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20. Tunneling between metal and superconductor 3+3+3+3 Punkte

The most important verification of the BCS theory of superconductivity came from electron
tunneling experiments, in which the energy gap as a function of temperature was measured and
showed excellent agreement with the BCS theory. In this problem electron tunneling between a
normal metal and a superconductor will be explored. The notation is the same as in Problem
19. There, we showed that the single particle tunnel current can be expressed as

Lingle = i€ [C’A AT( eV) — (C’XAT( 6V)>*}

= —2elm [CA (= eV)}

Here, the Fourier transform

Chal) = [ areicy
of the retarded correlation function

Cri 4t (8) = —iO(1)([A(1), A(0)])

is used, and the operator A is defined as

A= Z Tk7pc;r{cp.
k,p

a) We want to obtain the retarded correlation function CT . (w) via analytic continuation

A AT
from the imaginary time correlation function C'F At (zwn)
Show that

C 4t (iwn) Z|Tkp| TZGL i€, Ex)GRr(ie — iwn, &p).
k,p i€
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b)

d)

Use the spectral representation

dw A(w, &kp)

2 e —w

Gr,rlie, ékp) = /

for both Green functions to evaluate the Matsubara sum in the expression for

C’;’ i (iwy). Tt will be useful to perform a partial fraction decomposition and to make

use of the identity

Analytically continue iw, — w + in to derive the retarded correlation function, and
show that the current is given by

I= 262 T p|? /OO ;i—;AR(e,fk)AL(E + eV, &) [np(e) —np(e+eV)).
k,p

—0o0

Now make use of the fact that the tunneling matrix elements can be approximated as
being independent of momenta, i.e.

Tx,p = To,

and introduce the tunneling densities of states
1 1
pr(e) = 5= Au(e.&),  prle) = 5= > Ar(e, &),
2 - 27 =
to show that the tunneling current is given by

Irmsingle = 47['€QLQR|T0|2 / de pR(G)pL(G —+ eV)[nF(e) — TLF(G -+ CV)]
Here Qf and Qp are the volumes of the left and the right system, respectively.

Finally, use that for a normal metal pr(¢) = pr and that for the superconductor

el

o) = o AP

@(62 — Az),

to evaluate the current.



21. Kitaev Chain 3+2+2+3 Punkte

In this problem we will discuss a model for a spinless p-wave superconductor. We thus consider
a 1D chain of N fermions with periodic boundary conditions. The Hamiltonian is given by

N N N
H = —MZCIQ‘ - tz (c;rczurl + cg+lci) — AZ (Cz‘Ci_A'_l + c;rﬂcz) .
i=1 i=1 i=1

a) By Fourier transforming

5-

Cm = N Ek: elkmaka
and introducing the Nambu spinors U7 = (ak, aT_ k)v diagonalise the Hamiltonian and

calculate the spectrum.

b) Introduce the two Majorana fermions v, ; and yp,; by writing

1 .
¢ = 5 (ya +178,0);
with vg; = fyg ; and 8= A, B. Using the fermionic commutation relations

{ci,ej} = {cj,c}} =0, {ci,c}} = 0ij,
show that the Majorana fermions satisfy

{8,785} = 2654635

c) Show that the Hamiltonian can be written as

N—1
H=—it Z VAiVB,i+1

i=1
in the case where p =0 and t = A.

d) Now introduce a new fermionic operator

1 . .
dlzi(’yA,l_Z’YByl‘Fl)? ’L:]_,...,N_l.

Check that these new operators satisfy the usual fermionic commutation relations and
show that the Hamiltonian can be written as

N-1 1
H =2t did;— = ).
> (da-3)

What does the spectrum of this Hamiltonian look like? What is the degeneracy of the
ground state?



