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sslcomplexfunctionsl.lcomplexNum.be#
Def . : The set ¢ of complex numbers is

( as a set ) equivalent to R? Elements of 6
can be representedas tuples (×, 4) will ×, y EIR

.

In 6 we define addition and multiplication
as follows :

Lt, , Y, ) + (Xz , Ya) := (X
, -1×2 , Y,

+ Ya)
(×, , 4, ) - (Xz , Ya) : = (✗Az-4,41×1%-1×24)

( 6
,
-1
,

- ) is a field ( homework problem)

Difference between IR and 6 : there is no

order relation in 6
.

Consider now (x , 0)

(×
, ,
c) + (xz , c)

= (title
,
c)

(X, , 0)
- (Xz

,
c) = ( ×, -kid



⇒ { tho) : ✗ c- IR } = R

Instead of (×, c) we can simply write ✗ .

Similarly , (a. 0)
- lay) = (ax.az/=alx,y)

corresponds to scalar multiplication in the

vector space IR!

a
complex plane

¥
3.

11,0)

Every complex number can be representedas

IX. y) = ✗ - ( 1,4 + y 10,1)

11,01=-1 10, 1) = i

(x
, y) = × . I + y - i = ✗ + iy

i is called imaginary unit
.



I 2 = 10, 1) . (al) = 1- 1
,
a) = -1

( ✗ ,
t iy

, ) (xztiyz ) = ×, ✗at X, iyz + iy, ×, tidy, y,

=
✗
,
✗
z
- Y

, Yz + i (✗i Yz +⇒
This is the motivation for the definition of

multiplication given above .

Def. : Let 2- = (×, 4) = ✗+ iy c- 6
.

Then we

call ✗ = Retz) the real part of 2- and y=]m(z)
the imaginary part , and I = ✗- iy the conjugate

complex number .

Rules : É = 2-

Re = t ( 2- + E)
3m¥ ) = ¥ (z - E)

2- .E = (✗ + iy) (x- iy) = ✗
'

+ y

¥ = z¥- = ×¥ E



Polar coordinate representation of complex numbers
a

r=✓FF= ✓IF= : 12-1¥
el

tasse = ¥ ⇒ y= arctan¥ = : avg 2-

argument of z

2- = ✗+ iy
= rest + irsinf = r ( case + isin e)

f- avg
2- is unique only modulo Zit

Example : polar coordinate representation of Z, , z,

z
,

= r
,
loose

,

+ is in 4)

Zz = rz (cash
+ is in %)

Z
,
-2-2=4 rz [case, cosh - sink sink

+ i/cost
, sink + asking )]

= 4rz[ cos (9+1) + is in (9+1)]
"" ^

÷÷÷µ.Rez



2- = r / cost + is in e)

2-2 = v2 ( cos Ze + isin Ze)

z
"
= rn ( cos nftisinne) ( *)

cosy
-

- I - ¥. + 4¥, -
.
. .

+
. . . .

= It li¥+¥¥+ .
.

. .

1 (iy)
"

isiny = ily - ¥ + Y÷ - .

.

-1
. ) = iy +¥J +⇒ +

.
.
.

⇒ cosy + isiny = É (4)
"

h=o¥
= eiy

Using this relation, we can write z= veil

proof of 1*1 2-
"
= (reil)

"

= r
"eine= r"(cosnftisinne)

cost + i suit lies on the unit circle

Example : quotient of two complex numbers in

polar coordinates

r
,

eiei
¥ =

rzeie,
= ÷ eil

" -%)
= ¥[cos (9-1) + isinHis)]



Example : h- k root

Let z=r(case + is in e) = ✓[cos (et Zitk) + isinfl-2.tk)]

wit k c- I

Find complex number W = WE will w"=z

up = [r eitt
⇐K)]± = up ei

(In + ¥21T)

There are exactly n different n- k roots of a

complex number z =
veil with 2--1-0

Wu = Wei(
In + E. zit)

will k = 0
,
11 . . . . 1h -1

Tmlz) A

6- K root of 1 :

÷*.Rez



t.2complext-unctionslel-AC.CIf: A → 6 is a complex function

Example (1) A = ¢
,
f-(Z) = a.2- tb ; a

,
b c- 6

a -1-0

linear map

f : z stretching lalz ¥Éaz¥¥az+b
Tmz

N

Eez7) aztb-É¥§>

Rez

linear maps are bijective :

W= flz) z = d- w - by

Example (2) A = 6 f- 12-1=2-2
^ 1^4

If Z , ,
Zz lie on a

straight line throughE-
the origin

,
then z? and Zi

lie on the same half line



E E
Example G) A -_ C) {0} flz)=¥=

zz
=

12-12

Tmz
= :-# 1¥ )

Rez¥¥
Claim : flz )=¥ maps

"

circles
"

onto
"

circles
"

(
"

circles
"

= circles + straight lines )

Proof : Consider M= { 2- = x-ciy.sn/x4yZ)tpx-ry-c--0}

For 2=0 : straight lines

✗ * 0 : circles

✗

'
+ y

-

+ L ✗ + Ly t £ = O

y
'

1×+1×12+4 +%)
'

-1-4%-4 a. +1=0

Circle centered at f - p
za ,

- %) and wite

radius a
4N

+ 4% - L
'



Now let 0=1 2- c- M

✗

⇒ ✗ + B
✗z+yz

+ T ¥4 ya + ¥yz =0

⇒ ✗ + B Reflz ) -87mHz) + ✓ Iflz
)P-0

For Z c- M satisfies flz)=u+iv the equation

✗+ Bu - Tv torture v4 = 0 circle

f : Gyo} → 61 {0} is bijective will the

inverse map f-
'

(w) = wt

Def . : E : = 6 u { •} is called extended

complex plane .

Then f- : E → E ,
f-A) =
"

É¥}✗ 2- =0

stereographic projection and Riemann sphere :

N

Drawing a straight line
•

from the north pole to
•

•

the number 2- uniquely
determines a point on the z f ¢

sphere .



Example 4: linear fractional transformation

flz) =

a 2- + b

Cz + d ce
,

b
,
c
,
d c- ¢

A = G) { - É }
,

assume detl :L)=ad - be -1-0

( = 0 linear map

( * o claim : f = f
,
of
,
of
,

where f
,
and f

,
are linear maps , and fiz

Proof : flz ) =
aZ+b E- ( CZ +d) - Id +b
cztd

=

( z + I

be - ad
= F. + I cztd

f
>
(Z) = ( 2- + oh , f, (2) = Iz , f

,

(z) = be- ad
c

2- + I

will this f- (z) = f. (fzlf> (z)))

Every function flz) =
• 2-+b

will deff? bd)-1-0
CZ +I

can be extended to a bijective map f- in I
,

which maps

"

circles
"

into
"

circles
"

,

i ) o_0 f- (a) = no



it c±o f- 1- ) = E
,

f- C-E)=x

Example 5 : complex exponential function

e.
it

= cosy + isiny

Def : 2- = ✗ + it ,
then eZ:=e×( cosy + isiny)

eZ:=Éo¥- =É
'""I"=É÷É.IE/xkiyj-kn=oh!

n=o

=É Ent
4=0 K=o

( h- k) .lk !#
✗
k h- k

n , ) = Ie
"
>=e×(cos> + isiuyYE.I.t://E.cn

.

The exponential function is periodic will period ziti

exp (z)
= exp (2- + Ziti )

Proof : explzi-2.to/=exp(x-i(Y-2iTD--eYccsly-2u-)tisin(y-2it)]
= exp (z)

consider 5 = { 2- i ✗+ iy I -I <yet }

e
"
( cost + isine) - ñ < YET



Tmz n Tmz n
IT

e
"

×
.

> >

Rez Rez
- IT

The straight line ✗ = to is mapped onto a circle

will radius e
"

⇒ exp :S
→ e) { 0} is bijective .

1. 3 Convergence and continuity

The harm 12-1 = FE = ✗
'+9 is the

Euclidean norm in IRZ
.

Def . : a sequence { Zn }
,
Zn c- ¢

,
he 1N is

called convergent to 2-
.

( zn → 2.)
,
if

V-FV-lzn-Z.la{
{ 70 New n>N

E = ① v6} 2- n→ -
ÉJV 7 Y lznl >÷

Do New HZN

⇐ ¥ -so



Def: c c- 6 is called limit value of a

complex function f at z . ( Lin f-G) = c)
2-→Zo

if and out if every sequence { zu } with zn→Z.

satisfies f- Izu) → c.

Def . : Let A E E
, f: A-

→ a

f- is called continuous at z . c- A ⇐

Lim flz)=flz .) ⇐
2-→ 2-

a

{ Zu } CA ,
2-n→z. ⇒ flzn ) → f- (e)

⇒ it 7VE
>0 or>
olz-z.hr/f(Z)-fk-.)/

< {

Example ⑥ Polynomials f-(z) = Éajzi are
j=o

continuous in 4
, aj c- ¢

Example ⑦ rational functions flz)=%¥

p, q polynomials , A- = { 2- c- 6 : 912-1=10}

are continuous in A
.



Example ⑧ Logarithm

Def . : Let A- = GYO} biz := lnlzltiargz

1) For real 2- this definition agrees with the usual

definition of the logarithm .

2) lnz is the reverse function of eZ

Proof : Let 2- = ✗
+ iy

W = et = ex eiy

lnw = lnlwl + iargw = lné + iy .- ✗ + iy

T

Problem : avg z
is not unique

→ restrict argz to fit , it)
Tmz N

-

ro

= > 2- = r.ee
Rez

Lim tnz = tin llnr. + it) = b. v. + in

e→ñ e→ñ

him b. z =
lin llnr. + it)=lnv. - it

I → - IT Y→ - IT

but Lim 2- = - r.
bi 2- = - v.

e→ñ e→-ñ



Riemann sheets

Expand the definition of avg 2- such that

the logarithm is continuous

€0T
- it < avg z

s it

:::::::
move from one sheet to the other

when approaching the
"

cut
"

Oller example for discontinuity : f(z) = Wei
"

1.4 Complex Differentiation

Def : klz.ir)
: = { 2- c- 6 : 12--2=1 < r}

is the
"

open
ball

"

around z
.

with radius r.

fr
are of the circle without the

Zo boundary .



Def . : Let Ace
.
A 2- c- 6 is called inner

point of A if Here exists an e such that

Klz ,
a) CA .

Def . : R C G is called open if
all its points

are inner points . A CG is called closed

if 61A
is open .

&

Extension to É .

Klan ) : = { 2- c- 6 : 12-1 > I } v6}

Def : Let RCG
be open ,

z
.

c-R andf: r→e .

f- is called partially differentiable
w.at

.
✗

or y
in 2- o , if the following limits exist:

f-
✗

(Z
.) = Lim th [ f-A. the iy.) - f- (×.

+ iy
.)]

h→o

HEIR

fylz.) = Lin th [ f-
(t.tilh-y.D-flx.tiy.IT

h→o

HEIR



f- is called continuously partially differentiable inn

if f.
✗

(z) and fylz) exist for all 2- c-R and are

continuous .

D.ef . : Let REG
be open

, f :D
→ G

,

z.es

f. is called complex differentiable at z . if

the limit f-
'

( z
.) = Lim

f- (z) - flz.)

2-→z .
Z - Z

.

exists
.

2- =\Z
.

i

Theorem : f is complex differentiable in z.
⇒ f is continuous

at z
.

Proof . : f- complex differentiable ⇒ f'G.) exists .

⇒ :-p (z) :=fl¥§! -f'(e) → o
z →Zo

ffz) = flz .) + f'(a)(Z
- Zo) + Plz) ( z -z. /

→ flz .)
2-→2-a



Theorem : Let f- be complex differentiable at z.
.

Then the partial derivatives of f-

exist in -2
. ,

and the following holds

f-
'

lz .) = fxlz .) = f- fylz)

Remark : When letting f-=u+iv with uiv

real - valued functions , then the

Candy - Riemann differential equations

Ux = Vy I
✓
✗

= -

Uy

are equivalent to f×=÷fy

Proof : Consider to special sequences

1) 2- : = 2- . -1 h with held
,
h→o

f-
'

( z . ) = Lim tu [

flz.tk/-flz-.)Jh-ohc-lR--limtn-Lflx.th-ciy.)-flx.+iy
.)]

h→o

HEIR

= f-
✗
(Zo)



2) 2- : = 2- • + ih he IR
,
h -30

f-
'

(a) = (in [ flz . + ih) - flz .)]
h→o

HEIR

=

t.linl-h-lflx.li/h+Y.))-ff-.-iiy.jfh-sohc-lR--!-fylz-.)
Proof of the remark : fl -2.)=u(2.) +

ivlz .)

⇒ fxlz .) = Ux (E) + iv. (zf

f-ylzo) = Uylz.) + ivy (e)

f- fy (Zo) = Vylz.) - iuylz .)

Hence
,

f-✗
= f-

7 (⇒ i. = Vy , 4- =
-

Uy

Theorem : Let NCIC be open , f-rise

be continuously partially differentiable
at z

.
ER ,

and let f×lz.)=÷fylz. ).

Then f is complex differentiable at z
. .



Remark : Since f-
'

lz .)=f×lz.)
, f- is even continuously

differentiable at za .

Proof : Use a relation from real analysis :

Lef R EIR
"

be open , fir → IRM be

continuously partially differentiable atz.es .

Then there exists a function f :D → Rm

will 71-2.1=0 , such that the following

relation hold ( (Df)G.) denotes the Jacobian
matrix of partial derivatives )

f- (z)
= ffz .) + (Df)/2.)

. (Z - Z.) + (z-z. ) -Nz)

Identify the complex function f :D → e
with

f- : RCIRZ → IRZ
,

2- = (5) i→µ¥)=flz)

There exists 7 sad that

f-(z) -flz.) = (Df) (Z-Z.) + 4- -E) Plz) *)

(Df ) (z.) (z -z.) = µxlZ
.) Uylz.)

-

x
- ×
.

4- (e) Vy (e)µ- y.}
= [

4- (×-✗c) + Ugly - y,

✓
✗
Ix -✗a) + vyly-%)}



[
4×1+-1-1 - rely-%)

vx It -×.) + Uxly -

= uxlz.IE;] + v×lzd[
" - "1)- X

.

= [ uxlz.) + iv. (E) ] (Z - Z.)

Divide (*) by (z -z.)

f- (z) -f (Z)
= ax (e) + iv. (z) +

Z -Zo
f-(Z)

2- - 2- a Z -Zo

-

2-→z- → o

2-→z,

f-
'

lz .) = U.nl-2.) + ivy (za) = f× Iz.)

⇒ f- is complex differentiable at z .

Def ; Lef
NCE be open . fish → e is called

holomorphic if f- is complex differentiable

at all 2- c- R and f
'

is continuous in d.

f is holomorphic at ✗ if glz)i=f(¥) is holomorphic

at 0 .



Remark : Tf f is holomorphic in a disc around z,

then f- is called holomorphic at za .

Example ① : f : 6 → ① i f- (z) = 2- (identity)

-1×12-1=1 , fylz)
= i t

2- c- ¢

f-
+

and fy are continuous and we
have f×=÷fy

⇒ f is holomorphic in 6 .

② flz )
=¥ is holomorphic at no , since

glz) :=f¥)=z is holomorphic at 0.

③ f: E → 6 flz ) = Retz)

f is partially differentiable -1×12-1--1
, fylz)=o

⇒ f-
*
=L f- fy ⇒ flz) is not complex differentiable

Theorem : Let Rc 6 be open , u
:D → IR two

times continuously partial differentiable .

Then the following holds :

Au : = Uxx + Uyy = 0⇐ F a functionf holomorphic in
r with Re (f) = U



Proof :
"

⇐
"

Let f- = utiv be holomorphic

=) Ux = Vy , Uy = - Vx

⇒ Un.
= Vyx I Uyy

= - Vxy

Un.
Continuous ⇒ vy× continuous

uyy continuous ⇒ Yy continuous}
⇒ Vyx = Vxy

=) U = Uh
+

Uyy
=

Vy,
- Vyx = 0

"

⇒
" Let u :D → IR be given

,
will au=0

We need to find Vir → IR , such that

f- = utiv is holomorphic , i. e. vi. - Uy
Vy = Ux

choose a 2-
a

ER and let v12 . )=O

Determine v14 via integration over the following
pull

Tmz a

q
2-

1

I >
Rez

E-
- - - - --

i

✗ Y

v12) : = fy.lt/y.)dt-fvylxis)ds
✗
.

Yo

x y

= - fuyltiy.tl/--fuxf-is)ds
✗
.

%



Check that the Candy - Riemann differential

eqs .
are satisfied :

y

✓
✗
f-is/ = - Uylx , %) + fun. His)ds

To
y

=
- Uylxiy.) - fuyylxis)Is

4.

=
-

Uy 1+14.) - Uy 1×14) 1- U> (H2) = - Uy 1+14

Geometrical interpretation of complex differentiability

Let f- be holomorphic at 2- .

5 ( z) : =
f-(z) -flz .)
z - z

.

- fllz.) > 0

2-→Zo

⇒ f- (z) = f- (z.) + f-
'

(-2.) (z -z.) + Plz)(z -2.)

Let now fllz.) -1-0 , W = f-(z) , w. = f-(z)
7mW N

Tmz A ⑤

*T
.
z
.

> >
Rez Rew

straight line through z. 2- It/ = zaté
"
te k

f
'
/2-a) = a

= (al eianoa



wlt ) =

f (Ht)) = flz .) + f-
'

(e) te
"

+ glz
.

+

teiy-tek-F.EE
= W

.

+ a te
'? W

.

+ /alt eiktarga

Consider two curves , which intersect
each other

at a point z. . These curves are mapped onto two

curves in the w- plane , which intersect each other

at w
. will the same angle as the original curves

in the z- plane .

Rules for differentiation :

I. f
, g are holomorphic at Z . , and a, b e E

⇒ a f- + by , f.g , GI ( g (e) + c) are holomorphic
as
well and one has

(afxbg )
'
= af 't bg

!

(f.g)
'
= f

"

-g + f- g
'

'

(Ig)
'

= fkg;g'f_
2. Chain rule

f holomorphic at z. , F Holomorphic
at f- Iz .)

⇒ g
= Faf holomorphic at 2-

• ,
and one has

g
'

(2-.) = F'(flz.))
- f
'

(za)



Examples : ① flz ) = Z
"

proof by induction

f- holomorphic for all n c- IN
,
and f-

'

Cz) = nz
"-1

② Polynomials: flz/ = a.
+
a , 2-

+
. . .

c- an Z
"

holomorphic in 6 and

f-
'

(z ) = a,
+ Zaz -2 + . .

.
c- man Z

"-1

plz)

③ rational functions flz) = qcz,
are holomorphic

is A -
- { 2- c- E. qlz) -1-0}

n

Lef plz) = [ aj 2- I , 912-1=-2 bjzi
,

men
f-o

j=o

Extension of the domain :

A- = { 2- c- E : 912-1=10} and let

flx ) = { %
m=n

m

0 man

a,

f- (z) =
a +92--1

. . . .

+ am zm

be + b. 2- + . . .

+ zu zu
= Z
" " ¥- + zm-it . . .

.

+ am

b.
+

b
,

zh zn
- i

+
. . -

+ by

= {¥
→ u

2-→ no o men



Claim : f is holomorphic at a ( for n Z m)

Proof : we need to show that glz) fltz) is

holomorphic at 0 .

glz ) = f- ( Lz) = zn
- m a. Zm +a. 2-

" '

+ . . . + an

b. Z
"
t b

,
Z
""

+
. . . tbh

The denominator is different from zero for z=o

⇒ g holomorphic at 0, since 2-
"- "

holomorphic

at 0 due to 47m ⇒ fraction is holomorphic as

well .

④ Exponential function

claim : flz) = explz) is holomorphic for t
2- c- ¢

,

and

(E)
'

= eZ

Proof : exp (✗+ iy ) = é (cosy + isiny)

f-
✗

= et / cosy + isiny ) , f-f> = f-et f- sing c- icosy)

= é ( cosy + isiny)

⇒ f-
✗

= tify
,

f× is continuous everywhere

⇒ f is holomorphic ,

fllz) = f-✗ (z) = exp (z)



⑤ f- (z) -= E = ✗- iy

f-
✗

= I + f- fy = = - l t
2- c- ¢

⑥ The real valued function f.IR → R

f- 1×1 = {
0 i ✗ ⇐ ° continuously differentiable
✗
2
: ✗ > 0

on the real axis

Interpret f- as a complex function

f.: IR = :D → a

f-
✗

= 2x
, tify

= f.0=0

f
,

=\ ÷ f, for ✗ > O
,
f is not complex differentiable

since IR is not open in ①
,
the definition of

differentiability is difficult , holomorphu is impossible

to define .



§ 2 Integral Theorems

2.1 Line Integrals

"

rectifiable curve
"

?
✓ path segment

pull as a combination of
segments

② curve

Def . : 7 : [ a ,b ] → ① continuously differentiable

( i. e. 9=1
,

+ i %
,
7; :[a. b]

→ IR continuously

differentiable )

and the following holds true :



1) 9111-1=9111-1 + i Tilt) * 0 Vt
c- [a. b]

2) ett) -1-71+7 win c-* E

Then Ptlla) , Mb))
= { 2- C- 6 : 2- = Elt) , aste b}

is called pak segment in
6 will initial point

z
,

= flat and final point z
,

-
- lls)

.
elf) is

called parametrization of the path segment .

Def
.
:
- P = { 2- c- 6 : 2- = ett)

,

- bet E-a }

is called the inverse path segment.

4 : [- b ,
-

a] → 6
,
411-1=71-t) is the

parametrization of
- P

Tmz N
•

Z
,

Example :

>

Rez
"

Zo

f. It ) = ( t - t)Z.tt Z , ,
T
,

:[91 ] → ¢

f. (f) = z
.

+
f- (z , -Zo )

,
I :[o , Iz , - 2-d) → E

IZ
,

- Zzl

y
>

(t ) = Z
. @ It)

'

c- Z
,

/sin t)
'

,
7
,
:[91 ] → e



- P : 411-1 = ( I - f) z
,

+ tz
.
4 :[91] → ¢

Example semi - circle

Tmz N

-
r r

>
Rez

in It -1)

parametrization elt) = r e
,

9:[91 ] → 4

inverse pale segment : 41+1 = re

ft)

,
4:[c. 1)→ 6

Let e :[ a. b) → 6 be a parametrization of p
,

b

then IM = { H' ltlldt is the husk of 17
.

Motivation : "

5
,

5
D-

IT I =
.

,

/ Jj
-

%, I 5- =P / til

=
É felt;) - THI -Il It ; - t;-)
j=z tj - tj - ,



N

= -2 It
'

It
,
)l It ; - t; . .)

i.a
b

- f. léltsldfN→x

Lemma : Let 7:[aib ] → ¢ , 4 :[c.I ]
→ e

be parametrization s of the same path segment
P
.

Then there exists a continuously diff. function

C- : [Cid ] → [a , b]

will c- 14=9 , C-(d) =b and Éltl > 0 fort c- lad)
,

such that 4 It) = fltlt))

Proof : T: Eaib ] → P is bijective

Def .

: c- : = f-
'

of

⇒ c- (c) = e
" ( 4K)) = t

'

Lela)) =
a

C- (d) =L
"

( Tcd)) = 9
"

(Tls)) = b

e
,
4 are continuous and bijective ⇒ c- is continuous

,

bijective

⇒ É 11-1=10 for te la d)

in addition É It) >0, since c- (c) = a Cb
= c-(d)



chain rule
,
differentiation of the inverse function

c-
'

HI = ¥ [7-1144-11] [Fly]
'

= ¥,
= # e-

'

1411¥

=

'

Y'It)
oiltltll

Theorem : Let t:[ aib] → 6 and 4:[c.d) → e

be parametrization of a pale segment
P
.

b d

Then IM = fate
'

ltlldt = fly
'

ltlldt

c

Proof : 411-1 :=L (c-1H) with Elt) from above
.

⇒ 411+1 = e' lilt)) Éltl ,
c-
'

(f) so

d d

⇒ 114
'

A) Idt = ftéltltl ) / Élt)dt
C C

substitute s .

-

= c-Ctl
Tld/ b

= flélsllds = flellsllds #
c-14

a



Def
.

: Let P be a path segment and f:P → 6

continuous
,
and T is a parametrization of P.

Then the integral off along 1- is defined as
b

fflzldz : = Jaffe/t)) éltldt
1
P

Justification :
•

2-
y

z*2-j= flt;), ZE =L It;)zit
•

•

2-
,

•

Zo tj, £ tf ft ;

fflz)dz = Éflz;) (Z;
- 2-j.,)

f- I
p

= Effect;D
"til -"ti"

ft; - ti,)
j= , ti - ti ,

TEE
b

= / fluty e'A) It
a



Theorem : let f : T → ① be continuous
1 ; [a, b) → P

,
4 :[ad ] → P are parametrization .

Then the integral of f over T is independent of
d

parametrization : gflyy-yoiwdt-ffkltllt.lt/dt:
.

c-
"

(b)
b

Proof :
fflyctye

'

A)It = Sf (Htc))) Hibbitts)ds
a i-i.IT/T-TF

substitute E- its) d

= { f- 141st)
-1441s

Consequences :

① Let P be a path segment , Hen 11-1=1 - PI
b

-a

lil =/ H'ltlldt = f H'1-that
a C-→ -t

- b

- a

-a

=/ I -1-+71-1-11 It = I 1%+91-1-1 / It
- b

-b

② The following is true : fflzjdz =
- fflz)dz

T - p

Proof : fflz)dz = ffteltltéltldt:
p



-ce
- ce

¥, 1,1-171-4141
-Hdt = - fflettDI-iel.HN

- b

=
- f f- (z)dz
- 1-

③ I fflz)dz / f ITI - max { 11-12-31 : 2- c- P}
T

Proof : I fflz )dz / =/ 5-1111+111 'lHdt /:
T
b

E { 11-1711-111.171+1Idle
max (f) fléltlldti

= max /HIM

④ / [ aflz) + bglz)]dz= afflzjdz c- b)glzjdz
P P T

⑤ Let the sequence f.→ f converge uniformly on T

⇒ ffnlz)dz → fpflz)dz
P

Example : Let f- (z) = Z
"

,
he No

7m¥) ^

Compute { 2-
"dz for

7 i
Letz)

Mz



17
,

: T :[ -1 , +1) → P
,

7 It)=t

Mz : Yi [
91 ] → 13 ,

elf, = e'
* It - 1)

I

sz.dz
= ft

"

. let = t 1!
,

=

l - l-D
""

4+1 htf
P
,

-1

I

gzndz
= fl

"""""

i, eiitlt
-1)
If

Pz
°

= it § elhtliitlt -4It

i= it { { cos [Inti)ñ It -D) + isiilntlitlt -D]}dt
=÷

, { sin-ln-nkilt-DJ-icost.lu
+Dñlt -D) Yo

= ÷
, [ o

- i - o + it - 1)
""

]

= lnI," the same result a far 1? !

Def . : let 17
,

. . - , Pu be path segments with

initial points Z !" and final points zii! j=1, . . .

,
n

Further let 2-
,

" -"
= Z !"

,
I -_ 2 . . . . in



z

'

? = z?)

¥4 ÷
.

2-9)
2-F)= z

")
~

.

zi
'
= Z
,

Then we call P =P
,
+ Pzt . .

.

+ Pn a contour

( or more generally a path)

z
,

= 2-!" is called initial point of P, z, =z,
")

final point of 1? The direction of P is

determined by the direction of the Pi . P is

called a closed contour if z ,=z. .

P is called simple (non - self
- intersecting)

if every point is reached only once when following
17

non- simple contour

If I>=P, -1 Pzt . . .
+ Pn is a contour

, then

- P :
= 1- Tn ) + 1- tin

,) +
. . .

+ l- P
,) is

the inverse contour .

Definition : Let 17=17-1 . . .
+ R be a contour

,

and f- : P → 6 be continuous
.



Then the integral off along P is defined as

fflz)dz = É / flz) Iz
p

'

5- '

pj

Def; let P be a contour
,
then ☐ = Pett)

is called hull
contour

.

Consequences ; ① ) f- (2) dz = fflz)dz c- fflzjdz
P
,
-1 Pz Pi Pz

② fflz)dz = - { flzjdz
- p n

③ Let A = P- P be the hull contour
,
then

fflz)dz =O from ① and②

A

④ For integration along the real axis ,
contour integration is equivalent to the usual

integration . id

Let P = [ acts ] , Y :[ a.
b)→ [a. b ]

b b

⇒ fflz)dz
= ) fleet) e'(f) It = fflt)dt

p
a a



2. 2 Cauchy 's Integral Theorem

Def . : Rc
6 is called star-shaped if there

exists a 2-
.

ER such that for every 2- c-r

the connecting line between z
.

and 2- lies in R,

i. e. the set { 11- t)z . + tz it c- Can } CR

'

Theorem : let Rc 6
be open and star - shaped

,

f :D →
6 holomorphic . If I>=P

,
-1

.
. . Th is

a
closed contour in R

,
then fflz)dz = O

P

Idea of the proof: The contour is contracted

into the null contour

willout changing the value

of the mitegrae . The integral
along the null contour vanishes

.



Proof : Let f
,

:[91 ] → Tj without loss of

generality since 4
; :[ aj , b;] → Tj

can be transformed into 7; :[a 1) → Tj

via Yj .

- = Yj ( ai + C- ( bj - a;))
I

fflzjdz = É fflz)dz with fflztlz-fflq.lt/HjH1dt
p j =L P

;
T
,

The process of
contraction is demonstrated explicitly for

a single path segment.

*Z , Y. Is)

Tilt , s) = 11 - s) Z
.

+ stilt) = -2
.

+ [Tilt) - Z. ] -

s

5=0 : Zo

5=1 : f. It/

7,1s) = fflztdz-ffff.lt , D) ¥914s)dt
Tjlsl

o



⇒ I;ls) = s § -119ft, s)7fHldt

7,101--0 , Tj /1) = Jflz)dz
Tj

1
I

d)jls)

d ,
= { f-Hilt , D) tilt)dt+ fdtflq.lt, D) ⇐ 9. Itis)) Tilt)s

THE TEE,
dt

I

= Silt ¥ [ftp.ltis)) - (Ht) -z .)]

= f- (Titlist) . [ flit -Z.] - fleitas))[9.10)
-z
.]

In total we consider a closed contour
,
hence

f
,

(1) = T.ge
,

") for j= 1
, . . . . ,

h - l
,

and f. (1) =L (a)

n

⇒ ¥ §.is = É 1761
;=,

ds
= 0 ⇒ ¥

,

]
,

- Is) is constant

as afunction of s ,
n

⇒ fflz)dz = ¥
,

Tjll) = §
,

]
;
14=0

P

Let P
,

. . . . E. be contours
,
then ¥ P; is a

contour as well .

If



A contour is called closed if it is the unification

of closed contours
,
e. g.

⑧

Let P = Pit . . . + Pu be a contour , will 17
,
denoting

connected sub contours ( also called piecewise snook

curves i in
this sense a path segment would be

called a smock curve) .

Then fflzldz = É fflz)dz
p

'

1=1 µ
,

Def . : Let A C E be open
,

P a closed contour in R
,

T is
called null - homotcpic will respect for

( P 20) , if there are
closed contours P

,
.
. . . E.

in R and open and star - shaped Seth, , . .
. Duer

will tic Ri , such that
T = ? F

Two contours P and ⇐ are called homotopic

will regards to r ( pad) , if P- A 20



Examples : ① D= E) {0}
,

T is the unification

of two concentric
circles around the origin

,

which

are trans versed in opposite directions .

'
'

" ""

>

/r , star-shaped

P can be decomposed it. two closed curves
,

T = Pet Pz will P
,

= A. + A > + Azt 1¢ Cd ,

Pz
= -

I
,
+ Ag - Az + As CR,

⇒ P is null - homotcpic ( the individual

circles are not null- hamate pic !) will

respect to R
.

C
,

= 114+16 ,

Cz = A > + A-
g-

17=4-1 Cz 50
C
,
2-Cz

all circles traversed in the same direction

are homo topic will respect for .



Example ② 52=6 Every closed curve is

null - homo topic ( wite respect for),

Cauchy witegral theorem

Let Rc 6 be open
, f
:D -36 holomorphic

.

1720 ⇒ fflz)dz=o
p

Proof : 1720 ⇒ F P
; ,
I=/

, . .- in ,
I> = ÉT

;
j= ,

P
;
C Rj

, Rj CR star-shaped and open

)flz)dz = É fflz)dz = O

p

I -4
pg

Consequence : Let Rc Q be open
, f :D →

6 holomorphic

PIA ⇒
fpflzjdz

= { flz)dz

Proof : 1721 ⇒ P- A 20

⇒ 0 = fflzldz = fflz)dz + fflzldz
P-A p

-A

= fflz)dz
- fflz )dz

p A

⇒ 4--5,



Some applications :

① Let P and ☐
be contours from z, to za

,

r c 6 be open and star - shaped

The integral only depends on

initial and final points since
it has the same value for all

contours
.

We can write for holomorphic
Zz

functions in a star-shaped set fflzjdz
Z

,

② Let D= G) {0} ,
flz) -= zh

,
n c- 7-

concentric circles around the origin

ii.
= { 2- = remit, o et si} ,

the Pr are not

null- homo !
-opie will respect

to I
.

gzhdz = frheatintrzi.ie?tit It
Tv °

I

=
Ziti rn

-11 f eZñi(
4+1)tµy

o

= {
0 for n -1--1

Ziti for h= - I

consider I will A- I 17
,
then 17 -A

null - homo topic
⇒ fzhdz = {

°
'
"1=-1

Ziti
,

h = - I

A-



'

E'
%

③ Evaluation of real integrals using Cauchy 's wifegoal

theorem Tmz a

idea :
>k Rez

✗

fdxfA) = ( in ☒ flz)dz
→ R→o

Alternatively
,

consider D= 6
,
flz ) = e-

Z
'

7m12/ n .

P =P
, -113

- P
,
closed

"

> Y:P
,

= { t :O et ER } > >

17 Rez

B-- { Reit : crete ¥}
,

P
,
= {te : aster}

f is holomorphic = > 0--7+72-3=5 + f - f
R E

,
R

T B p
,

⇒ 0 = { e- tilt + /e-Piéitpieitdt - fété ei¥µ
o

o



Lim T
,

= 0e- tilt = II
R→x

We now show that Lin 3=0

R→x

¥

131 = I / e-
Pie"

Rieitµ /
0

If

£ R f 1 e-
R'edit

, µ

Define d- = R
- E
i for loose

R we have II

For 0ft E ¥ -d we find ⇒
cos 2T 7 cos ( Iz -W/ = sin 2dzzr¥z

Proof of 1*1 Ya

y=¥×
the line is below

the sine function
:-. I

Use / e
" "

/ = et

/ e-
Ñé"

I =

expf.pe/-R'eZit)J=expl-Rcos2t)74f,Eexpl-R'
¥)

¥ -r ÷

⇒ 121 E R { ! /exptrs.it/dt+f1exp(-ReZit)1df
¥ -or



¥-r

⇒ 131 E R je
-
R'¥df + Rd

o

= RIE -a) exp (
- Ñ¥R-E) + RR

- I

→ o for R→x

This implies that

✗

him 3
, =] ei

/ ¥ -1-4

EL = dt=¥G+i)fdt(cost
'

- isn't)
R-so

o
o

✗

real part { ( cost
'
+ suit

')dt=RI=fÉ

✗

imaginary part f. ( cost
'
- suit

')df= 0
A

✗

⇒ feast
-If = EFF = /suit -It

o

o

substitute |s=t ' ⇒ T.si#ds=fE
Fresnel integral



2. 3 Cauchy 's integral formula .

Let NCIC be open , f:D → e holomorphic

For every -2
.
c- R For>0 such that klz.hr

it

The circles Tr
-

- { 2- = 2. + re : 0ft £2T }

for 04rad are pairwise homo topic will respect

to d) { Z. }
.

Theorem : For each contour homo topic to Pr

will respect to A) { Z.} the following holds true

f- (E) = £,; Jfk) Iz first Cauchy

p
Z - Za integral formula

-

Proof : flz)
ziti ( z-z.)

is holomorphic in d) {z.}

g f- lz )

zu-ilz-z.dz
= / [ "⇒

-f
+ ¥.¥-z,Jdzziti(Z- Zo)

Pr Tv

① f
flz .)

2-- z
.

= ffz .)
Zitilz -z,

dz = f
Iz

tr Pr

-

Ziti result fun
last lecture



② gflz)-fl = 0 Proof is analogous
Ziti (Z- Zo)

IT to that of Cauchy 's

integral theorem , contraction of integration pale
into z

.
yields due to differentiability fllz.)

Theorem : Let P be a contour in 6
,

g :P → e is continuous
.

Then for

every n c- IN.

f. (z) =
h! g g (3)

, g-
ziti

p §- Z)
"-4

is holomorphic us ¢1 P and f) Iz)=fn ,,lz)

Proof : need to show that

Lim
fuk) -futz,

2-→z
.

Z - Z.

= f.+, (
Z) for all z.EE/P

I 1 (} - z)
""
- (3- 2.)

""

4- 2-c)
h"

-

(g - z)n-4
=

(g- z.)
"-4 (g - z)

"-4

1-
Now use the formula

(a- b) ( a
"
+ a

"

b + . . "

+ 5) = a
""

- b
""

-1

Iz -z) ,É=o( 5- 2- .)
":'( g- zji

=

( 3- 2-a)
""

( 3- z)n
-11

II. G-z.fi/g.zj
=,
futz) - futz .) n !

z
- z
.

=

ziti
1815)¥z0,y+,dg
P

P



Intl
converges uniformly to

fg-z.jn-nfcrz-Z.z-z.sn! In -11)
ggle)

'

21T i t.z.gr
-12 I }

p

Theorem : Cauchy 's integral formulas

Dc 6 open, f :D → 6 holomorphic

⇒ ft: R → 6 is holomorphic
,

and for every -2. c-r

f
"> (e) =

n ! f
Hz )

p
(2- -2.)
held£ 4=91 , Zi . . .

ziti

for each P homotcpic to Pr .

In particular, every

holomorphic function is differentiable to arbitrarily

high order .

Proof : first CI
- formula ÷ fflz)

p

Z -z.
dZ=f⇒

Let in the theorem above for g- = f- ⇒ f,
= f.
'

=f
'

holomorphic

f.→ ,
= fi = (f

'")
"

= f
"")

holomorphic



2. 4 Antiderivatives of holomorphic functions

Def. : Rca is
called connected if for

every pair of points
Z
. ,

2-
,

c- r there exists a

contour T from Z.to 2-
,

with P Cr
.

r is called simply connected if r is connected

and every closed
contour is hull - homotopy .

Example 0 i r is star-shaped ⇒ r is simply
connected .

Proof : z
, ,
z
,
e R ,

consider

{pale segments -2
,

→ 2. → zig CR

② E I { 0 } e) F are connected ,

but not simply
connected

①
Proof : Assume a {o} was simply connected

⇒ every
closed contour in 6) {a} is hull- homotopic

=) Tr is null - homo topic will respect to Eyo}

=) \ E
'

dz =
O ly

Tv



Let Rc
6 be open , simply

connected
,

f :D→
6 continuous , and

fpflzjdz
= 0 for closed

contours 1>

Let 17
,

and I} be contours from z.to z,

=) 1? - Pz
is closed

Z
,

=) f f (z )
IZ = 0 ⇒ fflz)dz= fflz)dz = fflz)dz

P
,

Tz Zo

Piti
2-

Theorem :
FCZ) = Sfts)d } is a holomorphic function

,

-2
.

and F' (z) -_ f /z) for 2- c- R
.

Proof : Let -2 , Er
⇒ F K(2-"d) or
so

for Ze Klz ,,8) we have

Z
,

Flz ) = Jfk)d } + §f(5)IS
Zo

Z
,

2-

= Flz ,) + Jfk)d5

÷
= f- (a) + If / 11-t)z, + tz )(2-

- 2.)It

0

I

Flz )- f- (z,)
⇒

z - z ,

= {f / 11- t) Zittz )dt



I

=)
FIZ )- f- (z,)

= flz ,) + { [f( 11-t)z, + tzz) - fl-2)]dt2- - Z ,

-

→
0 for 2- →Z

,

due to the continuity off

2- → 2-
, ¥z|z

,

= flz ,)

consequence
: R simply connected , fir →

e

z

holomorphic ⇒ Flz) = ff/g)I } is holomorphic .
Z
.

Moreira 's theorem : Let Ace be open , f:D →
a

continuous

f f holomorphic ⇐ fflz)dz=o for every Pao
P

Proof :
"

⇒
"

Cauchy 's integral theorem

"

⇐
"

-2
.

ER ⇒ F
,>
ok/Z.ir/cR

klz.is) is simply connected ⇒ every closed

contour in K is null - homo topic .
2-

⇒ F : klz.is) → 6 f- (a) = Jfk)d5 is holomorphic

1 Z
.

⇒ F is arbitralily often complex differentiable

⇒ F
'

= f- is holomorphic .



Example : Let D=
G) {0}

,
f-(z) = ¥ is

holomorphic in R ,
but R is not simply connected .

Question : is there a unique antiderivative ?

Tmz ^

E¥ >
Rez

12-1
argz

Flz) = SID} + I ;D}
= {Ids +¥i lzlieitdf

P
,

R
o

= lm 12-1 + iargz = lnz

Let 13
'

be the contour which encircles the circle

will radius 12-1 once in addition to Pz ,

argzt Zit

fides + Stds = bn 12-1 to flt = lnz + Zñi

i
,

Pi o

⇒ if d is not simply connected
,
there is no

unique
antiderivative in general .



§ } Series representation of holomorphic functions

3.1 Tay lo r series

Def . : let z . c- 6 , ⇒ a sequence in
G

h

f
,

( z) = Eaj (Z-E)
I

,
fu : ¢ →

a polynomial
j=o

If fu → f- in R C G
,
then we write

a

f- (z)
= Eaj (z

-2.)
I

j=o

[ a; (z- 2.)
I

is called power series
with expansion

j=o

point -2
,
,

the fu are partial sons, the aj are

the coefficients of the
series .

Theorem : the power series
Éaj (z -e) I
j=o

converges uniformly in all closed discs

D- (z.is
'

) = { 2- : lz-z.IE 5
'} with

51<5 = [ Lin sup Via]
-1 (and 5=0 is allowed)

n→o

and diverges for 12--2.1>5
.

5 is called
radius of convergence , Dlz.is

) disc of

convergence .
The function f : D-G.is)→ 1C

,

f-(z) = Éaj (2--2)
"
is holomorphic . f can be

f-o



integrated and differentiated term by term .

f-
'

(z) = Éjaj (z -z.)J -1
j=,

1=12-1 = É j÷( z-z.si
"

f.a

f- (z) is the ontideriva five of
f- will Flz.)=o

.

The power series of
F and f

'

have the same radius

of convergence as f.

Proof is analogous to the
one
is real analysis .

Proof of divergence for 12--2.1>5

Assume the series was convergent ⇒ lantz - -2.)P→o

n-sv-lantlz-Z.tn< I
=) 7

YEN
h>h

,

⇒ infant < z¥ ⇒ Lin supinate¥,
↳no

ly t. Lin sup
"

☒ = §
n→x

Tay lo r's theorem :
let f- be holomorphic in KG.ir).

Then there
exists exactly one power series

£ g- (z-2.)
I
will radius of convergence Szr,

which

j=c

is equal to flz) for every
12--2.1 < r

.

It holds



that an = # f
'" (Z)

.

The coefficient , satisfy

Cauchy 's coefficient
bound

Ian / f ¥ . Max { If/a) 1 : 12--2.1=2 } for

every 7 E lar)
.

Proof : Let 12--2.1 < r
,
D= { 2. + zeit, G- teat}
with 12--2.1 czcr

⇒ flz-t-z.fi/pfles)tg.zd51Z-Z.l
< \For } c- pit holds true that

Z -Z
.

=

T -Z. 2

I 1 1 I

g-z
=

} -z
.

I -
Z- Zo

=

g- z. ¥)
"

f-Zo

The series É %)
"

converges uniformly for Sep
h=o

⇒ flz ) =
1

ziti ffH£z
.

É§¥)"d5
p

=
É '

ko
ziti
f
f (5)

pfs-z.fr/d5(z--z.)h→

Uniform convergence

=
§ f-

'" (Zo) (z -z.)h
n=o

n !



Coefficient bound :

an =fn÷ - i

ziti
f f
/5)

pgfg-z.pt/d5 for all 5 < r

Ian f-¥ f HT) ,

pgfg-z.gr
"

d } £ ¥ 21T£ guy ma×{ If/5) 1 : 15-2.1=5}
151

Identity theorem for power series

✗

✗

Let Ian 12--2.)
" and Ibn (2--2)

"

be two
power

4=0
n=0

series with
radii of convergence r,

and v2

A

f- : klz.ir, ) → ①
, flz) = Ean Cz

- z
.) "

4--0

g : KLZ. , E)
→ ①

, 812-1 = Ébn (z- z.)
"

h=o

Let flz ;) = glzj ) for a sequence Z; e- klz . , min { r, , rig)

will -2
,
→ Z

. , Zj =L Zo .

Then an = bn for all n e N.,

and hence f- = g.

Proof by induction
over n :

Base case: a.
= flz .) = Lim flz;) = Lin glz;)

= glz.)±b
.

j→no I→ no



Inductive hypothesis : aj= bj for j=0, 1, . . .

I
n - I

Need to show an = bn

x

Define f.G)
= Ea; (Z

- Z
.)
""

=

f- (z) - §.iq/z-z.jij--n
(z - z .)n

✗

gnlz ) = -2ajlz-z.jt-h.ge/z-)--jEIbj(z--z.jj=n
4- -Z.)

"

It holds true that futz;) = gnlz;)

=) an = futz .) =
lain fnlzi)= Lin gnlz;) = gnlz .)= by
j→- is-

Example : §
C-Di -4

j=o j
( 2- - 1)
I

Radius of convergence : [ Tin V'T ]
"

=L
, 5=1

lnz =
É as (2--1)

"

for 12--11<1

n=o

an
-

- ÷, hi
"

111 biz = ¥

biz =
-¥

ln
'"

/z) = C-1)
""
( n - 1) !

zh



⇒ an =
C- 1)
""

In - 1) !

n !
=

C- 1)
""

n

The region in which a function is holomorphic

can
be much larger than the radius of convergence

of the power series .

Theorem : Let Rc 6 be open and connected
,

f :D → 6 holomorphic
,

f- ¥0 ( i. e. Fze, f-
(z) -1-0)

⇒ He set of zeros of f does not have a

limit point inr .

indirect proof : assume Z
.

Was a limit point

of zeros off,
2-
.

c- r

r open ⇒ F K IZ .
,
5.) CR

5
.

>o

-2
.

limit point of zeros ⇒ there exists a sequence

( Z ;) , 2- j E k
(Zai 5.)

,
Zj I 2-. will f-(z;)

=0

Consider the zero function glz) = 0 ,



glz) = Én=obn(Z - Zo)
"

,
bn= 0 for all n

f- ( z) = Én
,

an (Z
- Z
.)
"

for Z E Klz ., 5.)

flz;) = 0= glz;) ⇒ f = g =o in Klz . , 5.)

Consider a Z ER

r

r is connected ⇒ F contour from z.to z

Cover the contour with overlapping discs
,

for every pair of overlapping discs choose a

common point in the two discs , repeat the above

argument ⇒ f-12-1=0 ⇒ f- (z) = 0 4

Remarks : 1) R connected is an essential

assumption
,
otherwise for example the following

would be possible

① ⑤

2) A limit point of zeros is principle could lie



on the boundary of r ⇒ r open is essential

3) f- ¥ c and holomorphic ⇒ there is no

limit point of c- point in a
connected and open

r
.

Identity theorem for holomorphic functions

Let Rc 6 be open
and connected

,
f and g

holomorphic in R .

For a sequence
(z;) in R

wit z ;
→ Z

.

ER , Zj =/ Zo we assume flzj)=g(z;)
.

Then f- (2) = glz) then

Proof : h ( z) = f- (z) - g (z) h (g) = 0 for allj

⇒ h = a ⇒ f=g #

Tmz N

Application :

Rez

f , g
: N → 6 holomorphic

flx)=g(x) for c- (ai b) ⇒ f- = g



/ A real function has at most one holomorphic extension /

Definition : A function which is holomorphic mi all of
¢ is called entire function .

Example : exp
: 6 → 6 exp (z) = d-(cosy + isuiy

is an entire function .

Expansion around zero : exp (z) = Én, e×p"Yo)-
Z
"

4=0

[ bin VI. ]
"

= ✗

cos 2- = § ( e
"

+ e-
"Z)
,

sin z = ¥. (eiZ- e-
'£)

are entire functions

Theorem : Let f be an entire function
.

If

there exist in c- IN.
,
0C C E IR

,
and Ock c- R

will

Mlv) : = max {IfG) 1 : 12-1 = r} { cr
"

for r > v. ( i. e. f grows at most as fast

as rm)

⇒ f- is a polynomial of degree e m .



Proof : Expand flz) around 0, flz) = Éanzh
4=0

Cauchy bound Ian / {
MH
rn

⇒ for r > ro i
n > m it holds true that

Ian / E Cr
""

→
0 ⇒ an = 0 for h >m

r→x

in

⇒ f (z) = -2 an Z
" polynomial of degree guy

4=0

Liouville 's first theorem :

A bounded entire function is constant .

Proof : f bounded ⇒ lflz) / f C ro

Apply the above theorem for n=c .

Def : Let f- be holomorphic at z . . z. is

called zero of order m off if

f- (z) = É an (Z - Z.)" = (z -2.) "Éam+n (z -z.)
"

n=m n=0

with an -40



Consequence : Z
.

is zero of order m of f- ⇐

f
" ' /2-a) = 0 for hcm

"

⇒
" definition above

"

⇐
"

apply Tay lo r's theorem

Theorem : Multiplication of power series

f (z) = É an (Z - Z .)
"

12--2.1<5
,4=0

glz ) = É bn (Z - Zo)" 12--2.1<52
4=0

ftp.g/z-)=-2ck(z-z .) " for lz-z.kn.in Is, , %)
K=o

radius of convergence of ÉCK (Z -Zo)
"

is 52min15
, , %)
,K K=o

and Ck
= -2 an bk-n
4=0

Proof : following Tay lo r's theorem we can expand

f. y mi KCZ .
,
mink

,
, Sa)) as

4- g) (z) = I CK (z- za)
"

k

ch =

④ g)
""
(z,

Ki

=
I É (E) f- '"G.) g

'"-"
(z.)

K ! n=o



⇒ a. = ¥, É
. .

(E) ann ! been 1k- n) !

K !

remember (E) =
KIK-1) . - ( k -net)

n !
=

(k- n)! n!

⇒ Cn
= É anbu

- k
#

4=0

Example for radius of convergence of f
-

g > mink
,
,s
,)

flz ) = Lz (Z . --0,9=1)

glz ) = 1- 2- ( Z.=c, 52=0)

f. g =L
radius of convergence no

Application : f holomorphic at Z .
, flz .) -1-0

⇒ Fr
>
of /2-) +0 for 2- C- K (z.ir/ ⇒ h= f-

holomorphic at -2 . ⇒ can be expanded in Tay lo r

series

h (z) = É b- (Z- Zo)
"

zc-klz.ir)
m=o

(f. 4) (z) = I = ÉCK (Z-Z .)
"

C.=L
, G. =

0 fork>o
Keo

✗

Let f (z) = E an/Z- Z.)
"

,
f-(e) ⇒ 0 ⇒ a. to

n=o



K -_ 0 I = a. b. ⇒ b. = ta
,

k

k > o o = 2- an ble-n
h=o

e. g. k= /
0 = a. b ta, b. ⇒ b

,

= -

Qb
.

do

3. 2 Laurent series

Extension of Tay lo rseries by terms with negative

indices leads us to consider Laurent series.

Theorem : Let fir → 6 be holomorphic in

D= { 2- c-Gir, < Iz - z. / < rz } ( where vi. 0, vi. - are

allowed ) . Then for zed the following holds
✗

true : f- (z) = I anlz
- Z
.)
"

with r

n=-D

an
= ¥. f fl

"
I }

,

where
n 4- 2.)

4+1

P is a circular contour Pr={z= 2. +
reit

,
0ft s2ñ}

with r
,
< rcrz

,
or a contour homotcpic to Pr

.

The series converges uniformly is closed

annuli { 2- c- 6 :S
,
Elz -Z.IE Sz } for 5, and I

will r
,
< 5

,
< Szcre .



Proof : Choose a 2- er ⇒ 7
9,52 , KC5z< 12--2.1<5> crz

"
52

5- z
I} - If

-1131

3- z
d5=¥, f -1151f (z) = £ , f

fl"
ziti g- 2-

d}

P
p
' Bz 5

,

P'I{z}
%
-

Bi = > P
'

- I}
,

-1 I}
,

TRYZ}
0

1st integral } c- 17 ⇒ Z - Z
.

=

Z - Z
.

< y
Sz f - Zo Sz

l l I

=

I

g- z
=

g- z. I -
Z - Zo

g - z. É=o(¥¥
.

)
"

3- Z.

= § (Z - Zo)
"

converges

n=o µ - Zo)
"" uniformly

✗
a

1st integral =
' -2 (z - z.)

"

Jfk)Ziti
n=o (g - z.)n+

,

d } = [an /Z -Zo)
"

P
n=o

52

2nd integral : } c- Pg
,

⇒
} - Z.

Z- z.

=
%
12--2.1

< I



I
⇒

'

g- z
=
- Iz

- z
. I - }

- z
.

= - £- z
. ¥ofÉ¥ )

"

Z - Zo

= - § ( T- Z.)
"

n=o Cz - 2.)
nu

converges uniformly

✗

=) - ( 2nd integral)=
'

-2 (z -z.)
-n-I fflts

)
dg

ZITI
n=o (B - Z.)

-h

B
,

= ¥ , É (2--2)
"

gfts)
Cs - z.)h -11

IT = É an (z -z.)"
n=
-no

h= -x
"
s
,

⇒ flz ) = É an (2--2)
"

,
an =L,, f

fl})

n= -x

p
§ - 2.)

4+1

d}

The uniform convergence follows from the uniform

convergence of the geometric series used at an intermediate

step .

Def
.

: D= { 2- c- 6 : 0<12--2.1 < r}
,
f holomorphic

in R
.

Z
.

is called singularity off.

1. an __
0 VI. <o f can be holomorphically

continued to za
,
z
.

is a removable singularity .

2. an
= 0 for h C-us, a-m

-1-0
,

m c- IN

2-
.

is a pole of order m off



3. an -1-0 for infinitely many negative indices in.

2-
,

is an essential singularity .

Remarks ; ① as a consequence of Liouville 's theorem , it

follows that a non- constant holomorphic function has

at least one singularity ( including singularities at

infinity ) .

② essential singularities have many pathological

features: one can
show that in any smallneighborhoodof an essential singularity

a function flz) comes

arbitrarily close to every complex
value w.

③ brand points and branch lines : similar to tee

logarithm, every f-
(z) = Z

" with non-wifegera

has a branch cut starting at zero and extending

along the negative real axis .

The function

flz )
= ✓¥ has a

brand cut extending

from -1 to
+1 along the real axis ,

x

Def . : a- , is the residue of fat z.
,
f-(2) = [anlz-z.ph

=
-no

a-
,

= Res (f , z.)



How to compute residues :

case 1 : f has pole of order one at z.

ffz) =

E-
,

z - z.

+ Éan (Z- Z. ) "
n=o

⇒ Lim f- (z - 2.) ( 2- -Z.) = a-,
2-→ Zo

case 2 : f has a pole of
order m > 1

.
They

1

dzm-ilfk-llz-z.fm ]}Res (f. Z.) = Lim 1m -y, {
d
"

2-→ Zo

proof : flz) =
a- "

t

a- "" a
"

+ Éq(z-z.gs
(z- Z. )m (Z-Z .)m-1

+
"

+

Z-Z
. n=o

1

Lim
µ -1) ! %-)

""

( a- in + E-
me ,
/Z - Z

.)'t . . .
? a-m+k( 2-- 2.)

"
+

. .

2-→ 2- ,
x

+ a-
,
/Z-Z.fm

-'

+ Ian (z - z.)m+
"

)
n=o

= t.im/z-sz.lm-l).1((m-1)!a-itEln+m)ln+m-D+-....*ln+yan(z-z.J-' if

= A
-1

Examples : ① f- (2) =
'

z ,
Z
.

-_ 0 is pole of first

order
,

a-
,
= Res (fil - I

f- (2) =
'

za ,

z .=o is pole of second

order
,

Res (f , 01=0



② D= ① Yo} flz)=e¥
,

z e r

exp (E)
= É hi (E)

"

= É '

ha
-•

C- b) !
Z
4

n=o

1

An =

tug !
for -a < n E 0

Res (f
,

o) = I

3. 3 The residue theorem

Def . : A contour is called simple if it does

not intersect itself , meaning it has no

double points (will the possible exception

of the beginning and end points for
closed

contours
.

A simple closed carve (
contour) is called

Jordan curve .

Jordan curve theorem :

Let t be a Jordan curve .

Then there exist

two open connected sets hi , Do such that



¢ = Puri u Ro
,

P n ri = 9 , Three ¢

ri n r . =¢

^
.

In addition
, ri is simply connected .

Def . : A Jordan curve is called positively oriented

if Ri consists of exactly the points z. c- GIP for

which T is homo topic to II.
= {z=z. + seit, o Ete za }

with respect to ① \ { -2.3 .

is not allowed

Let Rc 6 ,
P is a Jordan curve and Pure.CI

Let Z
, ,

. . . ,
Zu E Ri ⇒ 7 circles tf around z; which

lie in ri and do not intersect each other pairwise .

^

Pit Tzt . - th ifit holds true that P
rT{zi}



P is positively oriented .

Residue theorem : Let P be a positively

oriented Jordan curve with Zi , . . . , Zn C-hi
.

r c 6 open with Puri Cr .

>f f : Rl { Z, , . . . ,
2-
n } is holomorphic, then

h

.

fflz )dz = Ziti -2 Res (f
,
Z;)

f- I
T

Proof : f : Rl { Zi , . . .

, zu } → 6 holomorphic

c- ] theorem

gflzjdz =
°

⇒

P-ÉP;

⇒ fflz)Iz = E f f/2) Iz
p

"

t
Tj

Laurent - expansion of f around zj

' f flz
)

9-
,

= Res (f, -2;) = Ziti (z - z
,
)°dZ = {

*i
fflz )dz

Tj Tj
n

⇒ fpflz)dz = Ziti I Reslf
,
2-;) #

j=c



The residue theorem is important for computing

integrals along the real axis .

Examples : ① ¥+1 d✗= IT

Tmzn

Proof :

0
singularities

at ±i

- i

-

'

n ?
'

N Lez

N

¥
,
dx = t.in/#dxN-sx-N
-

= Lim
a.→• ( § fan dz - 5¥ ,

dz]
f-MN] -1 Pn PN

Res [
'

( 2- + i)1z . ;) ,
i ] = ÷

⇒ Lim [ . . . ] = Ziti { i - lin f
IZ

N→no pn
2- Ze /

N→x -

IT Fishman strafe
IT

gdz fdt
'

-22+1 | =

µzezit+ ,
Nil
"

Pµ p
o

Mt) =

Neils§ N

o
/N'edit, ,

It



Use now that µ
> ezit - l £ Nzezit + ,

IT

f)
N

o

N
'

-1

It =

Nit

way
> 0

N→x

Assumptions for applicability :

c) The number of enclosed singularities has

to stay finite for N→x

ii) / ftz) / f 12-1-1"" for#→ no will one>o

has to be satisfied .

Example ② Computation of nite grabs

] = fflx) e'
"✗

dx ( Fourier transform):
for a c- lR+

We assume that i) flz ) is holomorphic in the

upper half plane with the exception of a finite

number of poles , ii) Lim f-12-1=0, 0 say 2-sit
12-1-30

This assumption is less restrictive Hanni ①

We again employ a semi- circular contour

Tmz A

0 R→ no

>IR IR
Rez



The residue theorem is applied is the same

way as before , but we have to
work harder

to show that the integral Jr over the semicircle

vanishes
.

IT

T.pe = { f- ( Reif) eia
Rest - a Rsintipeitdy

Let R be large enough such that flz) /
= flreit) <e

e-
aRsint
If⇒ Tr f ER

÷= Ze R f e- a
Rsist
It

In the range [9¥ ] we have ¥t< suit

yn t - ¥

t

EE

⇒ IT
,
If Ze R f. e-

aRZtA
If

= 2 {R
I - e-

ER

aRZA

⇒ Lim Drl £ E

R→x

As { → o as R→ no
,
we find Lim I ]r1=o

R→x

This result is sometimes called Jordan
' lemma



=) If /He
""

Ix = Ziti -2 Res (f
, Zi)

Zi
,
TMZ
;>0



§ 4 Fourier transformation and the d- function

Def . : Let f : IR > IR
,
then

f- (g) =
'

•

a-

' flx)e%+d×

is the Fourier transform of the function f.

Def : Let f, g
: IR → IR

.

Then

1=1×1 : = ) fly)y /✗- y) is He convolution ofi.
f- with g.

Convolution Theorem : Let flx) and glx) be

real valued functions and f-4) , g- (g) their

Fourier transforms . Then a-

'

f-(g) g- (a) is the

Fourier transform of the convolution Flx) off with g.

I
•

iqx ,

✗
•

, fdx fly f-4) 8hr-y)éi9✗Proof :
z,

, \ F H) & d✗=
21T
→ →- x

Rewrite the integrand as fly/e-
'"Y

ga -g) e-
'
'

91×-4

substitute S : = ✗ - y ,
ds=dx

no

=

1

, fly fly/e-
'
'

94 / Is g G) e-
'%

Z'T
-•

- no÷÷.÷



d- function

Review : krone ok - or

⑨ of,o={
° " ° } = ✓(j)
I j=o

Considering Jj,
is not a restriction due to

o j- k±o
,
i. e. it K

di
,k

= Jj-K
,
o

= {
,
j - K -0

,

i. e. j=K

Alternative definition

⑨ ⇐ ③
⑤ E fili) = f.

jeE

for arbitrary sequences fj

Proof : ⑨ ⇒ ⑤ trivial

⇐ consider sequences (f
,
) := f. " 000. . . 010. .-0

p

position K, K c-I
⇒ ✓(K) = 0 for K * 0

d/ k=c) =/

Definition of d- function
Ix)

Replace j → ✗ c- IR in ⑥
no

fflx)dl✗) = -11×-0) for arbitrary (well
-x

behaved ) functions flirt .



specifically : f- 1×1=-1 ⇒ ×)dx = I

1 : ✗ c- I
,

where I isan arbitrary
interval will 0 c- I

consider glx) = { 0 i ✗ ¢ I glx)^

1-

z

glx) HH
dx = g /✗ = a)

=o

corresponds to fdx
AH =

0

I
,
0¢15

Generalized function or distribution :

✗

> interpret f.fix)dx)dx as short version of

a

t.im/flxVnlx)dx , where the ohlx)
n→ no

- no

are regular functions .

1st representation : in Ix) = {
¥ : 1×1 E 'T

o i 1×1 > In

It holds that f. 1×1 > a ✗ +a

n→o

of lol > no

n→ -

'

a

II. lxldx = fnzdx = ¥1k +1=1--1
- In



fflx)dx)dx = him [f-1×711×1 ItI n→x - no

= Lin § hzflxjdx
h→o

-I
'

a

= Lim ¥ fdx [f-(a) + f'G)
✗ + tzf

"

/o)✗
'

+
. . . ]

n→✗
- tu

= Lim
-

↳•
LEAD } + f-

'

lo)E[ ¥]'T t . . . . ]
→o- in

= flu) #
no

no

Claim : foflx)dx)dx
= fnoflx) d-×)d×

Proof : f. 1×1--41- x
) it
,

✗

Claim : fflx) Ix - y)d× = f- G) =/ flirty -x)dxi. .

Proof : substitute s:=x
- y
,

✗= sty

Is = It
,

s from - no tox

gflxlorlx -yldx = fflstyolslds = f-Is -17)|s=o: :
= fly #

substitution is defined for each n
,

in the and

we consider the limit n→ no

2nd representation :
Gaussian

f. 1×1 = ¥ e-
""

.

ahh = ¥ ↳ •

of 1×7 > o

✗* o

n→no



Claim : the above is a representation of the

d- function
•

A

1×1%1×1 = fflotf.hr/dx--zJf*Y4xke-m-?d+k--o-oK!
- no

substitute s:= Mr dx=¥d× ,

✗ = ¥
•

f
'" '

/o)
✗kéniidxto K!

rn ① Ks I skésdds=
-

I

- no

ITTinie

⇒ t.im/flx1ohlHdx=flo)n-x

f. Ix) > Ax)
is to be understood as

n→ x

x

x

fflx)dnlHdx → foflx)dx)dx
-✗

Only the statement about integrals is valid .

3rd representation:

µ§zof /D= ¥
sin nx

for small
✗ sinner) = nx +

( nx)
>

3 !



> nof. lol = ¥
n→x

For n→x the functions I. A) oscillate

faster and faster , but
f. 1×1 /so
no

s

Is =/¥
swim

den)= 1¥
sins

xx) -•

✓(x) = Lim ¥
sin "× ( to be understood as
✗

"→no

statement about integrals)

= Lim ¥
✗ (e

""
- e-
int

)
n→ no

n

' fdq ei9✗
= Lim
n→

no

21T
- n

⇒ Ix) =L, Fei
"Ix

-✗

Theorem : Let f : IR→ IR and let f-G) be

the Fourier transform off . Then

✗

flx/=
'

, f f- (g) e'
"✗
day

21T
- ✗

no

Proof : f- (g) = '
zit
' £-119) e-

'"✗

day



✗ a

⇒ I
•

⇐ / f-G) e'
"✗

dq =L, fly fly fly)ei9l✗
-Y

-X - -
--

no

= fdyftdd.is?.ei9H-4dq=fCx1 #
- no

-

dlx-4

Remarks : ① the FT of dx )
is IG) =

I

¥

② to make the proof rigorous
,
we would need

to insert a regularize t.im e- 29
'

before
z
-so

interchanging the integrals
,
and would the

a representationof A-7) for the d- function,
✗

and in the last step tin fdy fly)dz(+ - y)=fH .

z→o - no

✗

Parsifal's theorem : § Fca) 2dg = f flx)
'

dx

-x -X

no

Proof : f-(g) = '
. fflx)e-

"✗
dx

21T
- ✗

no •

⇒ f-(a) 2dg =/day
1
, fflx)e-

""
Ix *

-•

21T
- ng

no

*

I

* (4) e- iqydy



=
✗ fkl.fr?dgf1y)d..-Jdgei9k-H
÷É

Fix
= fdx flx)

'

#
-x

Theorem on the Fourier transform of the derivative

Let f- IR→ IR and f-G) the FT of flx)

zit
' éK+
I "f1×)

In addition , let f. (g) :
=

1
✗

dxn
DX

If flx ) , f
'

1×1 . . " if
""

1×1
µ ,→20,

then

f-nla) = (iq)
"

. f-(a)

Proof : n=l

f
,
(g) =

1

, [e- in dflx)d×
It

21T
- a

=

-

I - I

-

za e
"✗
f-1×1
°

⇐ if tiq) e-
"+

fix)d×
→

-

'
°

-

no



⇒ f. 1×1=1 ia)
'

* [ e-"
✗

flx)d×

= (g) f- (a)

✗

Consequence :
I "flx)
dx "

=

'

⇐
, / liq)

" f-(g) e'
"+
It (*y

--

Apply this relation formally to the d- function :

dirty I

*
9)
"e'"

+

Iq
to be under.

I ✗ u
=

°

stood inside an

integral

what does the integral relation imply explicitly?
-

A

IfWdYx)dx = ¥ / liq)
" fflx)ei9×dxdq

-no

-no

=

1

at
' 9)

"

¥If 1×1 e-4- 9)+did,
-

Fta)

Substitute : p
:=-9

,
dp = -day

,
p= to. . . . . - no

-0

=

1

ziti (4) fdptip)
"

f-(p)

÷



=
ft )
" •

zit
' fodp lip)

"

f-(g)

no

comparison will (*) ⇒ fnoflx)
did"

dxn
dx = -4)

" d"f
DX"

✗-0

a

special case: fflx)dYHdx =
-f

'

(o)
-✗

Trans la tethe center of the d- function

CHIH -a)dx

subst
. Y:-. ✗ -a , dy =dx

= Ily fly+ a)Ily) = - flat

Alternative derivation :

[ fix) flt - a) dx = [f-1×1At -a)1? -If 'l×)dx-a) = -flat

Application : Lim (✗ ± is )"= If I iitdlx)
.

e-so

-

Dirac relation

integral statement : Lim § ft)
e-so - •

✗ Iie
d×= I ¥ dx I iitflo)



7m z
n

tr

>>
A

>

Rezproof : - - ie

denominator ✗ + ie hat pole for ✗ = - ie

when integrating along for
,

we can execute Lin
e-so

-
-

f flx)
-

[ f-1¥ A + ffkt
→

✗+ ie
d× = ( in

,

✗

dx
,

+

d-so
-
-x

+ ( in f flz
)

z

IZ
d-so

Tr

The first limit defines the principal value.

Integral along Po : 2- It) = t.to/e-
it

,

- it ft so

2-
'

(t) = - ire
- it

a

⇒ f flz
)
dz = g flare

- it)

-a-
ten

C- i)red£
par

Z

o

✓→o

> - i fflotlf =
- iñflo)

- IT

⇒ § flx)
-a

✗tie
d× = I § flx)

→

x

d- - iñflo) #

7m z
n

Denominator ✗ - in

> - >

Rez



Criteria for Fourier - Transformability

① Tf f flx) dx < - , Ken the FT off:
is a regular function ( i. e. no distribution)

② Tf f fix
'dx < ✗

,
Ken the FT off

is a regular function ( i. e. no distribution)

Proof in homework problem :

'

×
,
c > f-= 1g ,

Theorem : f has a Fourier transform ⇐

f is a generalized function .



§ 5 The method of steepest descent

Often it is important to determine the asymptotic

behavior of a function for large arguments ,
e. g.

the Stirling formula for the
Pamina function .

The

method discussed in this chapter is based on the

use of complex variables and complex integrals .

Example : the Stirling formula for s!

s ! = 1- Is + 1) = ftsétdt:
substitute C- = st ,

It = salt

•

no

t
ss -11 g
,

e-
s (c- -bit )de = gs

"

g e-
sflt>
de

=

o

f It ) = I
- but → + x for C- → o or c- → no

⇒ for large s the integrand vanishes at the

boundaries of the domain of integration .

The function f- It) has a minimum for

o-id-d.lt - bit ) = I - I ⇒ i. =\



IZ
do
It - Mt) = + Ez > o f

"

/11=1

⇒ for large s the integral is dominated by

a neighborhood of E. =/ . Perform a Tay lo r

expansion

f- (e) = flt .) + If "(e) It
- E.)
'
+ £, f-

"'

Ii
.) (c-- t.pt . . .

⇒ s.la ss
"

e-
Sfl") f-e- s[Ef

"

It.) /E- t.pt }, f-
"'

Ii.)li - t.H.is

doo
substitute ✗=p It

- i.) ⇒ c- =
×

,
+ to

,

E- 0 Yields ✗= - s '

a

s
"'

e-
s

is , f e-
If

"

't-1×4 's . f.if"(i.)x'+ . ..

µ

I- s
'

becomes small for s→a

= 1g , s

"/

e-
s §e- tf

"

/a)✗2

-•

It
i f

"

/i.) =/
s→-

= 2¥
'

s
"'
e-
s

= zits
' Ss e-

s

/ Stirling formula s ! = ✓zits
' ssés

'



More generally , we consider the asymptotic behavior

of a function
Tls) = ) ylz) es

#-)
dz

,

e

which is defined as an integral over a contour e

in the complex plane . For now we assume s > a

to be real . We further assume that flz ) s --

at the end points of the contour , or that the

contour is closed. . In addition we
assume that

glzl is dominated by
the exponential function

in the region of interest .

The modulus of the integrand is determined by

Reflz ) ( for s ⇒ 1) . For s
> no

,
the integral

is dominated by a small region around a positive

maximum of flat . Let f-(z )
= UH

, y) + ivlx, y)

T.IS/--fg(z)esulhYeisvlxn)dz
e

yn addition we
demand that ✓1×14) = vlx. . 4.) = v.

in a neighborhood of the maximum at 2-ix. + iy.

⇒ 31s) =
ei '"
{ g(⇒ e.

sultry
Iz



ulx.ly.) is a
maximum for

du du
= 0
,
and due to the

=

Oy 7=7.DX
✗ =✗.

=0

Cauchy - Riemann equations
df(Z)
dz

z=Zc

The maximum of ult.ie.) however can only

be a maximum along a given contour : since

UH ,
>1 satisfies the Laplace equation , we have

Ju Ju

0×2
+

dyz
= 0

g,
< o ( condition for maximum in ✗ - direction),If

d"

gy,
> a ⇒ minimum in y-direction .

1- Len
du

Holomorphic functions f- without singularities
can only

have saddle points for this reason.

The contour we are looking for has to satisfy two

conditions : i) along the contour ulxii) has to

have a maximum
.
ii) the contour has to pass

through the saddle point in such a way that

the imaginary part satisfies 4×171=4 .

For holomorphic functions flz) the countours will

u
= const . and v= const. are orthogonal to each



other
. For this reason, the curve VE Vo is

tangential to the gradient of u, EU .

For

this reason, the curve Vltiz)
IV. determines

the steepest descent from the saddle point.

The function f can be expanded into a

Tay lo rseries

f-(z) = f-(E) +

Lz (Z - Z .)
'

f-
"

(z .) -1 . . .

Along the desired contour
,
Elz - Zapf

"

/Zo) is reae

and negative . For f
"

/Zo) -1-0 we then have

f- ( z ) - f-( 2-a) = I (2--2)
'

f'
'

lz.) = - Lst
'

In polar coordinates we find z - z . --Leia

t
'

=
- s f

"

(e) ✓dead

since t is real ,
we have C- = Ear /sf

"

A.) It
,

and a

Tls ) = glz.) esflz
.)
g e-
It
' dz
It

dt

- no

Due to ( Z- Zo)
'

= ofelia
,

and due to



tie "f"1z .) ( 0 we find ✗ = Iz - tzargf "lz.)
"

f
"

/2.) = - e-
2"

If "(z .)1
,

and with

1

Z - Zo =

sfiyz.tl
"

t

dz

It
= sf

"

/z)
-

Leia

⇒ 0 ( s ) =
glz.jesfk-de.is
Sf "1z .) I


