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The Ground State of the Hydrogen Molecule!

HuBERT M. JAMES AND ALBERT SPRAGUE COOLIDGE, Harvard University
(Received October 3, 1933)

The method used by Hylleraas in treating the He atom
has been extended to the Hz molecule. The method consists
of setting up a wave function as a series in the five variables
required, electronic separation being introduced explicitly
as one of the variables. The coefficients are then deter-
mined so as to produce the lowest energy. The energy found
is within 0.03 v.e. of the most probable experimental value,
while the form and location of the potential energy curve

for various internuclear distances agree with those deduced
from spectra to within similar limits. The value of the func-
tion is computed for several configurations of the electrons,
and compared with other approximations. Application of
the method to other problems is discussed. A method is
given for the numerical solution of secular equations of
high degree.

INTRODUCTION

N constructing an approximate wave function
for the hydrogen molecule in its normal state
(regarding the nuclei as fixed), one may follow
several lines of attack. Heitler and L.ondon make
use of the unchanged functions of the individual
atoms, regarding the interatomic forces as small
perturbations. In a molecule as close-coupled as
H, this implied persistence of the identity of the
individual atoms is quite unjustified, and the
resulting wave function is a very poor approxi-
mation. In particular, it is inadequate in that it
is a function of only four electronic coordinates,
instead of the required five. Aside from con-
venience, the only advantage of the H-L scheme
seems to be that it yields a result in which the
energy of the molecule is represented as a sum
of terms, some of which are just the energy of
the separated normal atoms, so that these may
be cancelled out and the remaining terms called
‘binding energy.”

Several attempts have been made to improve
the H~L method by grafting upon it the variation
principle; the original atomic wave functions are
modified by the introduction of one or two
arbitrary parameters, which are then determined
so as to give the lowest energy. Such schemes do
give somewhat better results, but do not escape
the essential shortcomings of the original method

1 A preliminary notice appeared in Phys. Rev. 43, 588
(1933). Some minor numerical inaccuracies in that notice
have been corrected in the present paper.

—the implication of atomic individuality, and
the omission of an essential coordinate. Indeed,
they actually sacrifice the peculiar advantage of
the pure perturbation method, since the un-
changed atomic energy no longer appears in the
result.

In view of the theoretical weakness and
practical inadequacy of these methods, it seemed
to us worth while to explore rather carefully a
third possibility. Abandoning all concern with
individual atoms, we have tried to build up from
the ground a suitable molecular wave function,
containing the full number of required coordi-
nates. While guided by certain considerations of
limiting forms of this function, we have placed
our main reliance on the wvariation principle,
introducing a large number of parameters to be
determined by its use.

DiscussioNn or METHOD

Concerning the true function, we know the
following: The ground state being a Z state,
the function must have rotational symmetry
about the nuclear axis; that is, it may contain
only the difference between the azimuthal angles
of the two electrons, and not either angle alone.
It must be symmetrical in the two electrons and
also in the nuclei. In those parts of phase-space
corresponding to one electron at a large distance
from the nuclei, the wave function should
approximate the product of a H-like function for
the distant electron and an Hs*-like function for
the close electron, The last two conditions
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826 H. M.
suggest the use of elliptical coordinates and the
insertion of an exponential factor reducing to ¢
for either electron at large distances. The neces-
sary flexibility can best be secured by expressing
the rest of the function as a power series in the
five variables, with coefficients to be determined
by variation to produce the minimum energy.
Such coefficients can be handled much more
satisfactorily than parameters appearing in other
ways (for example, in exponents). Finally,
Hylleraas,? working on another two-electron
problem, the helium atom, has shown the ad-
vantage of taking the interelectronic distance
itself, rather than the difference in azimuthal
angle, as one of the independent variables.

Let the distances between the several particles
involved, expressed in terms of the first Bohr
radius, carry the usual symbols R, 71, 715, 72,
725, 713. LT hen our coordinates are

A= (ra+7w) /R, = (r2a+72)/R,

m=(ra—7ru)/R, pe=(r2a—rm)/R,

p=2rp/R,
and our trial function is
¥ = ZunitsCrnicsLnjkp],
where [mnjkp] stands for
(1/2m)e 80P (N ™ Ne™ur T pP -+ Mi " Ag™pa B e 07)

The summation is to extend over positive or
zerc values of the indices, subject to the re-
striction required by nuclear symmetry that
j+% must be even, and taking as many terms as
shall prove necessary to give an acceptable ap-
proximation for the energy. This approximation
will be found by computing the minimum value of
S SV HdV1dV; which can be obtained by suit-
able choice of the coefficients C, subject always
to the normalizing condition S S¥* @V id V=1,
and must always lie above the true energy.? The
same choice of C’s will then ensure that the trial
function is as nearly as possible a solution of the
wave equation Hy = Ey. The errors in the func-
tion itself will greatly exceed that in the energy;

2 E. A, Hylleraas, Zeits. {. Physik 54, 347 (1929).
? See, for instance, J. K. L. MacDonald, Phys. Rev. 43,
830 (1933).
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Eckart* has shown that if the errors are small,
the former will be of the order of the square root
of the latter.

In accordance with what has been said about
the limiting form of the function, the exponent
d should have the value R/2, but additional
flexibility can be secured without much addi-
tional calculation by regarding it as another
arbitrary parameter to be varied. It should be
noted that the effect of such variation upon the
wave function will be slight (at least in the
region where the function is important), provided
that the coefficients are allowed to re-adjust
themselves. For a small change in § is equivalent
to multiplication by a rapidly converging power-
series in A\; and Ag, the effect of which can be
almost completely absorbed by appropriate
changes in the coefficients of the smaller powers.
Now, the whole computation must be done from
the ground up for each new value of §, while
different values of R can be introduced with little
trouble. Let us limit ourselves to a definite
number, s, of terms in the series for . Then
for each value of 8 there will be one R for which
the best energy will be lower than it would have
been for the same R if we had used any other 8.
To find this, we must plot a series of curves
(similar in appearance to Morse curves), each
giving the energy computed with a given & for
various R's. The envelope of this family of
curves will then show the lowest energy ob-
tainable for any R with the corresponding most
appropriate 8, and each & used in computing
will be the best possible for that particular R at
which its curve osculates the envelope. (It turns
out that § should somewhat exceed R/2.)

For a given 8 and R, it can be readily® shown
that the values of the C's which minimize the
computed energy are those which satisfy the
system of equations

Hu—AS1) Ci+ (Hp— A5 G- - -

+ (IIL\: - xSl:z) Cs = O
(Hp—ASw) Ci4 (Hop — ASa2) Co+- - -

+ (H2s - x5'23) Cs =0
(Hls - h'S,].a> Cl’{"' <H2s e )\523) C2+ T

- (Hpy— AS,0) Co=0.

4 C. Eckart, Phys. Rev. 36, 878 (1930).
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Here ) is a Lagrangian multiplier, and the
condition of compatibility is the secular equation

Hy—NSuy  Hp—ASn Hio— A5y,
H12—)\Slg Ifzz"‘)\sz‘z H2s_)\52a 30.
Hls“' )\Sls H2s"'” )\523 }Iss - )‘Sss

The H;, and the Sy, are the matrix components
of the Hamiltonian energy operator and of unity,
respectively, between the fth and gth terms in
the series, considered as numbered consecutively
from 1 to 5. Details of their computation, of the
solution of the secular equation, and of the
determination of the C’s will be reserved for
the Appendix. As usual, the lowest of the s values
of M turns out to be the required minimum
energy, and can be found without determining
the C’s.

By way of finding out how many and which
terms in the series would have to be used in
order to get a good approximation for the wave
function, we confined ourselves in the beginning
to the equilibrium distance, R=14, and to
§=0.75. It soon became apparent that the first
few terms alone were capable of giving a far
better energy value than any previously reported,
and that incorporation of additional terms pro-
duced only rapidly diminishing improvements.
In some cases, even terms involving low powers
of the variables made such slight changes as to
warrant leaving them out. Of course, the in-
corporation of each new term required the
computation of its matrix elements with all the
terms already in use and the solution of a new
secular equation of higher degree. Strictly, a
term should not be neglected until it had been
tested in combination with all other terms. But
it soon became clear that the improvement
obtainable by any given term became progres-
sively less important as the number of other
terms present increased, so that we were justified
in rejecting any term which at any stage in the
building up of our function was found to produce
a negligible improvement in the energy.

REesuLTs

An idea of the results obtained is given in
Table I, in which the energy at several stages is

827
TasLe 1.
Total Binding
energy energy Internuclear
. atomic electron- distance,
Function units volts Bohr radii

One term —2.189 —-2.56 1.40
5 terms —2.33290 ~4.507 1.40
11 terms ~2.34580 —4.682 1.40
13 terms —2.34693 —4.697 1.40
Without Y12 —'2.3154 '-427 1.40
Heitler-London —2.21 -~29 1.40
Heitler-London —2.24 ~3.2 1.51
Wang ~2.278 ~3.76 1.42
Rosen —2.297 —4.02 i.416
Observed ~4,73+0.04 1.40

compared with that given by other methods, and
with the observed value. The last is obtained by
adding 0.27 v.e., the zero-point energy of the
normal molecule, to the heat of dissociation,
which is 4.46£0.04 according to Richardson and
Davidson,® while Mulliken® gives 4.44. Much of
the table is copied from Rosen,” who, however,
seems to have neglected the zero-point energy
in giving the observed value. The values in the
last column are those for which the various
functions {other than the series functions here
presented) give their best results. They are
sufficiently near R=1.4 for purposes of com-
parison, except the MHeitler-London function,
whose minimum energy lies at considerably
greater R, so that it seems worth while to
include also the energy given by this function at
the true distance.

TagLe II.

Terms Coefficients in normalized functions

F000007 1.69609 2.23779 2.29326 2.22350
(00020 ] 0.80483 1.19526 1.19279
[00110] -0.,27997 —0.49921 —0.45805
(10000 ] ~0.60985 —0.86693 —0.82767
110200] —-0.13656 —0.17134
110020 ] —0.07214 —0.12101
[10110] 0.14330 0.12394
{ 20000 ] 0.06621 0.08323
[00001] 0.19917 0.33977 0.35076
[00021] 0.07090
[00111] —0,03143 —0.01143
10001 ] —0.03987
100002 ] —0.02456 —0.01197

5 0. W. Richardson and P. M. Davidson, Proc. Roy. Sac.
A123, 466 (1929).

6 R. S. Mulliken, Rev. Mod. Phys. 4, 78 (1932).

7 N. Rosen, Phys, Rev. 38, 2099 (1931).
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The terms used in the first four functions of
Table I, together with their normalized coeffi-
cients, are given in Table II. It is interesting to
note that the simple exponential wave function,

6_5()\1+)‘2) =~ e'_"la/2 >< e "N b/2 X g*rza/2 X e'_"zb/2

already gives a binding energy comparable to
that of the H-L function; indeed, by a suitable
choice of § the result can be made better, when
for both functions R=1.4. In the energy thus
calculated, there is nothing resembling the “‘ex-
change integrals” of the H-L treatment; this
raises the question whether the importance of
the ‘“exchange terms,” frequently assumed to
represent the essential nature and magnitude of
chemical binding, may not have been over-
emphasized. The five-term function is offered as
a practical compromise between simplicity and
accuracy. The reason for including both 11- and
13-term functions is really accidental. Due to a
mistake, we at first believed that the contribu-
tions from the terms [00021] and [10001] could
be neglected, and we therefore took the 11 terms
as a basis for investigating the effects of varying
8 and R (discussed later). The results showed
that in fact we had hit upon the best possible
values of both. In going over the work, we
discovered the mistake, and found that a slight
improvement could be obtained by including the
two given terms, and we therefore offer the 13-
terms function as the best known approximation
to the true wave function of Hs. It did not seem
worth while to repeat the variations of § and R
with this slightly different form of the function.

The energy given by the 13-term function is
within the range fixed by experiment, but higher
than the most probable value. It is beyond
doubt that if still more terms were included, the
result could be still further depressed. We have
made a rather careful estimate of what could be
gained in this way, reasoning by analogy from
the contributions actually found from series of
related terms; it seems safe to say that we have
reached the limit of convergence within from
0.01 to 0.05 volt. The theoretical energy of the
hydrogen bond is, then, 4.734-0.02 volt, as
compared with the experimental 4.73+0.04 volt.

We found it possible to reach the value —4.27
with a combination of terms with =0, and
therefore not including 71; in the wave function.

JAMES AND A. S.
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(The coefficients were not determined in this
case.) This is substantially the same as the value
reported by Hylleraas® as the best which he
could obtain by an involved computation which
he does not reproduce, and is probably close to
the limit obtainable with wave functions in four
coordinates.

It may be of interest to compare the magni-
tudes of some of the functions themselves,
computed for various positions of the electrons,
and to see how nearly they satisfy Schrodinger’s
equation, Table III shows values of ¢ and of

TasLe III.

Coordinates

716 0.35 0.35 0.35 0.35 1.4 1.4

(413 1.4 1.4 1.4 1.4 1.4 1.4

r2a 0.35 0.7 0.7 0.7 1.4 1.4

rb 1.75 0.7 1.4 1.4 1.4 1.4

712 0.525 0.7425 0.3556 1.0334 0 2.4249

@12 — — 0° 180° 0° 180°

Values of ¢ (normalized)

H-L 0.0532 0.0849 0.0533 0.0533 0.0219 0.0219

Rosen 0.0702 0.1215 0.0710 0.0710 0.0249 0.0249
5-term 0.0798 0.1172  0.0698 0.0777 0.0162 0.0271

11-term 0.0783 0.1180 0.0667 0.0777 0.0130 0.0271

13-term 0.0769 0.1162 0.0656 0.0772 0.0142 0.0269

Values of (H-E)y, in 27.08 volts

H-L —0.0425 —0.0481 00460 —0.0522  0.0313/p—0.0052

Rosen  —0.0310 —0.0015 00879 —0.0429  0.0356/p —0.0038
5-term  0.0148  0.0093 0.0653 —0.0097  0.0102/p —0.0002

11-term 0.0117 0.0109 0.0356 —0.0060 —0.0034/p~0.0005

13-term 0.0055 0.0060 0.0269 —0.0021 0.0028/p —0.0009

(H—E)y, calculated in each case for R=14;
the unit of energy is here (as in all our compu-
tations) 27.08 v.e., twice that adopted for
purposes of comparison in Table 1.

It is natural to regard the discrepancies
between the various functions as a rough indica-
tion of their probable errors. The differences
shown in Table III are representative of a large
number of points which have been calculated.
Evidently the H-L function is much too diffuse,
giving ¥? only about half its proper value in the
region of importance, and a corresponding ex-
cessive value in more remote regions in order to
preserve normalization. Between the other func-
tions no systematic differences are conspicuous
except when we compare points in phase-space
for which the elliptical coordinates of the two
electrons are respectively the same, but the
differences in azimuth, and hence the inter-
electronic separations, are different. Columns 3

8 E. A. Hylleraas, Zeits. {, Physik 71, 739 (1931).
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and 4, 5 and 6, offer such comparisons. Here the
present functions show their characteristic ad-
vantage of being able to assume smaller values
for the smaller electronic separations.

The discrepancies are in general in good
agreement with Eckart's! criterion, which can
be thus stated: the root-mean-square error in ¢
is equal to (¢/AE)?} where € is the error in the
calculated energy, and AE represents a kind of
average of the separation between the lowest
energy level and the other levels of the same
symmetry. According to Mulliken,® the second
lowest 1Z,* state has an energy about 20 volts
above the ground state (for R=1.4). The state
of complete ionization of the fixed-center mole-
cule would evidently have the positive absolute
energy 19.3 volts (due to nuclear repulsion), or
51 volts above the ground state. If we take AE
as 35 volts, € as 1.8, 0.71, 0.22, 0.05, and 0.03
volts for the five functions, respectively, the
mean errors should be 23 percent, 14 percent,
8 percent, 4 percent, and 3 percent. The errors
in ¥2, and presumably in quantities calculated
by its aid, will be double these figures.

Corroboratory evidence is offered by the values
of (H—E)y. This quantity, which vanishes for
the correct function, seems on the basis of five
computed points to tend to amount to something
like 80 percent, 40 percent, 12 percent, 9 percent,
6 percent, of . Reasoning similar to Eckart’s
(see Appendix) leads to the conclusion that the
root-mean-square average of these ratios should
be somewhat greater than (eXAE)?}, or 29 per-
cent, 19 percent, 10 percent, 5 percent, 4 percent,
respectively. The magnitude of (H—E)y/y
varies greatly from point.to point, but at each
point there is a clear tendency for the values to
run proportional to the square-roots of the
assumed energy errors, thus indicating that those
errors are indeed of the right order of magnitude,
and that the correct function would give the
experimental value.

It is instructive to see what happens when the
electrons coincide and r;,=0. Since the term
1/r12 in the potential energy becomes infinite,
Schrédinger's equation requires either that ¢
vanish or that a cancelling infinite term arise
from the Laplacian or kinetic energy part of the
operator H. The second alternative is evidently
the correct one. In the fifth column of Table III,
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the entries under (H — E)y show the coefficient
of the 1/p term in Hy, which outweighs all
other terms as p becomes small. In the H-L
and Rosen functions, this term comes solely
from the potential energy; in the series functions,
especially the 13-term function, cancellation by
a term from the Laplacian is approximately
complete. The function itself shows no sign of
approaching zero as it is made more accurate.

In order to see whether still lower energy
values could be obtained by varying 6 and/or R,
we computed a number of energies for different
values of these quantities, using the same eleven
terms in the series. As a basis of comparison, we
took as ‘‘observed” wvalues those given by a
Morse curve constructed as recommended by
Mulliken,

U@r)=D.J1—eot—a], a=(27%ucwl/hD )}

taking D.=4.73 e.v., w,=4375cm™, 7,=1.40 a .
u=0.8300%1072%¢ g.

TaBLE IV,

R 1.2 1.3 1.4, 1.5 1.6 1.7
Binding {6 =0.875 —4.67 —4.63 —4.52 —4.35
energy,js=0.735 —4.41 —4.62 —468 -—4.63 —4.49
electlron- Morse —4.49 —4.67 —4.73 —4.68 —4.57 —4.40

volts

The results are summarized in Table IV. The
significance of these results will best be seen
from the graph, Fig. 1. It will be noticed, first,
that the choice already discussed, §=0.75, R

NN .
. \\JE//

-47

-48

12 13 14 15 16

F16. 1. Energy of H; in electron-volts, against separation
of the nuclei, in Bohr radii. (Energy of dissociated molecule
taken as zero.) Lowest curve is ‘“experimental’” Morse
curve. Circle indicates point computed with §=0.75, 11-
term function. Cross indicates point computed with
5=0.875, 11-term function. Double circle indicates point
computed with §=0.75, 13-term function.
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TABLE V.
Coefficients

.................. §=0.75...... ... .. ..... e 8=0875. L
Terms R=1.2 R=1.3 R=14 R=15 R=14 R=1.5 R=1.6 R=1.7
[00000] 2.64085 2.47282 2.29326 2.10831 2.55009 2.42055 2.28454 2.14343
[00020] 1.05889 1.14862 1.19526 1.20876 1.32769 1.46843 1.56080 1.61252
{00110] —0.35865 —0.44227 —0.49921 —0.53385 —0.48136 —0.59679 —0.68500 —0.74964
(10000} —0.75010 —0.82703 —0.86693 —0.87515 —0.76638 —0.84500 —0.89956 —0.92919
[10200] —0.07001 —0.10926 —0.13656 —0.15443 —0.06026 —0.12001 —0.16569 —0.19941
[10020] —0.00474 —0.04501 —0.07214 —0.08931 +0.03746 —0.02644 —0.07409 —0.10817
[10110] 0.05723 0.10936 0.14330 0.16388 0.03528 0.11560 0.17625 0.22060
[20000] 0.06082 0.06100 0.06621 0.07168 0.07933 0.07208 0.07421 0.07970
[00001 0.46092 0.39769 0.33977 0.28909 0.54697 .0.48577 0.42713 0.37287
[00111 —0.01097 —0.02408 —0.03143 —0.03508 —0.00316 -0.02137 —0.03420 —0.04269
(00002} —0.02616 —0.02596 —0.02456 —0.02264 —0.03099 —0.03198 —0.03135 —0.02974

=1.4, gives the lowest energy of any calculated.
Second, that the curve for §=0.75 lies parallel
to the Morse curve and 0.05 above it at R=1.4,
while the same is true of the curve for §=0.875
for R=1.6. In view of the small effect of changes
in §, it seems safe to conclude that, within the
region studied, and to an accuracy of 0.01 v.e.,
the envelope of a family of curves having various
8 values would be given by calculating the
energy for each R with 26=1.08R, and that this
envelope would lie 0.05 v.e. above the observed
Morse curve. It follows that the calculated
equilibrium distance and fundamental vibration
frequency agree sensibly with the observed. It
must be admitted, however, that the cogency of
this reasoning would be much re-enforced by an
actual computation with §=0.625, say, in order
to exclude the conceivable possibility that for
some R near 1.4 a still lower result might
come out.

The coefficients of each term in the series
were computed for all cases. They vary in a
regular manner as R and & are changed, showing
no such sharp maxima or minima as the param-
eters in Rosen’s paper. They are shown in
Table V.

OTHER POSSIBLE APPLICATIONS

The excited Z states of Hs which, like the
normal state, are singlet, with wave functions
symmetrical in the nuclei, can be attacked by
the same general method. Hylleraas and Und-
heim® have shown that the second lowest root
of the secular equation is an upper limit for the

9 E. A. Hylleraas and B. Undheim, Zeits. f. Physik 65,
759 (1930).

energy of the second lowest state of the given
symmetry, and so on. Thus, by investigating
the values of the higher roots for various choices
of R and § we may hope to gain approximations
to the potential curves for the excited states.
Of course, this may demand the use of more
terms than are needed for the ground state, or
even the use of the exponential e~%1»—82%: in
place of ¢e~?™i+*) The various singlet T states
antisymmetric in the nuclei can be investigated in
the same way, by using those terms in the series
with j+% odd, and the triplet T states by using
the series in which differences instead of sums
occur:

U= ZnikpCmnjrpe ST (NP Ny Tk o7

— M"Ne"usf e p?).

Once the computation for the singlet states has
been carried out, the triplet states can be
treated with very little labor. Some work on
excited H; has been done in this laboratory, and
will be communicated later. So far, the results
are disappointing.

In applying a similar method to molecules
with but two electrons outside closed shells,
one would attempt to represent the inner shells
by the wusual atomic functions, the wvalence
electrons by a series function. When only terms
with p=0 are used, the work is straightforward
and not too difficult. The introduction of the
terms with 7;; involves the evaluation of some
exceedingly formidable integrals, and it seems
that some modification of these terms will be
needed. This is now being investigated in relation
to the normal states of LiH and Li..
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MATHEMATICAL APPENDIX

Evaluation of matrix components

Consider the matrix components of unity and of energy arising between any two terms in the
series from which the wave function is constructed, say the terms [mun.jokupa] and [mensjrksps ].
Each term contains two sub-terms, which we may designate ., ¥./, and s, ¥/, respectively; they
differ by interchange of indices between electrons. The matrix component of unity will have the form

Sab = ffd Vld szl/a% +ffd V1d Vz'\[/alpb, +ffd V]_d Vz‘ll/a,\bb +ffd V1d Vzllla’¢b’.

It will be sufficient to consider the first of these integrals, which we may call s.. Four similarly
related integrals will form the matrix component of the energy; the first of these will be

hab:fdeIdVﬂI/aH‘pb

- f AV Vel — 19— 392+ (1/R) (142/p— 40/ (O — ) — e/ Ot — )} T

Owing to the fact that the complete terms y,+¢, and ¥,+y¢, contain the coordinates of the
two electrons symmetrically, we may use instead the simpler integrals

W oy = f f AVAVabl — v+ (1/R) {142/ p—8ha/ O — )} W,

Then
Hab = h’ab + h',a'b' + h,abl + h,u'b~

In performing these integrations, we were not able to utilize the device adopted by Hylleraas for
He, using p directly as one of the variables of integration. We found it necessary to transform the
powers of p into elliptical coordinates, by means of the equations

p? = M2 NP pe? — 2 — A happe — 2L (M2 — 1) (A2 — 1) (1 — 1y?) (1 — o) JH cos (1~ ¢2),

@w o A
=5 £ 0:2:(})) Qf"(
=0 »=0 )\2

D=2r+1; D=(—1X2Q2r+1D)[(r—»)!/(v+») ] for »>0.

A
)\2)P," (u1) P+ (u2) cos v{¢1— ¢2), (notation of Zener and Guillemin!®)
1

Now, the required quantities may all be found in terms of integrals defined thus:

1
X(m,n, j, 'k, p) 54—‘; ff f ff f (M2 — ) e BOHDN N T *pPd N d Nod pydpad o1 3.
T

The indices are all zero or positive, except that p may have the value —1.
Remembering that d Vid Ve = (1/64) R8(\ % — ui®) (A? — po?) dMdNedpidad ¢1d @2, we find at once

Sap = (1/64)R8[X(ma+mb, na+nb+2, ja+jby ka+kbr pa+Pb)

— X (matmp, natnv, jatjo, katko+2, patps) .
We shall abbreviate this to

Sep=(1/64) RS X (02000) — X (00020)].

10 C, Zener and V. Guillemin, Jr., Phys, Rev. 34, 999 (1929).
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In k', the only troublesome part is that arising from the Laplacian. Insofar as the coordinates
of electron 2 are concerned, we may write ¥, as constant X Ly(Ag) Mp{u2) Po(p). Then
Vs /s = ValLe/ Lo+ Ve My/ Mo+ Vo Ps/ Py +2VaeLy Vo Po/ Lo Py+2Ve My Vo Py / My Py;
(since the term in VaLj- VoM always vanishes, the coordinates being orthogonal). Now, in general,
V(o) =[4/R** IX [20df/dp+p"d*f/dp® ];
VN, w) =[4/R* (N — ) IX (2N of /ON+ (N — 1) 8%/ ON*— 2u Of /du+ (1 — w?) 8% /9 ];
VIO 1) vg(N, ) =[4/RAN — ) IX LN — 1) (8f/9N) (9g/0N) + (1 — w*) (9f/ 9} (3g/0m) 1.

Puttin
§ Ly= e ap,ms, M= ps®s, Py=pP,

[P —1) /N0 P/ N = 506 Pop [ 02 — M2 N — ua® — pa® -+ 2Mypurin/ N ]
(1 —ue®) /u2J0Pu/dua = — 5o Pop [0 — M2 — No® — 4= pe® + 2Mihapas / ]

we find

and finally

YaVai¥s = [4atls/ RPN — 1) 1X { 2(m5 — 8hg) + (1 — 1/N%) (m5(mp — 1) — 28np)a+67Ne%)
—2ke+(1/u?— 1) (Re(ko— 1))+ (Po/ o) L(ps+ 1) (A? — p?)
- (75— 8Ng) (02 — A2 No? — i — pia® + 2N/ N2) — ko (0% — M2 — No? — pa® + o + 2N hopur /1i2) 1} -

This can evidently be integrated in terms of the functions X previously defined. But a somewhat
shorter expression for the integral can be found. By Greene’s theorem, for properly continuous
functions which vanish canonically at infinity,

fd VapaVohfs = %fd Va(¥aVol¥s+¥5Vea ~ 2Vaa- Vo).
We note g
Voba* Vabn/Yals = VeLla' VoLo/LaLy+VeMa Ve My/ Mo My+VoPo VoPo/PoPy+Vila- VePs/ Lo Py
+veMoVaPs/ MoPo+VoLeVePo/ Lo Pt Ve My VaPo/ My Po.
When this is evaluated, some cancellation occurs, and the final formula is
I a5 = (1,/64) R5{ X (02000) — X (00020) +2X (0200 — 1) — 2X (0002 — 1) — 8 X (01000) }
— (1/64) R [ (1 —15)* — (ka— k0)*+ (ma+13) — (ka+ k) + (Pa— p3) (o — 15— ka+E3) ]X (00000)
— 45X (01000) — [ (1o — 15)? — (a+n5) JX (0 — 2000) + [ (ko — ks)? — (ka+k3) JX (000 —20)
+[(pa=—po)*+ pat pot (Po— Po) (Mo~ 1o+ ka— ks) JLX (0200 — 2) — X (0002 — 2) ]
— (pa—p3) (a—ny— (ka—k3)) [ X (2000 —2) + X (0020 - 2) ]
+2(pa—pu) (a— 1) X (1 —111—2) — 2(pa— ps) (ha— k) X (111 =1 - 2)}.

(The same abbreviation as before has been made in the argument of the X’s.)
In discussing the computation of these integrals, it will be expedient to introduce the abbreviation
a=28. Let us define the more general function

Xo(m, 1, J, by 9) =22 (mA2, 1, j, by §) — Z(m, 1, 342, By )
Zo(m, . 3, b, )= (1/4?) f f f f f f €= O NP A y bp? M cos? (1 — pr)ddNdidund nd g

=M -1 = 1)1 —u?) (1 —pd).
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This evidently reduces to the previously defined X (m, , j, k, ) when v=0.
For p=0, we have

Z(m, n,j, k, 0) =44 () An(a) /(G+1) (+1),
Z'(m, n, j, b, 0) =0,
Z"(m, n, j, b, 0) =8[Amsa(@) — An(@) A ns2(@) = An(e) 1/ G41) G+3) (k+1) (k+3),

when j and k are both even; otherwise the integrals vanish. (Here, as usual, 4 ,(c)= S 1"A"e~* .
For details of computation and tables, see Rosen’s paper.!)

For p= —1, the Neumann expansion of 1/p yields

Z(m, n,j, by —1) =3 Qe+ 1)R.G)R, (k) Hy(m, m, @),

7=0

Z'(m,m, g, by —1)=~3. [1/7(r+ D) IR (DR (B) X[ 27+ 1) /7(r+ 1) JH (m, 7, ),

=1

Z"(m, m, G, b, —1) =3 3 [1/Q2r+3) (20— 1) (r4+2) (r+ Drlr— D IR G)R," (k)

=2

XL2r+3)Q2r+1)2r—1)/(r+2) (r+ V) r(r — 1) JH," (m, n, )

33 Qe+ DR~ R (G+2) (Ro(k) — Ry (k+2))

=0
X[H(m~+2, n+2, o) —H,(m+2, n, a) —H,(m, n+2, &) +H,(m, n,a)].

Here, R,”(j)= S Tdu(1—u2)"2P(u)u?. Rosen has discussed and tabulated this integral for »=0.
The other cases are readily obtained from the elementary theory of associated harmonics. They
exist only for even or for odd , according as j+ v is even or odd, and vanish for all values of 7 greater
than j+», so that the summation over r contains at most a few terms.

The other integral

e} 0o >\1 )\
H,(m, n, a) Ef d)\lf dh[ (AM2—1) (N2 — 1)]"/213,”()\ )QTV(;) ) VE0 WLPRLTeSea B
1 1 1

2

is familiar in molecular problems, at least for »=0. Rosen gives a method for computing He(m, #, )
(his formula A19). With the aid of his function S(m, n, «) (formulas A13, A14), and the following
recurrence relations, other values can be found readily:

H(m,n, a) =Hy(m+1, n+1, &) —S(m, n+1, &) = S(n, m+1, a).

H.(m,n, ) =1/ [(2r—1)°H,1(m~+1, n+1, &)+ (v —1)*H,—2(m, 1, &)
—(2r—1)(27=3)(H,—s(m+2, 5, &) + H,_o(m, n+2, a)) +2(27—1)(2r = 5)H,s(m+1, n+1, a)
—2r=1)2r =T H,s(m+2, 1, &) +Ho_s(m, n+2, @) +2(27—1) 27— 9 H, _s(m~+1, n+1, a)
—+++] until either

(for even 7) —2r—1D)[Ho(m~+2, n, o) +Hoim, n+2, a) —S(m+1,n, a) —S(n+1, m, a)] for 7> 1.

(for odd 7) +@2r—1[2Ho(m+1,n+1, @) —S(m, n+1, o) —S(n, m+1, a) ].

[(2r4+1)/r(r+1)JH (m, n, @) = (r+ 1) H a(m, n, &) — 21+ 1) Ho(m+1, n+1, o) +7H,a(m, n, o).

u N, Rosen, Phys, Rev. 38, 255 (1931).



834 H. M. JAMES AND A. S. COOLIDGE

[Qr+3)2r+1)2r—1)/(+2)(r+ D r(r— 1) JH," (m,.n, &)
=7Q2r—1[274+3)/+1)(v+2)JH 1a(m, 7, @)
—(2r4+3)2r—D[Q2r+ 1) /r(x+ V) ]JH (m+1,0n+1,0) + v+ 1) 274+ 3) [27— 1)/ (+— D1 JH roa(m, m, ).

(The factors in brackets [ ] before H' and H"' are left in explicitly because for purposes of compu-
tation they may conveniently be considered part of the functions.)

When X” has been tabulated for =0 and p= —1, it can easily be found for positive values of p
by means of the relation (with the usual abbreviation)

X*(00002) = X*(20000) +X*(02000) + X (00200) + X*(00020) — 2X*(00000)
—2X*(11110) — 2X*+1(00000).

A corresponding relation holds also for Z*.

Solution of secular equation, and determination of constants

The complexity of the secular equation of course necessitates determination of the roots by trial
and error. The following process seems to be the simplest available, and puts the work in a particu-
larly satisfactory form for the determination of the constants. Choosing a trial value of \ in the
proper neighborhood (known from experiment, or experience with a similar function), we may write
the s equations which must be satisfied by the coefficients C in the form

Zdifc'r:()y 7:=1; 21 S, dir=Hir'—>\Si‘rc

=1

This set of equations is equivalent to another set, obtained from it by progressive elimination of
the variables C,, in which there is one equation involving s of the C’s, one in (s—1)C’s, and so on.
Let these equations be

3D C,=0, i=1,2, - s

=1

The D’s are conveniently found by the recurrence relation

n—1
Dnr =dm"— ZDvan/Drw

y=1

starting with Dy, =ds,. Because the d's form a symmetrical matrix, it will be found that D, vanishes
automatically for r<#. A convenient numerical check is provided by the fact that the quantities
2.D., should be obtainable from the quantities 2,d., by means of the same recurrence relation.

If X has been properly chosen, the last factor D,, will vanish, and the last equation D,,C,=0 will
permit C, to be set arbitrarily equal to 1 (or any other number). Since the secular determinant is
easily seen to be just the product of the diagonal factors D;;, the value of N so determined is evi-
dently that which makes the determinant vanish. The remaining C’s may be immediately determined
by successively substituting C, in the (s—1)st equation, C, and C,_; in the (s—2)nd, and so on.
The provisional coefficients are then used to compute S f/'dVidVyy?; upon division by the square
root of this quantity, a set of normalized coefficients is obtained.

Should D, vanish for n <s, the meaning is that the value of A chosen happens to be an exact
solution of the secular equation containing only the first # terms. In this case (and also in practise
if D,y is very small), the procedure for subsequent D’s breaks down. If, nevertheless, it is desired
to find the value of the whole determinant, the order of the original terms must be changed, placing
at least one of the originally first # terms in a position later than the nth.
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In general, of course, the chosen value of M will prove incorrect, the last factor, and therefore the
whole determinant, failing to vanish. In order to find a value of N making D,, negligibly small, the
above process is carried out for two assumed values of \ lying rather near the root, and preferably
enclosing it, as shown by the last factor having opposite signs in the two cases. The root can then
be quite accurately determined by considering the value of the determinant (not the last factor) as
linear in M, and interpolating. If the coefficients are desired, they must be obtained by a new compu-
tation using the interpolated M, as it is not safe to try to interpolate the individual D’s which deter-
mine the coefficients.

It may be mentioned that by this method an 11-row determinant with six significant figures can
be evaluated and checked by an experienced computer in a little over two hours.

Order of magnitude of (H—E)y

Suppose our approximate wave function ¢ expanded in terms of the correct wave functions ¢,
of proper symmetry, with coefficients a., such that a, is nearly unity, and Z.e.2=1. Let E be the
energy calculated, and E, the correct energy for the nth function. Then

E= f YITYdV = f ( ;a,w,) ( &,E.,%)d V=Xa B =atEit a0 E,

=2

= (112E1+EZ(1,-2 = 012E1+E(1 - 012) ’

=2

where E is some value between E; and E,. Similarly we can show that
#= [[01-EWPdV=0BaBy+(E-EP(-a),  Fa<B<E..
Eliminating 1—ay? gives 8= (E,— E)[E,— E+ {(E— E)*— (Ey— E)*} /(E1— E)].

Assuming that (E —E)/ (E — E,) is of the order of unity, and neglecting higher powers of e=E —E;,
we have 8=~ (E,—E) (El—E). This is a lower limit, since it can easily be shown that E>E.

Note added in proof:

A minute error has been found, affecting the energy by 0.003 e.v. Corrected coefficients will
be published as soon as possible.



