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4. Surface of N-dimensional sphere* 3+2+3 Points

(a) Calculate the surface area Ω of an N− dimensional sphere ?

(b) Show that the surface of an N−sphere is for large N to leading order given by

Ω0 = exp

(
N

2
[1 + ln2π]

)
.

(c) Evaluate the surface of a cap on the N-sphere defined by all vectors J that make an angle
smaller or equal to θ with a given direction defined by the vector T . Show that this surface
is dominated by the rim of the cap ?

5. The annealed approximation* 4+4 Points

In the lectures, we have introduced the auxiliary variables

λµ =
1√
N

Jξµ , uµ =
1√
N

Tξµ

(a) Show that the joint probability density P (λ, u) is indeed a Gaussian probability density .
Start from

P (λ, u) =

〈〈
δ

(
λ− 1√

N
Jξ

)
δ

(
u− 1√

N
Tξ

)〉〉
ξ

where the average is with respect to a randomly chosen example ξ, which have the proba-
bility distribution function

P (ξ) =
∏
j

[
1

2
δ(ξj + 1) +

1

2
δ(ξj − 1)

]
Hint : you may use
The integral representation of the delta function

δ(x) =

∫
dx̂

2π
eix̂x

The Hubbard-Stratonovich transformation∫
Dt ebt = eb

2/2

where Dt :=
dt√
2π

exp(−t2/2)
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(b) Show that the distribution P (λ, u) has the moments

⟨⟨λ⟩⟩ = ⟨⟨u⟩⟩ = 0

⟨⟨λ2⟩⟩ = ⟨⟨u2⟩⟩ = 1

⟨⟨λu⟩⟩ = JT

N
= R.
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