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5. Quantisation of the Radiation Field 5+5+5 Punkte

In the absence of charges, and in the Coulomb gauge ∇ · A = 0, the electromagnetic field is
described by the Lagrangian

L =
1

2

∫
Ω
d3x

[
ε0 (∂tA)2 +

1

µ0
A∇2A

]
.

Here ε0 denotes the vacuum dielectric constant, µ0 is the vacuum permeability, and Ω is a cuboid
with extensions Lx, Ly, and Lz. Note that the speed of light is c = 1/

√
ε0µ0.

a) Derive the equation of motion for A by extremising the action S =
∫
dtL.

b) Find eigenfunctions Ak and eigenvalues ω2
k of the equation

−∇2A =
ω2
k

c2
A,

by using periodic boundary conditions. It may be useful to introduce, for each k, a set of
orthonormal vectors {ξk,1, ξk,2} which are both perpendicular to k. The time-dependent
solution then has a series expansion

A(x, t) =
1

Ω

∑
k,i

αk,i(t)Ak,i(x).

Insert this series expansion in the Lagrangian, and find the momenta

πk,i =
∂L

∂α̇k,i
,

canonically conjugate to the coordinates αk,i. Use the Legendre transform H =∑
k,i πk,iα̇k,i − L(πk,i, αk,i) to obtain the Hamiltonian.
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c) The classical Hamiltonian H({πk,i, αk,i}) can be quantised by imposing canonical com-
mutation relations

[αk,i, αq,j ] = 0, [πk,i, πq,j ] = 0, [αk,i, πq,j ] = i~δk,qδi,j ,

on the coordinates αk,i and their canonically conjugate momenta πk,j . In analogy to
the one-dimensional harmonic oscillator, we define photon creation and annihilation
operators

a†k,j =

√
ε0ωk

2~

(
α−k,j −

i

ε0ωk
πk,j

)
, ak,j =

√
ε0ωk

2~

(
αk,j +

i

ε0ωk
π−k,j

)
.

Show that ak,j and a†k,j obey the commutation relations of harmonic oscillator ladder

operators, and express the Hamiltonian in terms of ak,j and a†k,j .
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