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Lorenz cycle

The atmosphere as a heat engine
The radiative energy imbalance leads to atmospheric motion (kinetic energy). We can think of the atmosphere as a heat
engine that is supplied with energy in the form of radiative, sensible, and latent heat fluxes and converts that energy into
motion (kinetic energy) in its mean and eddy circulations. The kinetic energy is eventually dissipated by friction.

∂PM

∂t
= G (PM)− C (PM, PE)− C (PM, KM) (5.29)

∂PE

∂t
= G (PE) + C (PM, PE)− C (PE , KE) (5.30)

∂KM

∂t
= C (PM, KM) + C (KE , KM)− D (KM) (5.31)

∂KE

∂t
= C (PE , KE)− C (KE , KM)− D (KE) (5.32)

where

G(i) is generation of potential energy by heat fluxes

C(i, j) is conversion between energy forms

D(i) is dissipation of kinetic energy

The following slides summarize the derivation of the generation, conversion, and dissipation terms



Potential energy

Total potential energy
Sum of the internal (thermal) and geopotential energy is called the potential energy:

potential energy =

∫
ρcvT dx dy dz +

∫
ρgz dx dy dz

= cp

∫
ρT dx dy dz

=
cp

g

∫
T dx dy dp

=
cp

gpκ0 (κ+ 1)

∫
pκ+1 dx dy dθ (5.33)

Availability
Some of the potential energy is available for conversion to kinetic energy, but much of it is not – think of a stably stratified
barotropic atmosphere.



Available potential energy

All figures: Peixoto and Oort



Available potential energy

Minimum energy state of the atmosphere
The available potential energy is the potential energy relative to the lowest energy state that the atmosphere can achieve
using only adiabatic processes. In this reference state, the isentropes are parallel to the isobars.

Potential temperature coordinates
Use potential temperature as a vertical coordinate (in the mean state of the atmosphere, θ increases monotonically with
height). p(x, y, θ) is the weight of the atmosphere column above the isentropic surface θ, assuming hydrostatic
equilibrium.

Reference-state pressure
Global average pressure p̃(θ) over a θ surface:

p̃ (θ) =

∫
p (x, y, θ) dx dy∫

dx dy
(5.34)

In the reference state, p(x, y, θ) = p̃(θ); denoting the reference state with a subscript r,

pr(x, y, θ) = p̃(θ) (5.35)



Available potential energy

Subtracting the potential energy in the reference state from the actual state using (5.33), we find the available potential
energy:

P =
cp

g (1 + κ) pκ0

∫ (
pκ+1 − p̃κ+1

)
dx dy dθ (5.36)

Writing p(x, y, θ) = p̃(x, y, θ) + p̂(x, y, θ) as the sum of global mean and deviation from global mean, we can expand
the integrand in (5.36) as

pκ+1 − p̃κ+1 = p̃κ+1

{(
p
p̃

)κ+1
− 1

}
= p̃κ+1

{(
1 +

p̂
p̃

)κ+1
− 1

}

≈ p̃κ+1

{
(κ+ 1)

p̂
p̃

+
κ

2
(κ+ 1)

(
p̂
p̃

)2
+ . . .

}
(5.37)

for p̂� p̃. The leading term vanishes in the global integral, yielding

P ≈
cp

g (1 + κ) pκ0

∫
p̃κ+1 κ

2
(κ+ 1)

(
p̂
p̃

)2
dθ dx dy =

1
2

cpκ

gpκ0

∫
p̃κ+1

(
p̂
p̃

)2
dθ dx dy (5.38)



Available potential energy
Transforming (5.38) into the p coordinate system using

θ̂ = −
∂θ̃

∂p
p̂ and (5.39)

dθ = −
∂θ

∂p
dp (5.40)

we find

P =
1
2

cpκ

gpκ0

∫
p̃κ+1 θ̂

2

p̃2

(
∂θ̃

∂p

)−2 (
−
∂θ

∂p

)
dp dx dy ≈ −

1
2

cpκ

gpκ0

∫
p̃κ−1θ̂2

(
∂θ̃

∂p

)−1

dp dx dy

= −
1
2

Rd

g

∫
T̃

θ̃p̃

(
θ̂
)2
(
∂θ̃

∂p

)−1

dp dx dy (using κ = Rd/cp and pκ/pκ0 = T/θ) (5.41)

Expressing the atmospheric stability ∂θ̃/∂p in terms of temperature lapse rates Γ̃ = −∂T̃/∂p and Γd = g/cp, we find that
the available potential energy depends on the deviations of temperature from the global mean:

P =
1
2

(
Γd − Γ̃

)−1
∫

T̃

θ̃2

(
θ − θ̃

)2
dp dx dy ≈

1
2

(
Γd − Γ̃

)−1 1

T̃

∫
T̂2 dp dx dy

=
cp

2
Γd

(
Γd − Γ̃

)−1 1

T̃

∫
T̂2 ρ dx dy dz =

cp

2
Γd

(
Γd − Γ̃

)−1 1

T̃

∫
T̂2 dm (5.42)



Available potential energy

Taking the zonal and temporal mean of (5.42) using the decomposition

T̂2 =
(

T − T̃
)2

= T2 − 2T T̃ + T̃2 (5.43)[
(T − T̃)2

]
=
([

T
]
− T̃
)2

+

[(
T∗
)2
]

+
[
T ′2
]

(5.44)

we find

P = PM + PE = PM + PTE + PSE =
cp

2

∫
γ
([

T̄
]
− T̃
)2

dm +
cp

2

∫
γ
[
T ′2
]

dm +
cp

2

∫
γ
[
(T∗)2

]
dm (5.45)

with the stability parameter γ = Γd T̃−1(Γd − Γ̃)−1; the decomposition is into mean, transient-eddy, and stationary-eddy
contributions to the available potential energy.



Kinetic energy balance equations
Consider a field A which has a source or sink term S. The balance equation for A is:

∂A
∂t

= −~V · ∇A− ω
∂A
∂p

+ S (5.46)

The kinetic energy terms involve 1/2([u]2 + [v]2) for the mean kinetic energy and 1/2([u∗2] + [v∗2]) for the eddy kinetic
energy. To get a balance equation for [A]2, we multiply (5.46) by [A]:

[A]
∂A
∂t

= −~V [A] · ∇A− ω [A]
∂A
∂p

+ [A] S

= −~V [A] · ∇ [A]− ω [A]
∂ [A]

∂p
+ [A] S − [A]∇ ·

(
~VA∗

)
− [A]

∂

∂p
(ωA∗) + [A]A∗∇ · ~V + [A]A∗

∂ω

∂p
;

(5.47)

note that the second line uses the decomposition (5.22). Taking the zonal mean of (5.47), we find

∂

∂t

(
1
2

[A]2
)

=−
[
~V · ∇

(
1
2

[A]2
)]
− [ω]

∂

∂p

(
1
2

[A]2
)

+ [A] [S]− [A]
[
∇ ·
(
~V∗A∗

)]
− [A]

∂

∂p
[ω∗A∗]

=−∇ ·
([
~V
] 1

2
[A]2

)
−

∂

∂p

(
[ω]

1
2

[A]2
)

+ [A] [S]−∇ ·
(

[A]
[
~V∗A∗

])
−

∂

∂p
([A] [ω∗A∗])

+
1
2

[A]2∇ ·
[
~V
]

+
1
2

[A]2
∂

∂p
[ω] {= 0 by continuity equation}

+
[
~V∗A∗

]
∇[A] + [ω∗A∗]

∂[A]

∂p
(5.48)



Kinetic energy balance equation – mean field

We can simplify further using

∇ ·
([
~V
]

[A]2
)

=
∂

RE∂φ

(
[v][A]2

)
(5.49)

to obtain the balance equation for [A]2:

∂

∂t

(
1
2

[A]2
)

=−
∂

RE∂φ

(
[v]

1
2

[A]2
)
−

∂

∂p

(
[ω]

1
2

[A]2
)

flux divergence terms

+ [A] [S] sources/sinks

−
∂

RE∂φ
([A] [v∗A∗])−

∂

∂p
([A] [ω∗A∗]) flux divergence terms

+ [v∗A∗]
∂[A]

RE∂φ
+ [ω∗A∗]

∂[A]

∂p
conversion terms (5.50)

Note that in integrals over the entire atmosphere, the flux divergence terms vanish (because the φ boundaries are periodic
and the p boundaries are closed).



Kinetic energy balance equation – eddy

Similarly, we can obtain a balance equation for the eddy kinetic energy terms [A∗2]:

∂

∂t

(
1
2

[
A∗2
])

=−
∂

RE∂φ

(
[v]

1
2

[
A∗2
])
−

∂

∂p

(
[ω]

1
2

[
A∗2
])

flux divergence terms

+ [A∗S∗] sources/sinks

− [v∗A∗]
∂[A]

RE∂φ
− [ω∗A∗]

∂[A]

∂p
conversion terms (5.51)

In the derivation, we have neglected terms higher than second order in deviation from the zonal mean



Kinetic energy balance equation
Let us know calculate the balance equation for the mean kinetic energy

KM =
1
2

∫ (
[u]2 + [v]2

)
dm (5.52)

Consider the balance equations for u and v and note that Coriolis, pressure-gradient, and frictional terms are source/sink
terms in the language of (5.46):

∂u
∂t

= −
u

RE cosφ
∂u
∂λ
−

v
RE

∂u
∂φ
− ω

∂u
∂p

+
tanφ
RE

uv + fv −
g

RE cosφ
∂z
∂λ

+ Fr,λ (5.53)

∂v
∂t

= −
u

RE cosφ
∂v
∂λ
−

v
RE

∂v
∂φ
− ω

∂v
∂p

+
tanφ
RE

u2 − fu−
g
RE

∂z
∂φ

+ Fr,φ (5.54)

Applying the formalism of the preceding slides, we find that the advection terms in (5.53) and (5.54) yield flux divergence
terms in (5.50); the Coriolis terms cancel; the remaining terms are (taking integrals over the entire atmosphere)

C(KE , KM) =

∫ (
[v∗u∗]

∂[u]

RE∂φ
+ [ω∗u∗]

∂[u]

∂p
+ [v∗v∗]

∂[v]

RE∂φ
+ [ω∗v∗]

∂[v]

∂p
− [v]

tanφ
RE

[u∗u∗]
)

dm (5.55)

C(PM, KM) = −
∫ (

[v] g
∂[z]

RE∂φ

)
dm = −

∫
[ω] [α] dm (5.56)

D(KM) = −
∫ (

[u] [Fλ] + [v]
[
Fφ
])

dm (5.57)



Kinetic energy balance equations
Mean kinetic energy
The mean kinetic energy balance equation is

∂KM

∂t
= C (PM, KM) + C (KE , KM)− D (KM) (5.58)

where the terms represent conversion of eddy kinetic energy to mean kinetic energy, conversion of mean potential to
kinetic energy (through vertical motion), and dissipation of mean kinetic energy (by friction).

Eddy kinetic energy
The eddy kinetic energy balance equation is

∂KE

∂t
= C (PE , KE)− C (KE , KM)− D (KE) (5.59)

C (KE , KM) = as in (5.55)

C (PE , KE) = −
∫

[ω∗α∗] dm (5.60)

D (KE) = −
∫ (

[u∗F∗λ] +
[
v∗F∗φ

])
dm (5.61)

where the terms represent conversion of eddy kinetic energy to mean kinetic energy, conversion of eddy potential to
kinetic energy (through vertical motion), and dissipation of eddy kinetic energy (by friction).



Mean potential energy balance equation
Recall the mean potential energy definition (5.45):

PM =
cp

2

∫
γ
([

T̄
]
− T̃
)2

dm (5.62)

Beginning with the first law of thermodynamics

∂T
∂t

= −~V · ∇T − ω
∂T
∂p

+
ωα

cp
+

Q
cp

= −~V · ∇T − ω
T
Θ

∂Θ

∂p
+

Q
cp
, (5.63)

we can derive a balance equation for PM by multiplying (5.63) by γ([T ]− T̃), averaging zonally and temporally, and
integrating over the entire atmosphere:

∂PM

∂t
= G (PM)− C (PM, PE)− C (PM, KM) , where (5.64)

G (PM) =

∫
γ
(

[T ]− T̃
)(

[Q]− Q̃
)

dm (5.65)

C (PM, PE) = −cp

∫ (
γ [v∗T∗]

∂[T ]

RE∂φ
+ p−κ [ω∗T∗]

∂

∂p

[
γpκ

(
[T ]− T̃

)])
dm (5.66)

C(PM, KM) = as in (5.56)

Generation of mean potential energy is by the excess heating in the tropics; conversion of mean to eddy potential energy
is by down-gradient eddy transport of latent heat.



Eddy potential energy balance equation

By a similar procedure, we can use (5.63) to derive a balance equation for the eddy potential energy

PE =
cp

2

∫
γ
[
T ′2
]

dm +
cp

2

∫
γ
[
(T∗)2

]
dm (5.67)

which takes the form

∂PE

∂t
= G (PE) + C (PM, PE)− C (PE , KE) , where (5.68)

G (PE) =

∫
γ [T∗Q∗] dm (5.69)

C (PM, PE) = as in (5.66)

C (PE , KE) = as in (5.60)

Eddy potential energy is generated by heating of warm anomalies or cooling of cold anomalies.



Lorenz cycle



Lorenz cycle



Entropy cycle

Entropy generation by irreversible processes
Irreversible processes increase entropy. There are many such irreversible processes in the climate system: absorption of
radiation, turbulent dissipation of kinetic energy, precipitation, . . . Eventually, these irreversible processes would lead to a
highly disordered state where the general circulation has been dissipated by friction, the hydrological cycle has ceased,
etc. How does the climate system maintain its state of high organization?

The answer is that the climate system is not isolated from the environment, so that entropy transfer can occur across the
boundaries. Thus, the condition for maintaining constant entropy in the atmosphere is that the entropy fluxes (Fi/Ti ) across
the boundaries balance the entropy production terms (σi ) within the atmosphere:

Frad

Trad
+

FSH

TSH
+ σrad + σLH + σSH + σdis = 0 (5.70)



Entropy cycle


