we have k, € [—m, 7). Changing k,, — k, + 27 does
not change e®/*». = We identify k = —7 with k = 7 and the Brillouin zone is a circle.
0
- A 4k —
-

Figure 6.2: Brillouin zone for the infinite lattice with periodic boundary conditions
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s .
For infinite lattices, the Fourier sum turns into a Fourier integral ¢; = [ % et k().
—T

For a two-dimensional lattice, we use periodic boundary conditions in both z- and y-direction.

Figure 6.3: Visualization of the periodic boundary conditions in the two dimensional case as lattice
points lying on a torus

There are now two momentum components k, and k, in a Fourier transform, defined modulo
27, in the range k, = [—7,7), ky = [—m,7), which can be visualized as lying on a torus as well.

6.2 SSH Model

We consider a one dimensional lattice with A and B sub-lattices.

e Asub-lattice e Bsub-lattice

-t les| oot |es| ot st fss| -t

unit cell
j-1 j j+1 j+2 Jj+3

Figure 6.4: SSH Model with unit cell for translational invariance and hopping matrix elements

Now a wave function has two components ¥; = (1 4,%;,B). The action of the Hamiltonian is

given by
(YAl _ (Wi —s¥i1B)
Vi B —tj A — sYj41,4

We know from Bloch’s theorem that the wave function has the form

oo i)
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(We previously discussed the Bloch theorem 1(r) = e?*"uy(r) with a lattice periodic function w.

Here we have two possible values in the unit cell as a two component vector.) This yields

o, — i (€ Tua®)) _ [t up(k) — st U Dup(k)
R\ eMug(k) | — \ —tetfiuy(k) — se®* Ut Dy, (k)

0 —t—se”*\ L fua(k)) _ 0 —v(k)
- (—t— seik 0 ) e (ug(k)> N (—7*(k:) 0 )‘I”w ‘

Dividing the eigenvalue equation H Uy ;= EpVy ; by et leaves us with

0 —t- setk ua(k)) _ > ua(k)
—t — setF 0 up(k) Fug(k))
—_———

Bloch Hamiltonian Bloch wave fnc.

For each wave vector k from the Brillouin zone, we define a two-dimensional Hilbert space
of complex two-component vectors u(k), and a Hermitian 2 x 2 Hamiltonian H(k), and the
cigenvalue problem H(k)u(k) = Eyu(k).

Clearly, Ej, = +|t + se?*|. We now define the curce (k) =t + se”¢*: [—7, 1)  C with

Im(y) s<t m(y) s>t

S
A
U Re(y) \ ¥ Re(y)

Figure 6.5: For s > ¢ the curve (k) encloses the the origin, for s < ¢ it does not.

The two curves have different winding numbers

1 d -1 >t
WE*.Y{*ZZ ' .
2ri Jy 2z 0 ,s <t

W is undefined for the case s = ¢, which also corresponds to an eigenvalue 0 for E; = |yx| at
k= *m.
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1

s=t s#t
Figure 6.6: Dispersion for the different cases

A Hamiltonian is called gapped if there is a finite interval of energies which does not contain
eigenvalues of H.

Claim: If a chain is finite there exists a zero energy state localized at each end of the chain
(bound state with exponentially decaying wave function; zero energy up to e~

the case s > t, W = —1.

corrections) for

e Asub-lattice e Bsub-lattice

$>0, t=0

Figure 6.7: Zero energy state at the end of finite chains with s > ¢, ¢t =0

Example: In the case s > 0,¢ = 0, H has two eigenvalues E = 0, % eigenvalues £ = s, and

% eigenvalues ¥ = —s.

E(k)

two states
)

Figure 6.8: Special case of finite chain with s > 0, =0
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Every H = ( 0 _’Y(k)> anti-commutes with C' = <(1) _01> = 09 since

H = —Re[y] 0 + Im[4] 0, where o, = <(1] (1)> and o, = (S —Oz>

with {0/, 0.} = 0= {H,C}=0.
The reversed statement is true as well: Every Hamiltonian satisfying {# , C} = 0 has the form

0
matrices) and can be characterized by its winding number.

(_78(]{) A )> (since (04,0y,0,) is a maximum set of anti-commuting, Hermitian 2 x 2

6.3 Chern Numbers and TKNN Invariant

Consider spinless (spin-polarized) electrons on a two dimensional square lattice.

magnetic unit cell

Dy
A

Jx

Figure 6.9: Two dimensional square lattice

In the presence of an external magnetic field perpendicular to the plane of the lattice the small-
est possible unit cell encloses a flux quantum ® = &y = AyB = h/e.

Consider a Hamiltonian H and a N-component wave function U, (where N is the number of
lattice points in the unit cell) which satisfies the Schrédinger equation

Vi1

A

Yk, N

Application of the time-reversal Operator yields THT 1 = H *(—k) # H (k).
Claim: If all bands are either completely filled or completely empty, the conductivity is given

by
e? .
Uzy:%CWIthCEZ.
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empty

n=5 - =

gaps between

bands
S — —
u=0 kx
n=3
B many eigenstates
n= differ by ky
n=1

filled

Figure 6.10: Band structure, only completely full and completely empty bands with gaps between
each oter

Using the Bloch theorem \I/E(l) = e®®-lyy one can write C as

CZ/

Our aim is to show that C' is an integer. Thouless, Kohmoto, Nightingale, Nijis (TKNN) were
able to show this in 1982.

We will start from j, = 0,y E, where 0., is the conductivity, £, is the electric field pointing in
y-direction, and j, is the current in z-direction.

[(B, 6" (B)) (B, 6™ () = (O, 1™ (B)) (k™ (B)) ] -

Z27T

6.3.1 Theory of Linear Response

We consider an unperturbed Hamiltonian H and eigenkets |1s(t)) which satisfies the Schrodinger
equation

ihds|¢s(t)) = Hls(t)) -
At t = ty a time-dependent external perturbation H,, is switched on. The new eigenstates
|t 4(t)) are solutions to the new Schréodinger equation

iho[Ps(D) = [H + e [05(1)) -

In the interaction picture time-dependence due to H,, is in the wave function, and time depen-
dence due to H in operators

[Bs(t)) = e 1L U1 (t, to) [ (to)) (*)
[¢r(t))

& [$r(t)) = et g (1))

where the time evolution operator is

I
~>
D
B
o

Uf(t,to)

A

He 1(t) = et Uy (t)e w1
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Expending (*) to lowest order yields
Lt
_ i 7 ~
05(t)) = e 7! (ﬂ - ﬁ/dt/ Hex,[(t/)) s (to)) -
to
The expectation value of an operator By is given by
(B)(t) = (s(t)|Bs[ds(t)

t
1 A i 7 A i 77
1-— .—h/dt/ Hgy I(t’)] erflt Be 7 it
'L ’ ﬁ—/
Br(t)

= (¢s(to)]

/dt HexI ] Ws(to» +O(ng)

(w%WWWO—*/&¢MMMuU )]s (o))

Taking tg — —oo and denoting the initial unperturbed state as |1)g) yields

5(B) (1) /wﬂw—mwwm»wmmw.

retarded Green function

6.3.2 Conductivity Calculation

We want to calculate the current. We have

N 1 ~
H=—(p-— 2
5, (P~ ad)
J 3A v
Ao=—qL A=—qo-A
and
—iwt . —iwt —iwt EO —iwt EO
E = _atA(t)7 A = Aoe 3 E = ZWAOG ) E = Eoe ) A(t) = ¢ ) AO - -
tw tw
& EZ/ —iwt
Hence, j, = —qu, and Hex = —q e Dy.
With the "volume" of the rectangular system Q0 = L, L,, we find
) E e—zwt ,
G:0) =g > /dtarqw 0), —4=25——b,()]|o)
where a = (k,n), f(F,) is the Fermi-distribution, and the sum runs over all eigenstates

H |a) = Eula). We introduce a regularization n which is needed for convergence, and take
n — 0 after performing the sum:

0

ie? e—iwt'+nt’
) =7 EO; f(Ea)_/ dt’ EM@][%@’) , 0:(0)]|a)
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We insert 1 = Y"5(8)(B| and use d,(t') = or It y(o)ef%m,. We denote E, = wyh.

integrand is given by

ol (—iw+n) o (i Ea—iEp)

i(w+in)

((a|0y|8)(Bloz] ) — (0] B) (BlDy|ex))

We thus find

The time integration yields a factor —iw+n+i(1E —E/h

o Zf (| 0y|B)(Blozle) —— {e|0e] B) (Bl0y|ex)
2= w—I—an —hw—z'n+Ea—E5 —hw —in+ Eg — E,

We use the expansion

1 1 hw
— 1F—— | + 0.
thwo + Ea — Ej Ea—Eﬁ< jFEa—Eﬁ>+ (")

Let the first-order term be denoted by ¢! and the second-order term by o?2.

Zf a|ﬁx!5><5|ﬁy|a> — (aldy|B)(Blo.]e)
(w+ in) E, - Eg
We use 0, = %i = %[]:Io, Z] to obtain

(al6a]5) = 3 (al Ao — 2H0]) = 1 (Ea — By){al#18)

The

= (afoz|B)(Bloy|a) + (aldy|B)(Bloz|a) = (Ea — Ep) [(al2]8)(Bloy|a) — (a|ty]5)(B2]e)] -

Since factors E, — Eg cancel each other in numerator and denominator, we use >_5(3)(3]| = 1

and obtain

ol = Zf ) (a| £y — 0,2 |8) = 0.

w+zn —_—

The second order term is

—({]018) (Bloyle) + {@]dy|8)(Bl0s] )
7= Zf (gE — Ep)? ] '

This is the starting point in D. J. Thouless, M. Kohmoto, M. P. Nightingale, and M. den Nijs

[Phys. Rev. Lett. 49, 405 (1982)].

v = Vﬁﬁ(k)% from v, = Vyw(k) = 3 ViE(k). The sums contain [ % =3, and

(B, 1)IB) = D _(u, ;) (9w, Hia () )ugr

Jl
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With integration by parts we have

(o (On, H Z 1Ok, ug i yupr + ug; (O, upt))

= - Z (D08 ) sy + Eatily; (Or,ugs)] -
J
Use again integration by parts to get the derivative in the second term acting on ug,;
(0|(0r, H)|B) = (Ea — Eg) Z(%uzj)uﬁj = (Ep — Ea) ZUZj(akzuﬁj) :
J J
We do the same for action of Jy, on bra and ket using integration by parts, and let only act
derivatives on |a), and («| respectively. This yields (a = (n, k)):

oy = S o [0 Oht) ~ (O O]
h n,En<0

Rewrite this expression in terms of a Berry connection and Berry flux:
Berry connection:

Ay = i{n, k|0, |n, k)
Berry flux:
04, 0A,
W Ok, Oky
= i(ak (n, k[)(Ok, In, k) — (O, (1, k[) (O, [, E))

= 0, d’k F,
Tey = 2h Ezozw/ v

We focus on the contribution of a single occupied band in the following.
Stokes theorem states that the integral of Fi,, over the Brillouin zone is equal to the line integral
of A along the border of the BZ:

Uy 1 -

(0,2m) (2mm,2m)

ky

(0,0) (211,0)
kx

Figure 6.11: Border of the BZ for line integration

« Complex (k) is periodic, (k) = e**1g(k)
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e ™9 (k) = A(k) is not periodic in general.
We have reciprocal lattice vectors G, = (27,0) and G, = (0,27), and
Ui (1) = ™ tuy }
Vit (1) = P8y (D)

where we used Vg ; = eig'ée’k'lubrgj.

For the integral over the contour, we thus find

Gy Gy
Fak - A= [ [ Ak 0) = Aol Gy dho + [ [A(Gky) = 4,(0,1)] dk,
0

0
Gy Gy

= /(akz%z,cy)dkx — /(akyqﬁky,cz)dky
0 0

= dc..c, — 0.6, — 96,6, T P0G, = —21C .

However, by using ¢y4+g; = ei‘%gd@j, we see that the wave functions at the corners of the BZ
are related in the following way

V6,1, = €09y, = e/ P00y e 0Cayy,
V6,46, = €10, = "G G eiN0Gy Y
= 2mn = ¢G,.G, T P0,G. — P0G, — PG,.G, With n € Z
2
—C.
2mh
Since C is an integer, it cannot change continuously and it will not change at all if we make
a small change in the Hamiltonian or its associated wave functions. C can only change when
there is a degeneracy between bands. In this case, the Berry curvature becomes singular at the

degeneracy point, and the integral over the Brillouin zone changes continuously.
C is called Chern number, it is a Z topological invariant.

=C €l =04y =

6.4 Kitaev Toric Code and Anyons

We consider interacting quantum spins on a two dimensional lattice with periodic boundary
conditions ("on a torus"). o¥, g} are spin % at each lattice site 1 = 2D complex Hilbert space.

—spin variables

(n,l)

Figure 6.12: Spins are associated with links between lattice sites
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Two links, a horizontal and a vertical one, are associated with each lattice site. The total Hilbert
space is a direct product of the individual site spin-states. Spins are localized at specific lat-
tice sites and are hence distinguishable. = Spins at different links commute with each other.
= [of, Jf] =0if i # j, and {of", Uf} = 20,3, where o, § € {z,y, z}.

We understand for i # j: oi'0f = of* ® 0f'. In addition we have

(2

[08o®, olol] =0 Vi,j. (*)

Figure 6.13: Points s lie on the lattice and the associated links are the connections to the four
neighbors (stars), points p lie on the dual lattice and associated links lie around p
(bound p)

We consider a Hamiltonian

ﬁ:—ZAS—ZBpWithAs: Il ojeandB,= [ oF.
s P j€Estar(s) Jj€bound(p)

Possible eigenvalues of A and B, are +1.
HA3:HB =+1 (**)
E P

for periodic boundary conditions (each link belongs to exactly two stars in this case. = Prod-
ucts are one since (O’;-C)Q = (05)2 = 1). Each spin (link) occurs twice in the product. In
addition we know, [As, Ay] =0=[B,, By] Vs,s';p,p’. Consider the commutator between A
and B,: [As, By] = 0 Vs,p as the A; and B, have either zero or two common links, and thus
commute with each other due to (*). = The A, and B, commute with A and can be diagonal-
ized simultaneously with A (are good quantum numbers).

The ground state is characterized by A; = 1 = B, (smallest energy in H ) with Eg = —2N?2.
Due to (**), any excited state must have at least two A4 or two By, reversed. = FEni, = 4 is the

minimum excitation energy.

Surprisingly, the ground state is four-fold degenerate. Due to the constraint (**) only N2 — 1
of the A5 and N? — 1 of the B, are independent variables. = Two degrees of freedom are left.
= 2-2 = 4-fold degeneracy. This is a heuristic argument, and looking at H there is no freedom
in choosing A, and B, for the ground state. We will provide a better argument in the following.

To understand the nature of the ground state degeneracy, we work in the o*-basis and associate
with 0% =1 (—1) the quantity z; =0 (1).
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Z

Z4 p. Zz

Z3 Cp
Figure 6.14: Labeling of the links around a dual lattice point

Then the ground state constraint B;, = 1 is equivalent to

Yp = mods Z z; =0.

j€bound(C(p))
z Zs z Zs
Z p. 2, Zg p. Zs —_— Zs
Z3 Cp Z; Cp/ Z3 Z7 Cp//

Figure 6.15: Two neighboring patches can be combined since the z of the shared links appear twice
and mods2 = 0 = mod»,0

We combine two neighboring parquets and consider

wer = mods Z zj = mods(z1 + 22 + 23 + 25 + 26 + 27)
jec!
= modsy (21 + 22 + 23 + 2z4) + moda(z5 + 2z + 27 + 23)
= ¢p + @ = 0 in the ground state

= ¢ = 0 for any closed path C.

edge 2

edge 1
edge 4

edge 3

Figure 6.16: We iterate the combining procedure

Iterating the procedure, we are led to consider o corresponding to the whole array and have
in the ground state

Vtot = mods Z 2;=0.
J€Ctot

Due to periodic boundary conditions we have edge 1 =edge 4 and edge 2 =edge 3 . = Each edge
occurs twice in the sum. This leaves the possibility that the sum along one edge characterizes
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the ground state.
0 0
v1 = mods Z z5 = , U2 = mods Z zj =
j€edge 1l 1 j€edge 2 1

We define "string operators" of the type

J— z J— X
ZC:I_[O"7 and XC/: 1_[0"7 .
jec jec’

labeling non-contractable loops contractable loops

g

1
1
1
C :
1

Cy

Figure 6.17: We consider paths C on the lattice where the associated links are along the path, and
paths C’ on the dual lattice where the associated links are the ones crossed by the path

According to the above, a contactable Z-loop yields
II B=1
p inside C

(here defined p are inside the loop and we can contract as before). There are two independent
uncontractable Z-loops and X-loops: Z; and Z3 encircling the torus in horizontal and vertical
directions, respectively. The same holds for X; and Xs.

Ci/2 and Cj /2 80 in the same direction and share an even number of links (commute) whereas,
Ci/2 and C, /1 &0 in orthogonal directions and share an odd number of links (anti-commute).

[Xlazl]:()a [X27ZQ]:O
{X17Z2}:Oa {X27ZI}:O

= We can make correspondence Z; — ¢§, Zo — 05, X1 — 0§, X2 — of, such that the Z; and
X, form Pauli matrices in a 2-qubit (4 dimensional) ground state manifold.
These operators are non-local, and cannot be perturbed by local perturbations.

Elementary excitations: Consider string operators associated with open contours ¢, .

s¥ty=1]e; , S*()=1]] o7 -

= jet!

Figure 6.18: Open paths on the lattice and dual lattice, respectively
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The operator S#(t) commutes with all the A, except for the end-point sites, where the sign of
the A, gets inverted. Similarly, S*(¢') commutes with all the B, except the end ones, which get
inverted.

Figure 6.19: We move one end-point around another by extending the path with a closed loop C
which adds 1 shared link.

We now consider moving an X-quasi-particle (end of a X-string) around a Z-quasi-particle (end
of a Z string). This will result in a single link shared by the two strings = {S*(C), S*(t)} = 0.
Initial state:

i) = S*(£)S*(t))|0) = S*(t) [vhw)
Final state:

[v5) = S7(C)S*()S™(t)]0)
= —S*(t)S"(t)S7(C)]0)
= —SH(1)S7(t)]0) = — )

Since a closed loop applied to the vacuum is the identity applied to the vacuum, S*(C)|0) = |0).
As the X-loop gives rise to sign change —1 = €™, a particle exchange, which is a half loop,
and a translation (translational invariant system), gives rise to e¥™/2 = {. = Anyonic statistics,
neither fermion (-1) nor boson (1). This particular type of anyonic statistics with phase 4 is called
semionic. Such a state as considered is called a topological phase of matter. It is characterized
by a energy gap, a ground state degeneracy on the torus, and fractional quasi-particles.

t
t
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