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1 Introduction

These lecture notes cover the “physics” part of the Mathematical Physics 1 & 2 courses at Leipzig Uni-
versity. We will touch on the following topics in this course: classical mechanics (Newtonian, Lagrangian
and Hamiltonian), Lagrangian field theory, gauge theories, Lorentzian geometry and general relativity and
quantum mechanics.

Since these topics all concern objects and concepts that are entirely well-defined mathematically, we can
cover them with a similar style and precision as topics in mathematics. In contrast with typical physics
texts on these topics, we will therefore put an emphasis on mathematical rigour. Roughly, this means that,
we will always try to keep track of the domains and codomains are of all the maps that we consider, and
we will make any underlying additional assumptions explicit. The tools and mathematical concepts that are
necessary for this kind of approach will be covered in the “mathematics” part of this course.

Throughout the notes, there will be exercises, which are intended to help you interact with the text in
an active manner. They are optional and are supplemented by problem sheets.

If you spot any typos or other errors, please let me know!



1.1 Some useful literature

Below you can find a list of literature that complements these lecture notes.

Classical mechanics

e Arnol’d, Vladimir Igorevich. Mathematical methods of classical mechanics. Vol. 60. Springer Science
& Business Media, 1978.

e Thirring, Walter. Classical mathematical physics: dynamical systems and field theories. Springer
Science & Business Media, 1997.

Lagrangian field theory

e Thirring, Walter. Classical mathematical physics: dynamical systems and field theories. Springer
Science & Business Media, 1997.

e Frankel, Theodore. The geometry of physics: an introduction. Cambridge University Press, 1997.

Gauge theories
e Frankel, Theodore. The geometry of physics: an introduction. Cambridge University Press, 1997.

e Gutwoski, Jan. Symmetries and Particle Physics.,
, 2007

Lorentzian geometry and general relativity
e Wald, Robert M. General relativity. University of Chicago press, 1984.

e Hawking, Stephen W., and Ellis, George F.R. The large scale structure of space-time. Cambridge
University Press, 1973.

e Reall, Harvey. Mathematical Tripos Part III: General relativity.
, 2022

e Lee, John M. Introduction to Riemannian manifolds. Springer, 1997.

Quantum mechanics
e Hall, Brian C. Quantum theory for mathematicians. Springer Publication, 2013.

e Reed, Michael, and Simon, Barry. Methods of Modern Mathematical Physics, Volume IV: Analysis of
Operators. Academic Press, New York, 1978


http://personal.maths.surrey.ac.uk/st/jg0033/Resources/lectnotes(master).pdf
http://personal.maths.surrey.ac.uk/st/jg0033/Resources/lectnotes(master).pdf
https://www.damtp.cam.ac.uk/user/hsr1000/part3_gr_lectures.pdf
https://www.damtp.cam.ac.uk/user/hsr1000/part3_gr_lectures.pdf

2 Classical mechanics

We will refer to the vector space R* as spacetime and we will write it as follows:
R* =R, x R3.

The motion of a system of N € N particles is the map:

y:R; DT — RN,
v(t) = (x1(t), x2(t), ..., xn(1)),
x;(t) eR® V1<i<N.

We will make use of the following standard notation in Newtonian mechanics:

(=2,
. d2(
()= dt(2)'

Given a vector (t,x) € R x R3, we will denote 2° = ¢ and 2 = x* for i <i < 3.
Given masses m; € R, and suitably regular functions F; : Ry x RV x RN — R2 withi =1,..., N,
Newton’s equations comprise the following system of ODE (ordinary differential equations):

miki(t) = Fi(t,y(£),4(t) 1<i<AN. (2.1)

We interpret x;(t) as the position vector of the i-th particle at time ¢ and F; as the force acting on the i-th
particle, which is fixed by the physical setting under consideration. Equation (2.1) can then be interpreted
as the statement of Newton’s Second Law (“force equals mass times acceleration”).

Newton’s Principle of Determinacy is the statement that the motion of a system of NV particles is uniquely
determined by the specification of their initial positions and velocities. Continuous dependence on initial
data roughly says that small changes in initial positions and velocity lead to small changes in position and
velocity and later times. From the perspective of the ODE (2.1), this becomes a theorem:

Theorem 2.1 (Local well-posedness of Newton’s equations). Let F; be locally Lipschitz continuous for all
1 <i<N. Giventyg € R and (v9,71) € RN x R3N | there exists a T > 0 and a unique C' solution
v (to—Tito+T) = RN to (2.1) satisfying

(73 ’Y)(tO) = (70) ’71)

Furthermore, for all € > 0, there exists a § > 0, such that if two data sets (yo0,71) and (F0,71) satisfy

I[(v0 = F0,71 — T1)|] <0,

then for all t € [to — T, to + T] with T < T

1o =50, =)D <€,

Proof. Existence and uniqueness follows directly from the Picard-Lindel6f Theorem for local existence and
uniqueness of ODE, after rewriting the system as a first order system with y,; := x;, z; := %X;, so (¥4,%;) =
(z;, F;). Continuous dependence of data follows from a Gronwall inequality. O

For general F;, global existence and uniqueness are not guaranteed, nor is it possible to write down an
expression for 7 in closed form. We will, however, encounter important examples for F; where we are able
to make sense of solutions globally.



Example 2.1. Consider a 1-particle system on R with mass m =1 and F : R x R — R with F(x,v) = av
and x(0) = xg, ©(0) = 9. Then (2.1) gives:
I =T,
which is equivalent to
&= A+ 22

with A = &g — 22. Consider initial data such that A = 0.
When tg # 0, this is equivalent to the integral equation

z(t) t
/ Yy 2dy = / dt.
o 0

which has solutions x(t) = ﬁ that are only well-defined for t < xal ort > %—1. Assuming additionally
0

that the initial data satisfy xo > 0 therefore implies that the solutions will only exist up to t = a:o_l.
EXERCISE: What can you say when the initial data satisfy o =07

2.1 Principles of relativity

Newton’s First Law can be roughly stated as follows: “for a mechanical system consisting of only one particle,
the acceleration with respect to inertial coordinates is zero”, i.e. the particle will move in a straight line and
with a constant velocity. In order to make this more precise, we will introduce the notions of Galilean

transformations.
Consider Euclidean space, which is the pair (R™, (-,-)), where (-, -) : R® — R™ — R is the Euclidean inner

n

product: (z,y) = >, z'y".

Definition 2.1. Galilean transformations are affine maps' g = (¢°,g) : Ry x R? — Ry x R? that preserve

time intervals in Ry and norms in RY, i.e. for all (t1,%1), (t2,%2) € Ry x RY

19°(t1,x1) — g% (t2, x2)| = [t1 — t2],
lg(t1,x1) — g(t1,%2)| = [x1 — %2

We denote with Gal(n) the set of all Galilean transformations on Ry x RZ.

We will see that Galilean transformations, as well as many other symmetries that we will encounter, can
naturally be describe via the notion of groups.
Recall,

Definition 2.2. A group is a set G equipped with a binary operation ©® : G x G — G that satisfies the
following properties:

1. (Associativity.) For all a,b,c € G
(a@b)Oc=a® (bOc).

2. (Ezistence of an identity element.) There exists an e € G such that for all a € G:
eOa=a®e=a.

3. (Existence of an inverse.) For all a € G, there exists an element b € G such that
a®b=bba=ce.

We denote a~* = b.

IThis means that g — g(0) is linear.



A subgroup of G is a subset H C G, such that ©(H x H) = H and for alla € H, a=* € H (H is closed
under group operations and taking the inverse).
A group isomorphism is a bijective map between two groups f : G — G', such that for all g,h € G:

flgoh) = flg)© f(h).
A (left) group action on a set X is a map f: G x X — X satisfying: for all g,h € G and x € X

1. flg©h,z) = f(g, f(h,x)),
2. fle,z) =ux.
We will make use of the shorthand notation g - x = f(g,x).
EXERCISE: Show that the identity and inverse element of a group are unique.

Example 2.2. One can easily verify that (R™,+) and (GL(R™),-) (invertible linear maps on R™ with matriz
multiplication) are groups. Consider

O(n) ={A € GL(R") | AAT =1,},
SO(n)={A € O(n)| det A =1}.

Then O(n) is a subgroup of GL(R™) (the orthogonal group) and SO(n) is a subgroup of O(n) (the special
orthogonal group). We obtain the corresponding group actions on Ry x RZ:

1. (Spacetime translations) Consider the group (Ry x R™, +). Translations on Ry x R2 correspond to the
group action:
(b07 b) ' (tv X) = (t + b07 X+ b)

The dimension of this group (as a vector space) is n + 1.

2. (Galilean boosts) Consider the group (R™,+). Boosts on Ry x RY correspond to the group action:

V(%) = (x4 1v) = (i 8) (f()

The dimension of this group (as a vector space) is n.

3. (Rotations) Consider the group (SO(n),-). Motivated by the case n = 3, we refer to the group elements
as “rotations”. Rotations act on Ry x RY wvia the group action:

R-(t,x) = (t, Rx).

4. (Reflections) Consider the group (Ze = {—1,1},-). Reflections through the x*-plane on Ry x R? corre-
spond to the group action:

g-(t,x)=(t,x', ... 2"t gzt 2t ... 2").
Reflections in time (time reversion) correspond to the group action
g- (t,x) = (gt,x).

EXERCISE: Show that the dimension of O(n), as a submanifold of R™ and SO(n) is @ (hint:
what is the dimension of the corresponding tangent space?).

EXERCISE: Show that the any element of O(n) is the composition of a rotation (an element of SO(n))
with a reflection through an z'-plane, which corresponds to the diagonal matric with a coefficient —1
in the ith row and all other entries equal to 1.

EXERCISE: Confirm that the group actions corresponding to translations, boosts, rotations and reflec-
tions are Galilean transformations.

It turns out that translations, boosts, rotations and reflections in fact encompass all Galilean transfor-
mations.



Proposition 2.2. The set of Galilean transformations Gal(n) can be characterized as follows:

Gal(n) = {(go,g) (R S R g =Ty o (‘6’ 31) ,beR"™ v eR™ AcO(n),ec{l, 1}} ,
with Ty(x) = © +b. Furthermore, Gal(n) is a group with respect to composition of maps.

o= (£}~ (D)oo (713)

with f#(0,0) = 0. Hence, we can set b = ¢(0,0). By the assumption that g is affine, f must be linear in
(t,x), we can further write:

Proof. We can write

f(t,x) = A(x) + tv,

for some constant v € R™ and a linear map A : R" — R™.
We now appeal to the preservation of time intervals to conclude that:

Ot %) = 19°(t, %) — g°(0,0)] = [t — 0] = |¢],

so fO(t,x) = 4t. By continuity of f° (which follows from linearity), we must have that either fO(¢,x) = +t
for all (¢,x) or fO(t,x) = —t for all (¢,x).

To conclude that A € O(n), it remains to show that AT A = 1,,. We first show that (Ax, Ay) = (x,y).
Indeed, by preservation of norm and linearity of A we have that

1 1
(Ax, Ay) = 2 (|Ax + Ay[* — [Ax — Ay[*) = S (x+y[* =[x = y[*) = (x,¥).

This follows by considering basis vectors e; in R™ and using the preservation of the Euclidean inner
product to conclude that for all 7,5 € {1,...,n}:

(ATA)E = (e;, AT A(e;)) = (Ale;), Ae;) = (e;, ;) = 0,

with 6;- the Kronecker delta.

Let us now check the group property of Gal(n). First, we need to show that the composition of two
Galilean transformations is a Galilean transformation.? Let by,by € R* vi,vo € R?, A B € O(n) and
€1,€1 € {—1,1}. Then for any (¢,x) € R*:

(e () (e (0 8= (e (2 B)) (G5 5) )+

— €2€1 0 t e 0
o (62V2 —|— BV1 BA) <X> + <V2 B) bl + bg,

Since O(n) is a group, we have that A3 A1 € O(n), so the very right-hand side above is a Galilean transfor-
mation. Associativity follows directly from associativity of map composition. The identity element is:

1 0
Teo<0 1)

Finally, by the above expression for the composition of two Galilean transformations, we can construct

the inverse of Ty, o <ffl 21) as Ty, o (62 g), with €2 = €1, B = A7, vo = —eaA7'v; and by =

1 Vo

€2 0
(2 O -

We state without proof the folllowing proposition, which we need to interpret the Galilean group as a
Lie group.

2This step can alternatively also be done directly from the definition of Gal(n).



Proposition 2.3. There exists a group isomorphism between Gal(n) and the group

bO
b | € GLR"™?), bc R"" v e R",Ac O(n),e € {~1,1} 3,
1

o< o
oo

so Gal(n) in a matriz Lie group (a closed subset of GL(R"*?)).
The dimension of Gal(n) is gn(n —1) 4+ (n+ 1) + n.

Definition 2.3. Let @ : R, x R2 D I x U — J x V C Ry x RY determine a coordinate chart {®}, with
1,J,U,V open subsets, i.e. ® is a smooth diffeomorphism between I x U and JxV. Then {®*} is an inertial

coordinate chart, an inertial frame or a Galilean coordinate transformation if U =V =RZ, [ = J = R,
and ® € Gal(n).

We can represent the path of N particles t — x;(t), 1 < i < N, with respect to the coordinate chart
{9}, We write (¢,y) = (®°, @1, ®2 &3) and consider the paths t — y(¢,x;(¢)) in R3. We reparametrize
this path as follows: in slight abuse of notation, we write t'(t) = #'(¢,x;(t)) and denote the corresponding
inverse as t(¢'). Then we define y;(¥') := y(t(t'),x;(¢t(t"))). If ¢’ = £t + s, then t(t') = £(t' — s), so
yi(t') ==y (£t = ), xi(£(t = 5)))

Definition 2.4. We say the forces appearing in the equations (2.1) satisfy the principle of Galilean relativity

if for any Galilean coordinate transformation ® = (', y) : Ry x RS — Ry x RS and any solution t — x;(t) of
(2.1):

d2yi / / / / dyl / dyN /
midtlg (t>:FZ t7y1(t)ﬂ7yN(t)7W<t)?7 dt’ (t) :

We say in this case that (2.1) are invariant under Galilean transformations. We can similarly consider

forces that are invariant under a subgroup of Galilean transformations (e.g., translations, rotatations).

The principle of Galilean relativity can be interpreted as saying that physical laws remain the same in
different inertial frames. We can interpret this as follows: two observers will agree on the motion described by
particles determined by forces satisfying the principle of Galilean relativity, with a prescribed initial position
and velocity, if:

e the observers have a constant relative velocity,

e the observers are rotated with respect to each other,

e one observer looks at the particles through a mirror (“through the looking glass”),
e one observer moves backwards in time compared to the other.

Observers will, for example, not agree if they experience a non-trivial relative acceleration or if they rotate
at a non-zero relative angular velocity.

Classical mechanics is predicated on the existence of a preferred class of inertial coordinates (related
by Galilean transformations), with respect to which forces should be defined and Newton’s equation is
formulated. In practice, one treats the frame associated to the earth, the sun or the stars as an “approximate”
inertial frame, depending on the scale of the system under consideration. All coordinate charts related to
this frame via Galilean transformations make up the relevant class of inertial frames.

Proposition 2.4. Let F; : R, x R3N x R3N 5 R3, 4 = 1,...,N be forces that are invariant under time
translations. Then F;(t,-) = F;(0,-) for allt e R andi=1,...,N.

Proof. Consider the coordinate chart (¢, y) = (¢ + s,x). Then, by the invariance property of F;:

. . d*yi
Fi(t+ 5,531 (1), - Xn () K (1), X (1) = m ()
dQXi . .
=m a2 (t) = Fi(t,Xl(t), ce ,XN(t),Xl(t), N 7X]\/'(t))
We can take ¢ = 0 and choose (0), 4(0) arbitrary, to conclude that F;(s,-) = F;(0,-) for all s € R. O



Proposition 2.5 (Newton’s First Law). If (2.1) with N = 1 satisfies the principle of Galilean relativity,
then x = 0, i.e. the particle moves in a straight line at constant velocity in an inertial frame.

Proof. Under spacetime translations which preserve the time direction together with boosts, (t',y) = (¢t +

$,x 4+ b +tv), we have that %(t’) = 9X(1) + v and therefore j:g ) = %(t). Hence,

) = m ) =m0 = Fle.x(0). ()

F(t+s,x(t)+b+tv,x(t)+v)=F (t’, y(t)

By Proposition 2.4, we already know that F must be independent of t. Now, we take s = 0 and v = 0, so
that
F(t,x(t) + b, x(t)) = F(t,x(t),%(t)),

from which it follows that F must also be independent of x. Setting s = 0 and b = 0, similarly gives
independence of v. We therefore conclude that F(¢,x,x) = Fy must be a constant vector.

Finally, consider an arbitrary rotation R € SO(3). Then ‘fﬁ'}' " = Rd;i. Hence,
Fo = F(t, Rx, RX) = RF(t,x,%x) = RF(. Since the only vector that is invariant under all rotations in the

zero vector, we conclude that Fy = 0. O

Proposition 2.6. If (2.1) with general N € N satisfies the principle of Galilean relativity, then there exists
maps f; : R3GNWN=1) 5 R3 such that

Fi(t,xl, e ,XN,Xl, oo 75(N) = fl(}(,)()7

with X and X antisymmetric N x N matrices whose components are the following vectors in R3: Xi; = Xi—X;
and Xz] = X; — X;, respectively.
For any A € O(3)
Af; (X, X) = £;(A- X, A-X),

where (A-X);; = A(x; — x;) and A- X := A(%; — %;).

If we assume moreover that (2.1) is invariant under a permutation of the particles (i.e. the particles are
indistinguishable), then f; can be redefined as as a function depending only on the N vectors: x; — x;, with
j=1...,N.

Proof. By Proposition 2.4, F; must be time-independent. By invariance under translations in R?, F; must
depend only on relative spatial coordinates x; — x;. By invariance under boosts, F; must also only depend
on relative velocities X; — X. Finally, we appeal to invariance under O(3) to conclude that for all A € O(3):

dQ(AX)i

Afy (X, X) = =

(t) = Fi(t, Ax1(1), ..., Axn (t), A%y (1), . .., Axn(t)) = £:(A- X, A X).

Finally, suppose F; is invariant under a permutation of the particles, i.e. under an exchange of x; and
xy, for j # k and j, k # i. Then F; can only depend on relative distances involving x;. O

Remark 2.1. Exzamples of physical theories satisfying the principle of Galilean relativity: Newtonian gravity,
(non-relativistic) Euler’s equations of fluid mechanics. Counter-ezample: Mazwell equations. Navier—Stokes
equations are not invariant under time reversal, but they are invariant under all other Galilean transforma-
tions.

We define the Lorentzian inner product of z,y € R"*! as the following, symmetric bilinear and non-
degenerate form:

n
m(z,y) = —2%° + ) 'y’
=1

Note that m(z, z) is not positive definite, so /m(x,x) does not define a norm.



Definition 2.5. Poincaré transformations are affine maps g : R — R*1 with n > 1, that preserve
Lorentzian length, i.e.

m(g(x) = g(y), 9(z) — g(y)) = m(z —y,x —y) Va,y e R""
We denote the set of of Poincaré transformations in R"*1 by P(n;1).

We give a little bit of motivation for the definition of m. By the requirement that our “inertial frames”
should have the property that the speed of light ¢ stays constant. Indeed, let (t;,x;) € R™*! denote the
spacetime event of emission of a “light signal” (for the purposes of this argument, this is a particle travelling
at speed c) and (ta,X2) € R™F! the spacetime event of absorption of the light signal. Then the spatial
distance between these two spacetime events is \/Y_,_, (z} — z%)?, but it should also be c(t2 — t1) (speed x
time). Hence:

—c? 2 — tl + Z — Iz =0.
If we describe the same event with respect to different spacetime coordinates (t',y), we should similarly have

that:
2(ty — t1) +Z P b =0=—c(th —t)) +Z L y)?

Hence, the Lorentzian length is preserved for spacetime intervals x1 —xo, which satisfy m(x; —x1, 21 —x2) = 0.
One can further argue that the Lorentzian length should also be preserved even if m(x; — z1, 21 — z2) # 0,
but we will omit this part of the argument.

Example 2.3. The following group actions on R™t! are examples of Poincaré transformations:

1. (Translations) The translation group (R™*1 +) with group action

b-x=x+0.

2. (Rotations and reflections in space) The group (O(n),-) with group action

Az = (2" Ax).

Let n be a unit norm vector, v € [0,1) and vy = \/ﬁ Then following map is also a Poincaré transformation:

z— (y(2® —on-x),x; + (x| — vz'n)),
where x| = (X, n)n and x| = x — x||. This map is called a Lorentz boost in the n-direction.
EXERCISE: Show that boosts do not correspond to group actions, by considering a composition of two boosts.

We say a physical theory satisfies the principle of special relativity if it is “invariant under Poincaré
transformations”. That is to say, the laws of physics should remain unchanged when passing to a different
inertial frame, which is related to the original coordinates via a Poincaré transformation. We will explore
what this means precisely in the context of field theories.

EXERCISE: Show that the force term on the right-hand side of Newton’s equations of gravity changes
when we perform a coordinate change corresponding to a Poincaré transformation.

We will later see that Maxwell’s equations of electromagnetism are invariant under Poincaré transforma-
tions.

Proposition 2.7. We can write:
P(n;1)={g:R"™ > R"™ |g=Ty0A, ,be R"™ A c O(n;1)},

where
O(n;1) = {A € GL(R"™) |m(Ax, Ay) = m(z,y)}

is the subset of Lorentz transformations.

10



Furthermore, for any A € O(n; 1), there exist A € O(n), R € SO(n), ¥ € R and e € {—1,1}, such that

e 0 10
=6 2)m o w)

with
coshy 0 ... 0 sinhy
0 0
Ly = : 1,1 :
0 0
sinhy 0 ... 0 coshv

a Lorentz boost in the direction of the nth coordinate axis. The set P(n;1) forms a group under function
composition.

Proof. Problem Sheet 3. O

Remark 2.2. We can express

1
Coshw = \/17_7’02,
sinhy = Y

V1—0?
with v? < 1 to put Ly in the more familiar form of a boost in the x™-direction.

Proposition 2.8. There exists a group isomorphism between P(n;1) and

{(’g 11’ ) € GLR™), b e R"™ A c O(n; 1)} ,

so P(n;1) in a matriz Lie group.
Proof. EXERCISE. O
Remark 2.3. Consider the subgroup O(n;1) of Lorentz transformations.

e By restricting to A € O(n; 1) with det A = 1, we obtain the subgroup SO(n; 1) called the proper Lorentz
group.

e By restricting to A € O(n; 1) with Agg > 0, we obtain the orthochonous Lorentz group O(n;1)7.

e By restricting to A € SO(n;1) with Agg > 0, we obtain the proper, orthochronous Lorentz group
SO(n; 1)*.

When viewed as a topological space, O(n; 1) has four connected components and the component SO(n;1)* is
one of these, namely the one that contains the identity element.

2.2 Conservative forces

We will now consider (2.1) with some additional restrictions. We make the following assumption: for all
1<i<N
Fi(t,x1,...,XN,V1,...,VN) = =V, U(X1,...,XN), (2.2)

for some C? function U : R*" — R, which we call the potential. Here V, denotes the gradient with respect
to x;. We call F; satisfying (2.2) conservative forces. Note that, in particular, we are assuming that F; are
independent of ¢ and the velocity variables v;.

11



An equivalent way of characterizing conservative forces in the N = 1 case is as C' functions with the
form F;(x) and additionally being path independent, i.e. for any piecewise C! closed loop S! 3 t 5 x

/ F;(x(t)) - x(t)dt = 0.
St
Yet another equivalent way of characterizing the conservative property of F(x) in the N =1 case is:

VxF=0.

The characteristic and very useful property of solutions to Newton’s equations with conservative forces
is that they admit a conserved energy. We define the energy associated to v : I — R3YN as follows:

N

B =Y %mi|5q|2(t) LUK, X (D).

i=1
The energy has the property that it is conserved in time.
Proposition 2.9. Let v : I — R3N be a solution to (2.1) with forces F; satisfying (2.2). Then %Eﬁf(t) =0.

Proof. By the chain rule, we have that

al d
50 =2 5 PO + UG, xv(0)
- N N
Z X27X1 Z(vin(xl(t)v'~‘7XN(t))aXi>

N
Zmlxl )+ Vi, Ux1(t), ..., xn(t), %) =0. O

Proposition 2.10. Let F : R2 \ {0} — R3? be C' and invariant with respect to SO(3), i.e. F is a central
force that needs not be defined at the origin. Then F is conservative.

Proof. We can decompose R? = T,R? 3 F(x) = F"(x)e,(x) + F¥(x)eq(x) + F¥(x)e,(x), with {e,,eq, e,}

an orthonormal basis of vector fields such that the vector field e, is defined as follows e, (x) = x> €0 points

in the direction of increasing ¢ angle and e, points in the direction of increasing ¢ angle, with respect to
standard spherical coordinates (7,6, ¢).

By assumption, F is invariant under rotations R € SO(3), so RF(x) = F(Rx). By taking R to be a 180°
rotation around the axis through e,(x) (so, in particular Re,(x) = e,(x) and Rx = x), we obtain

Fr(x)e,(x)—F?(x)eqg(x)—F?(x)e,(x) = RF(x) = F(Rx) = F(x) = F"(x)e,(x)+F’(x)eq(x)+ F¥(x)e,(x).

Hence F? = F¥ = 0. Now let R be a general rotation, then F"(x)Re,(x) = F"(Rx)e,(Rx) = F"(Rx)Re,(x),
so F"(Rx) = F"(x). In spherical coordinates (r, 0, ¢), this means that we can write:

F(x) = F"(r)e,(x).

Now, for arbitrary ro > 0, define U : R \ {0} — R as follows with respect to spherical coordinates
T
U(r,0,¢) = —/ Fr(r')dr'. O
o

Example 2.4 (Particle in one dimension). Consider Newton’s equation on I C R with F(t,z,&) = F(x).

Then we can write
mi(t) = F(z(t)) = —U'(2(t)),
with U(x) = — f F(z")dx', with xg € I arbitrary.

12



Example 2.5 (Newton’s theory of gravity).

lel = 7vin(X1, N 7XN),
m;m;
Uv(Xl,...7 Z|X _;|
1 J
J#z

Let ¢t — x(t) denote a C? path in {z = 0} C R®. We denote 7(t) = |x(¢)| and e,(x) = %. In polar
coordinates, we can write e,(x) = (cosp,sinp,0)”. We denote with e,(x) the corresponding orthogonal,
unit norm vector field that points in the direction of increasing ¢. Then e,(x) = (—sin¢, cos¢,0)T. Let
e, denote the constant unit norm vector field pointing in the z-direction in R3. Then {e,(x),e,(x),e,(x)}
form an orthonormal basis for T, R?, in particular along the path ¢ — x(#).

Note that

Orer(x) = Ore,(x) =0, 0,€,(x) = €,(x) and 0, e,(x) = —e,(x).
By construction, we have that x(t) = r(t)e,(x(t)), so by the chain rule:

r(t)er(x(t)) + r(t)én(x(t))

= r(t)er(x(t)) + r(t)pd,er(x(t)) (2.3)
P(t)er(x(t)) + r(t)pe, (x(1)).

We can express the angular momentum L = x x mx as follows using (2.3):

L = x x mx = mrige, x e, = mrige,. (2.4)

Proposition 2.11 (Central force in 2 dimensions). Consider Newton’s equation in R with a central force
that is restricted to the plane {z = 0}:

mx = F(0,2',2%) = —VU(0,z*, 2?).
Then r(t) satisfies Newton’s equation on Ry with respect to a force corresponding to the potential

L2
2mr?’

V(r)=U(r) +

with L = |L| and L conserved in time. The potential V is called the effective potential.

Proof. Note that

x= %(Ter +rpe,) = (i — rgaQ)eT + (279 +1d)e,

Using that F is central, we have that with respect to polar coordinates (r,¢), U depends only on r and
F=-0.Ue,, so

mi — mrgb2 =-0,U
2mro +mrp =0.

2

Note that the second equation is equivalent to 4 (mr?¢) = 0. Since L = mr?¢e., this implies conservation
£L  Filling this in, we obtain:

of angular momentum L(x(¢)) in time. We therefore have that ¢ = =3

2

L
mi = —0,U(r,p) + p—— —V'(r). O

13



2.3 Calculus of variations

We consider maps of the form:
S : C([a,b];R") — R,
where C1([a,b];R™) is the space of continuous functions from the interval [a,b] to R™. Maps of the form
X - Ror X — C, with X an appropriate function space, are called functionals.
To do calculus of variations, we need to study how S changes when vary ~y, while keeping its endpoints
fixed, i.e. we consider

S(v + sh),

with s € R and h € C¢((a,b); R™) (h is C! and compactly supported on (a,b)).
In this section, we will restrict to S of the following form:

b
S(y) = / Lt (1), (1)) dt, (2.5)

with £ € C%(R; x R? x R?), i.e. £ is continuously differentiable. We will refer to such a functional as an
action on [a,b] and the functions £ as Lagrangians.

We denote the partial derivative of £ with respect to the first n variables with d,: L, with respect to next n
variables with 0, £ and with respect to the third variable with 9;£. When considering a path v : [a,b] — R"
with derivative 4, we can apply the chain rule to determine derivatives of the composition L=Lo (id, v, %)-
For example,

*iaﬂ:E:QJUWQMWWVU%H%E@WUW@WNU+@MLWW7@)

Theorem 2.12. Let S satisfy (2.5) and let h € C}((a,b); R™). Then

"ToL  d oL
Ozt dt Ov

ds

St = |

5= a

] (£, (), () k" dt.

Here we use the Einstein summation convention: we omit the sum symbol “¥7_,” when there are repeated
indices, i.e. v'w; =y i v'w;.

Proof. We have that:

d

b
5l yStr s = tim = [ 209(0) + sh0).5(0) + 5h0) = £t (0.5 0)

bor oL

= 5;#&7@%#@Dhi+ (t, (1), 4(t))h’ dt

ovt
b —
— [ gt aon - 4 (55) asi @+ gopawstm]

In the literature, you will sometimes encounter the notation “6S” or “%” for &|,—oS(y + sh).

O

Definition 2.6. An extremal is a curve v € C*([a, b]; R™) such that
4 S(y+sh)=0
dsls=0 K s n

for all h € C§((a,b); R™).

An extremal curve may also minimize the functional, i.e. S(§) > S(v), for all § € C*([a, b] R™), but this
need not always be the case. A curve 7 is a local minimum if

d2

@ bzos(’Y‘i‘Sh) > 0

for all h € C3((a,b); R™).

14



Lemma 2.13. Let f € C%(a,b];R), such that for every ¢ € C*([a,b];R), with ¢(a) = ¢(b) = 0:

b
| e =o.

Then f =0.

Proof. We will prove the lemma by contradiction. Suppose there exists a ¢y € [a,b] such that ¢ := f(ty) # 0.
Without loss of generality, assume that ¢ > 0 (otherwise, just consider — f instead of f). Then, by continuity
of f, there exists a § > 0, such that

f(t) >
in (to —d,ty + 6)
To reach a contradiction, will will construct a ¢ that vanishes in [a, b] \ (t9 — J,to + d) and is positive on

(t() - 57 tO + 5)
We consider first the bump function or mollifier n € C*°(R):

1
e -l if|z| <1,
xTr) =
() {o if 2] > 1,

Let ¢(t) = n(2(t — to)). Then, by continuity, there exists an 0 < € < g, such that ¢(t) > 3¢(to) = 5 for all
te (to —€,to +€), SO

b t0+% tot+e ce
[swswa= [ raswaz [ iwewaz £ >0

0—% to—e

But this is in contradiction with f: f)o(t) dt =0, so it must follow that f = 0. O
Corollary 2.14. A curve v € C*([a,b];R™) is an extremal if and only if

oL . d oL
ot (ta’Y(t)v"Y(t)a) - %8111'

(t,v(t), () =0 foralll<i<nandtE€ [a,b. (2.6)

Proof. Follows by combining Theorem 2.12 with Lemma 2.13, where we consider paths h with hi(t) = ¢(t),
¢ € C§°([a,b];R), and h7(t) = 0 for j # i. 0

The equations (2.6) are called the Euler—Lagrange equations corresponding to L.

Example 2.6. The length of paths v € C'([a, b]; R™) is given by the functional:

b
st) = [ VAP@ .

Hence S is an action with Lagrangian L(t,x,v) = \/|v|%. The solution to the Euler-Lagrange equations must
correspond to extrema of the length. In Problem Sheet 4, you will show that solutions to the Fuler—Lagrange
equation are straight lines or constant paths and they are in fact minima of the action.

When we considered Newton’s equation, we saw that the equation does not in general remain valid with
the same force functions F; when performing a coordinate transformation. The change in the force function
can be very complicated. Indeed, if this invariance property is satisfied with respect to Galilean coordinate
transformations, we said that the force satisfies the principle of Galilean relativity.

The proposition below illustrates that in the case of the Euler-Lagrange equations, the change in the
Lagrangian function is not so complicated. First, we will redefine slightly the domain of our Lagrangian, to
allow for time-dependent coordinate transformations. Let £ : R"t! x R"*! — R, then the action takes the
form: for v € C*([a, b]; R™)

b
() = / (A1), (13() dt.
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Proposition 2.15. Let U,V be open subsets of R™ and I, J C open intervals in R. Let {x“}#e{oy_”n} denote
a coordinate chart on I x U. Let W : I x U — J x V be a smooth diffeomorphism, such that $°(x) = 2° =: ¢
and denote y* = Vi(x). Then (2.6) hold with respect to {z*} and L : I xUxR" ™ — R along v € C([a,b]; U)
if and only if for all 1 <i<n

35. (q/(t,v(t)), ((\Ij 517)(,5)» - igfi (\Il(t,’y(t)’ ((\1/ ;)17)@))) L

with £:J x V xR 5 R, L(y,w) = L (01 (y), DT (y)w).

Proof. This will follows from a later, more general discussion of Lagrangians on manifolds. O

For the sake of notational convenience, we will often drop the tilde in £ when changing coordinates. We
will later also see that, in the context of spacetime manifolds R x M, it is more natural to define Lagrangians as
maps L : T(Rx M) — R and the coordinate representations of £ are related by the expression in Proposition
2.15.

Example 2.7. Let ® : R; x (0,00), x (0,7)g % (0,27), — Ry x R2, be defined as follows:

®O(t,r,0,9) =t,
®(t,r,0,p) =rcospsinf
®2(t,r,0,¢) =rsinpsin,
®3(t, 1,0, ) =rcosb.

Then ® : Ry x (0,00), x (0,7)g x (0,2m), = ®(R¢ x (0,00), x (0,7)g x (0,27),) is a diffeomorphism and
U = ®~! corresponds to the spherical coordinate chart on a subset of R3.
Consider the Lagrangian L(z,v) = im|v|> — U(|x|) with U € C?((0,00)). Then

E((t,7,60,),w) = L(2(0,7,0,), (DB)(t,1,6, 9)w) = 5m(DB(t, 1, 0,9)0) (DIt 7,6, 9)w): — U (r)

where

w?

cos psin fw” — rsin @ sin fw? + 1 cos p cos Hw?
sin g sin fw” + r cos @ sin fw? + 7 sin @ cos Hw’
cos Qw” — rsin fuw?

(D®)(¢t,r,0, 0)w =

so, one can easily verify that:
(D®(t, 1,0, 0)w) (DB(t, 7,0, 0)w); = (w")* 4+ r*(w?)? + r? sin? H(w?)?,

Z((Lh@, V), w) = %m((wr)2 + 7“2(1119)2 + r? sin? 9(w“’)2) —U(r).

2.4 Lagrangian mechanics

In the theorem below we show that we can arrive at Newton’s equations by considering the Euler-Lagrange
equations with respect to an appropriate Lagrangian.

Theorem 2.16 (Hamilton’s principle of least action®). Consider an N-particle system with conservative

forces:
ma¥a(t) = —Vx,U(x1(t),...,xn(t)) 1< AN, (2.7)

3Since the extremal of the action need not be a minimum, the principle of least action is somewhat of a misnomer. A more
fitting name would have been the principle of stationary action.
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for some U € C*(R3N). Then a path R 2 I 3 t > (x1,...,xn)7(t), with I C R and open interval, is a
solution to (2.7) if and only it is an extremal of an action S on I with the Lagrangian £ : R3N x R3NV — R
defined as follows:

1 n
L(X1,...,XN,V1,...,VN) = 3 ZmA|VA|27U(x1,...,xN).
A=1
We denote with T (%1 (t), ..., xn(t)) = 3 25:1 ma|xa|?(t) the kinetic energy of the system and U(x1(t), ..., xn(t))
is the potential energy.

Proof. Consider a path 7 : ¢t~ (x1,...,xx)7(¢) on I. Then « is an extremal between v(¢;) and v(t2), with
t1,to € I arbitrary, if and only if the E-L equations

oL ) d oL .
@(’Y(t)ﬁ(t))—aﬁ(v(ﬂﬁ(ﬂ) =0
holdon I forall1<j<3and A=1,...,N. Let
| X
,C(Xl,...,XN,Vl,...,VN)Z*ZmA|VA|2—U(X1,...,XN).
2A:l

Then the E-L equations are equivalent to:

0, UGaa(t), - % (1) — o (maih (1) =0,

which is equivalent to (2.7). O

The Lagrangian approach to mechanics has several key advantages over the Newtonian approach:

1. From Proposition 2.15, it follows that the Euler-Lagrange equations are “covariant” (maintain the
same form) under very general coordinate changes. This is in contrast with Newton’s equations (2.7),
which are only covariant under Galilean coordinate transformations if the principle of Galilean relativity
holds. This means it is easier to work in coordinates that are naturally adapted to the physical problem
under consideration, which need not be inertial, without having to change the form of the equations.

2. Due to its coordinate independence, the Langrangian approach can be considered on manifolds (which
do not come with a preferred coordinate chart). This makes it more natural to consider the motion of
particles constrained to a submanifold.

3. The Lagrangian approach generalizes to the setting of equations of motions of fields, e.g. electromagnetic
fields.

We will make use of the following nomenclature: ¢y = 2%, are the generalized coordinates, ¢', = i’ are
the generalized velocity coordinates, (pa); = gﬁ are the generalized momentum coordinates and gqf are the
A A
generalized force coordinates, with A = 1,..., N labelling the particle. The Euler-Lagrange equations then
take the form:

oL
(pA)z = 8(]?4

Example 2.8 (Free particle). For a free particle, U =0 and T(v) = gm|v|?. The Euler-Lagrange equations
then give:
3
d {1 o 4
O a2 S @iy | = mi (e

j=1

and the generalized momenta are p; = mg;.* Note that p; = 0, so the generalized momenta are conserved in
time and correspond to the components of the linear momentum.

4You may ignore the placement of indices (superscript/subscript) for now.
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In the problem sheets, you will see that the solutions to the E-L equations corresponding to L(t,x,v) =
%m|v|2 must correspond to minimizers of the length between any two fixed points (and are therefore straight
lines).

Example 2.9 (Particle with a central force). Consider the map from polar to Cartesian coordinates on
R?: @ : (0,00), x (0,27), — R?, with ®'(r,) = rcosp and ®*(r,) = rsinp. Consider the Lagrangian
L(x,v) = 2m|v|?> — U(|x|). Then we can express with respect to polar coordinates q¢* = r, ¢* = ¢ with
w = (w",w?)

L((r, ), w) = L(®(r, ), DB(r, p)w) = %m((w’”)2 +1r2(w?)?) = U(r).

The generalized momenta of a particle are then p, = mi* and p, = mr?¢ and they satisfy the equations:

Dr = ngbQ - U/(T),
pp = 0.

By the second equation, we immediately obtain conservation of p, in time, so we can write mr’p = L,
for some L € R. This corresponds precisely to the conservation of angular momentum in time; see (2.4)).
Plugging this into the first equation gives:

Motivated by (2.9), we say a generalized coordinate ¢' is cyclic if £ is independent of ¢*. It follows
immediately by the Euler-Lagrange equations that the corresponding generalized momentum p; is conserved
in time. This may be thought of as a generalization of the conservation of linear and angular momentum in
Example 2.8 and 2.9, respectively.

2.5 Hamiltonian mechanics

We will now consider yet another reformulation of Newtonian mechanics called Hamiltonian mechanics. This
approach can be motivated by its connection with quantum mechanics that we will see later in the course.
It is also more convenient for making statements about complicated mechanical systems, like those arising
in celestial mechanics, and it connects to the more general theory of dynamical systems, as well as ergodic
theory, which is the study of statistical properties of dynamical systems.

Definition 2.7. A function f: R D I — R, with I an interval, is convex if for all x,y € I and t € [0, 1]

[z + (1 =t)y) <tf(z)+ (1 -1)f(y).

The function is strictly convex if the inequality is strict. Similarly, we say a function is (strictly) concave if
the inequality is reversed.

We can extend the notions of convexity/concavity to f : R® O X — R, with X a conver subset, i.e. if
x,y € X then the line segment connecting x,y lies in X.

One can show that all convex functions on open convex subsets of R™ are locally Lipschitz continuous.
EXERCISE: Convince yourself of this when n = 1 by considering x < w < z < y and comparing w
with f@=f@)

y—x
Definition 2.8. Let X CR™ and f : X — R be convex. Then the Legendre transform of f is defined as the
function f*:R™ DO P — R, with

f*(p) = sup({z, p) — f(x)),

rzeX
with P = {y € R" | sup,cx ((z,y) — f(x)) < oo}.
In the proposition below we state some useful properties of the Legendre transform.

Proposition 2.17. Let X CR" and f : X — R be convex. Let f* : R™ O P — R be the Legendre transform
of f. Then:
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(i) Let f be twice differentiable and strictly convex and assume that for all p € P there exists an z, € X
such that sup,c x (x,p) — f(x) = (@, p) — f(xs). Then xz, is unique,

fr(p) = (p,x.) — f(x4),

with p = Df(z.) and P = Df(X). Assume that the inverse (Df)~! : R® D Df(X) — X is well-
defined. Then z.(p) = (Df)~Y(p). Furthermore, f* is twice differentiable with

Df*(p) = x.(p).

(ii) Assume P # 0. Then P and f* are conver.
(iii) Let f satisfy the assumptions in (i). Then the Legendre transform is involutive, i.e. (f*)* = f.

Proof. (Non-examinable)“(i)”: By differentiability and convexity of f, x. corresponds to critical points of
(p;x) — f(x) and hence p; = 0; f(z.).

Suppose there exist x1,29 € X such that Df(x1) = Df(z2) and x1 # xo. Since x2 — x5 # 0, we can
consider the directional derivatives:

Df(a1)(wz — 21) = %‘tzof(:rl + by — 1)) = %L:Of(txg + (1= t)ay),
Df(wa)(wa — 21) = — % St =) =~ e+ (= b))

By subtracting the above equations and using that Df(z1) = D f(x3), we therefore get:

d
0= Tt o [ftza+ (1 —t)x1) + f(tzr + (1 — t)zo)]
s comests &1 () 4 (1)) 0@+ (L= OF @) = S| (Flea) + Fa)
-0,

which is a contradiction. Hence, given p € P, there is a unique z, such that p = D f(x.,).
We will now prove P = Df(X). By the above, P C Df(X), so it remains to show that for all x € X,
Df(z) € P, ie. for all y € X:

(Df(x),x) = f(x) > (Df(x),y) — f(y),
which is equivalent to showing that
f(@) = f(y) < (Df(x), (z —y)). (2.8)
Define g(t) = f(tz + (1 — t)y). Then, by the mean value theorem, there exists ¢, € [0,1] such that
9(1) — 9(0) = ¢'(t.).

We can obtain (2.8), if we can show that ¢'(1) > ¢’(¢.). We will use that g must be convex (EXERCISE) and
hence,

g(ta) — g(t3) B g(t2) —g(t1)
ty — 3 - to —t1

for t1 <ty < t3 < ty. (EXERCISE). Either ¢, = 1, in which case there is nothing to prove, or ¢, < 1, so

sy gL+ h) —g(1) g(t. +h) —g(t.)
g'(1) = lim h 1o h

> i =g'(t,).
> li g (t:)

The derivative of f* is given by:
=p;

Op. [ (P) = Op,(pj@l(p) — [(2:(p))) = @i (p) + PjOp, () () — Ops f(24(P)) Oy, ()7 () = (D),
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where we used that z, is differentiable as a function on P, since z.(p) = (Df)"(p) and f is twice differ-
entiable. Note however that in passing from f to f* we do not lose derivatives as the derivatives of x, in p
cancel out.

Property (ii) is the statement that P (non-empty) and f* are convex. Let p1,ps € P. Then

[H(tp1 + (1 —t)p2) = sup(tp1 + (1 — t)pa, z) — f()

reX
= sup t((p1,z) — f(z)) + (1 = t)((p2, 2) — f(z))
<tsup((p1,z) — f(x)) + (1 —t) sup ((pz,z) — f(x))
reX rzeX

=tf*(p) + (1 = 1) f*(p2) < oc.

This implies that tp1 + (1 — ¢)p2 € P, which means P is convex, and also shows that f*(tp1 + (1 — ¢)p2) <
tf*(p) + (1 — t) f*(p2), which means that f* is convex.

Property (iii) is the statement that (f*)* = f, under the conditions of property (i). By property (i), we
have the domain of (f*)* is Df*(P) and ¢ € D f*(P) implies that ¢ € Df*(P) = (Df)"Y(Df(X)) = X. We
also have that

(f)*(@) = {a, (D)™ @) = f* (D) @)
Note moreover that (Df*)~(q) = Df(q), so

(f*)"(q) = (¢, Df(q)) — f(Df(q)) = (¢, Df(q)) — ({¢; Df(q)) — f(q)) = f(q).
O

Consider a Lagrangian £ : R; x R} x R} — R that is convex with respect to the velocity variable. Then
the Hamiltonian H : R x R™ x R™ — R is defined as the Legendre transform £* with respect to the velocity
variable in R™:

H(taqlv'“aqn;pla-“vpn) = Suﬂg <va> _'C(tvqlv'~~7qn,vla~~~7vn)'
veER™

Suppose L is differentiable and the above supremum is attained at some value v, (t,q,p) € R™. Then, the

identity p; = 2% (t,q¢",...,¢",v},...,v) holds and:

H(t7Qap) = <U*(taQ7p)ap> - ‘C(taQ7U*(t7qap))'

Theorem 2.18. Let £: R x R® x R® — R be a C? Lagrangian so that L(t,q,-) satisfies the assumptions
in (1) of Proposition 2.17 for all t € R and ¢ € R™. Then the n-dimensional system of Euler-Lagrange
equations along a path t — q(t)

o (0(0,(0) — o= (6 0(0). (1) =0

are equivalent to the following 2n-dimensional system of equations involving the twice differentiable Hamil-
tonian H :

OH

(0) == S (60,20, (2.9)
§i(t) = g—gu,qm,pu)), (2.10)

provided p;(t) = %(t, q(t),q(t)), i.e. t — p;(t) correspond to generalized momenta associated to L.
Equations (2.9) and (2.10) are called the Hamilton equations.

Proof. Let t — q(t) be a path. Let p;(t) = %(t, q(t),q(t)). By the identities p = D f(z4) and x,. = (D f*)(p)
in (i) of Proposition 2.17, we have that vi(t,q,p) = g—g(t, q,p), we can therefore alternatively express the
corresponding path t — p(t) as follows

oL oL

pi(t) = w(t’ q(t)7 Vs (ta q(t),p(t))) = w(ta q(t)’ VPH(ta Q(t)’p(t»)
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Then we must have that o o

Since the derivative of L(t,q,-) is invertible for all ¢ and ¢, by the assumptions in (i) of Proposition 2.17, it
is injective and the above identity implies that

OH

§'(t) = vi(t,q(t),p(1)) = 5 (1 a(8), p(0)).

P

Hence, the Hamilton equations for ¢* must hold.
Since H(t,q,p) = (vi(t,q,p),p) — L(t,q,v«(t,q,p)), we also have by the chain rule that

OH ol oL ol

8l(qzo) al(tqzo)p aZ(thﬂh«(tqp)) aJ(tq,v*(tqp))a1(tqp)
oL ?H oL
= 81(75617VH(tqp))Jrala]( ¢.p) |Pi = 5, (4, Ve (t,q,p))
oL
- _aiql(t7q7 VpH(ta q7p))7

where we used that the term in square brackets vanishes as a result of the relation between p and V,L(¢, ¢, v).
Now we evaluate the right-hand side along the path ¢ — (¢(¢), p(¢)):

G (6400 0(0) = ~ 5 (6.a(0), (1),

If we now suppose that ¢ — ¢(t) satisfies the Euler-Lagrange equations, then

o (1. 0(0).p(0)) = ~ 5 (1,.4(0) =~ 5, S a0,(6) = —pil0),

and we conclude that the Hamilton equations hold.

Conversely, suppose that the Hamilton equations hold, then we obtain

(0) = =5 (.0).0(0)) = (00400

which is equivalent to the Euler-Lagrange equations, if we use that p;(t) = 8UL L (t,q(t),q(t)). O

Along a solution t — ¢(t) to the E-L equations corresponding to a system of particles with a conservative
force, H(t,q(t), p(t)) with p;(t) = g{ﬁ- (t,q(t),4(t)) gives the value of the total energy of the system at time ¢:

Proposition 2.19. Let L(t,q,v) = T(v) — U(q) = imv|> — U(q) with m > 0 and U € C*(R"™). Then
H(q,p) = T(vi(q,p)+U(q). In particular, ift — (q(t),p(t)) is a solution to (2.9)—(2.10), then H(q(t),p(t)) =
E,(t), i.e. the Hamiltonian evaluated along the motion agrees with its energy.

Proof. One can easily verify that L£(t,q,v) is C? and strictly convex in v and that the supremum in the
definition of its Legendre transform in v is attained. Hence the Hamiltonian H is well-defined and

%(t, 0,0:(q,p)) (v (t, q,p))" — %|’U*(q,p)|2 +U(q)
=T(v«(g,p)) + U(q).

If t — (q(t),p(t)) satisfy (2.9)—(2.10), then v, (q(¢), p(t)) = ¢(¢) from which H(q(t),p(t)) = T(¢(¢))+U(q(t)) =
E,(t) follows. O

Conservation of energy (Proposition 2.9) takes the following form in the (more general) Hamiltonian
setting:
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Proposition 2.20. Let H be a Hamiltonian with 0, H (t,q,p) = 0. If t — (q(t),p(t)) is a solution to the
Hamilton equations (2.9)—(2.10), then the map t — H(t, q(t),p(t)) is constant.

Proof.

AL (1) = S (1 a(0) ) )+ G 1, (0): DO -0 H (a0 p(0) = ~Bi(0 O+ 03 (D) =

i

O

In the proposition below, we show that we can reduce the dimension of the system of Hamilton equations
(the degrees of freedom) from 2n to 2(N — 1), if we can identify a cyclic coordinate. This is a characteristic
feature of the Hamiltonian formalism.

Proposition 2.21. Let H : R x R" x R® — R be a Hamiltonian with a cyclic coordinate ¢'. Then a solution
to the Hamilton equations t — (q(t),p(t)) satisfies pi(t) = p(0) for all t and t — (%, ...,q", D2,-..Pn)
satisfies the Hamilton equations with respect to the reduced Hamiltonian Hp,, which is parametrized by the
constant p1 and is defined as follows:

le (t7qQ7 s Qqn, P2, .. pn) = H(tﬂoan7 e 7qnap1(0)?p2a .. pn):

Proof. Tt follows immediately from (2.9)—(2.10) that:
0H

) :—720
b1 8q1 )
OH
Q1—ap1»

so t — pi(t) is constant and p; can be treated as a parameter. The Hamilton equations for H,,

oH, OH ,
¢ 0q° P =r=n
Oy, _OH _ W 5<i<n.

opi  Opi &

After solving the above equations, we simply integrate the equation for ¢; to obtain:

t
OH,
qi(t) = q:(0) + 8p};1 (t,g2(t), -+ @n(t), p2(t), - . ., (1)) dt. O
0
We refer to the 2n-dimensional space of coordinates and momenta (g, ...,q", p1,...p,) as phase space.

In the context of Hamiltonian mechanics on manifolds arising from Lagrangian mechanics, it is given by the
cotangent bundle:

T M.

It is however possible to study Hamiltonian equations on more general even-dimensional manifolds.

2.6 Symplectic manifolds

A more geometric approach to studying Hamiltonian systems can be obtained by considering symplectic
manifolds, which are even-dimensional manifolds M equipped with a symplectic form, which is a closed,
non-degenerate 2-form w € Q(M).

This means: 1) at each z € M, w(z) is an anti-symmetric bilinear form, 2) let X,,Y, € T, M, if
w(z)(Xy,Yy) =0 for all Y, € T, M, then X, = 0 (non-degeneracy, and 3) dw = 0 (closedness).

The non-degeneracy and bilinearity of w implies that for all vector fields X € I'(T'M), there exists a
unique one form, denotes X” € Q'(M), such that X*(Y) = w(Y,X). The map b : T(TM) — QM) is
actually bijective, with inverse f : Q'(M) — I'(TM). In the setting of Riemannian and Lorentzian metrics
later in the course, we will refer to analogous maps b and { as musical isomorphisms.
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Example 2.10. The space (R?",w) with coordinates ¢' and p', i = 1,...,n, and w = Y ., dp* Adq' is a
symplectic manifold. Given a vector field X =" | Xiaqi + X! i, we have that

w(Y, X) = Z dg;(X)dp'(Y) — dg;(Y)dp*(X) = Z Xidp'(Y) — X'dg' (V).

Hence X* ="' | X'dp' — X'dg'.

On any even-dimensional manifold, there exists coordinates so that locally w takes the same form as in
the example above. We will state the relevant theorem without proof.

Theorem 2.22. (Darbouz’s theorem) Let (M,w) be a 2n-dimensional symplectic manifold. At each point
x € M, there exists a neighbourhood U, which can be covered by a coordinate chart (¢',...,q" p,...,p")
with respect to which w takes the following form:

n
w = dei Adq'.
i=1

These coordinates are called: Darboux coordinates, symplectic coordinates or canonical coordinates.

Consider a function H € C*° (M), which we will call the Hamiltonian. A particularly important vector
field on a symplectic manifold is the Hamiltonian vector field Xy := (dH)?. We can locally express with
respect to Darboux coordinates (¢*,p*): dH = Dy 0, H dq’ + Opi H dp’. So by Darboux’s Theorem, we can

express in these coordinates:
n

Xp =Y (0, H)0p — (0 H)0yr.
i=1
We refer to the triple (M,w, H) as a Hamiltonian system.
Recall that orbits of a vector field X € I'(T'M) are curves v : I — M such that 7',y M 2 ¥(t) = X (7()).
Now, we can give a completely geometric characterization of solutions to Hamilton’s equations as orbits
t — 7(t) of the Hamiltonian vector field. Indeed, with respect to Darboux coordinates, we have that for

v(t) = (¢'(1), p'(1))

q'(t) = (Op: H)(7(1)),

pH(t) = — (9 H)(7(1))-
More generally, we define with ® : M — M the flow for time ¢ with respect to the Hamiltonian vector
field Xp, which sends 2 € M to ~(t), where 7 satisfies 7(0) = = and (t) = (Xg ) € Ty M.

To connect with quantum mechanics, we will use our geometric reformulation of Hamiltonian systems to
define the notion of a Poisson bracket.

Definition 2.9. A Poisson bracket is a binary operation {-,-} : C*°(M) x C®(M) — C*®(M) defined as
follows:
{£,9} = w(Xy, Xg) = w((df)}, (dg)) = df (X,y) = X,(f).

The Poisson bracket with {f, g} can be interpreted as measuring the rate of change of f with respect to
the Hamiltonian flow corresponding to g. In particular, along v : I — M an orbit of X, we have that

& 160 = 1 HY 1),

With respect to Darboux coordinates, we have that

{9} = 04 f0pig — Oy fOpig.

i=1

In particular, o -
{a",p'} = d".
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Let p: Ry x M — [0,00) be a density function on M for all t € R. Suppose that p stays constant along the
Hamiltonian flow. Then

0= %p(t,'y(t)) = (9ep)(t, (1)) + {p(t,-), H}(7(1))-

Rearranging the above terms gives the Liouville equation:

(atp)(t’ ) = _{p<ta )7H}

The Liouville equation plays an important role in classical statistical mechanics.
We state without proof the key properties of Poisson brackets:

Proposition 2.23. Let (M,w) be a symplectic manifold and let f,g,h € C>°(M). Then:
(i) (bilinearity) {f, g} is linear in f and g over R,
(ii) (antisymmetry) {f,g} = —{g, f},
(i) (Jacobi identity) {{f, g}, h} + {{g, b}, /} + {{h fh.g} =0,
(iv) Xisr = =Xy, X
In particular, the vector space C*°(M) is a Lie algebra with respect to the Poisson bracket.

As we will see later in the course, position ¢ and momentum ¢* will become linear operators and the role
of the Poisson bracket will be taken on by the commutator of linear operators, which also satisfies properties
(i)—(iii) above.

The symplectic formulation has the advantage that Liouville’s theorem reduces to a sequence of algebraic
identities.

Theorem 2.24 (Liouville’s Theorem). Let (M,w, H) be a Hamiltonian system. Then w™ defines a volume
form on M,® which is preserved under the Hamiltonian flow, i.e.

LXH (wn) =0,

—
with Lx,, the Lie derivative with respect to Xg and w™ =w A ... Aw. With respect to Darbouz coordinates,
we have that

1
—w" =dp' Ndg' Adp® Ndg? .. Adp™ N dg"
n

Proof. We will apply Cartan’s magic formula: for any X € T'(TM)
Lx,=doutx, +tx, od,

where d is the exterior derivative and ¢x, with X € I'(T/M) denotes an interior product: recall, for r > 1
and Y € T(TM),

ty : Q" (M) — Q’"_l(J\/l)7
(Lyﬁ)(Xl,...,erl) :UJ(Y,Xl,...,erl).
Note that dw® = 0 for all & > 0, so

Lx,w" =dix,w".

We have that tx,w" = w(Xp, )Jw" ! = —dH Aw"!. Taking the exterior derivative d then gives zero.
It follows by an easy induction argument we can locally express in Darboux coordinates, %w” = dp' A
dg' A ... Adp™ Adg™. O

SEXERCISE: Convince yourself of this, once you have become familiar with the notion of volume form on general manifolds.
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Consider the Hamiltonian system (R?", Dy dp' Adq', H) where Darboux coordinates are global and let
Q C R?" be bounded. Let ; = ®(Q) C R?" denote the image of 2 under the Hamiltonian flow. Then
Liouville’s theorem implies that

d d 171 nj.mn __
%Volume(Qt) dt/ dp dq”...dp"dq" =0

so the volume of €, is equal to the volume of € for all time. Hence, the phase space volume is preserved
under the Hamiltonian flow.

Let p: Ry x M — [0,00) be a solution to the Liouville equation, such that [, p(t )— =1forallt e R,
i.e. we can think of p(¢,-) as a probability density at time ¢. It follows by L10uv1lle s theorem, that the
probability of encountering a system in the phase space region §2; is th ,+)%r is invariant under time.

Let O € C'(M) represent a measurable quantity (for example, the total kinetic energy). Then we can
define the expectation value of O at time ¢ as follows:

t) = /M Op(t

By Liouville’s equation and Liouville’s theorem, and after integrating by parts (assuming p decays suitably
as infinity or the boundary of M), we have that

0= [ ovote ) == [ otpte).my = [ (0ot % = 0. .

We will encounter similar equations of motions when we study expectation values of observables in quantum
mechanics.

As a corollary of Liouville’s theorem, can obtain a remarkable result with far-reaching consequences,
which really only uses the volume-preserving property of the Hamiltonian flow.

Corollary 2.25 (Poincaré’s recurrence theorem). Let (M,w, H) be a Hamiltonian system and let K C M
be a compact subset, such that ®(K) =K for all t € R.

Consider an arbitrary zo € K. Then for any neighbourhood U of x¢ and any T > 0, there exists a time
t. > T such that the orbit corresponding to the Hamiltonian flow t — x(t) with (0) = xo satisfies x(t,) € U.

Proof. First of all, note that the volume of I is bounded with respect to the volume form w™. Indeed,
consider around each point € M a neighbourhood covered by Darboux coordinates with a bounded range.
Then the volume of each neighbourhood is bounded with respect to w™. Since K is compact and is covered
by finite-volume Darboux neighbourhoods, it admits a finite subcover, so its volume is finite.
Let Uy = ®(U). Suppose
Ut N Us - (D

for all t,s € R with t — s > T. In particular, this means that for any sequence of times {¢; };en such that
tiy1 —t; > T for all i € N, we have that U;, N Uy, = () for all 4,5 € N with i # j.

By Liouville’s theorem, the volume of each U, equals the volume of U. Since the sets are disjoint and
contained in IC, we therefore have that

oo > Volume(K) > Volume (U Uti> Z Volume(Uy,) Z Volume(U
€N ieN i€EN

which is a contradiction.
There must therefore exist s, € R with t — s > T, such that U; N U, # 0. Denote t, =t — s, then

7 (U, NU,) =U;, NU # 0. O

Poincaré’s theorem says that for Hamiltonian systems restricted to a compact subset of phase space
and for any initial configuration, the system will get arbitrarily close to its initial configuration after large
enough time. A trivial example would be the harmonic oscillator. A counter-intuitive example would be the
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following: consider a box with a barrier containing only gas particles on one side of the barrier. Now remove
the barrier and the gas particles will start filling the whole box. By Poincaré’s recurrence theorem®, however,
all the gas particles will, after some time, move to one side of the barrier again. A resolution of this paradox
is that Poincaré’s recurrence theorem does not give an upper bound estimate for the time ¢,. Therefore, ¢,
could in principle be much longer than the time scale for which the model is relevant (e.g. greater than the
age of the universe).

2.7 Lagrangian mechanics on manifolds

In this section, we will deal with Lagrangian mechanics involving constraints. We will present how to deal
with constraints using the language of manifolds and a bit of geometry, and we will show how this relates to
Lagrange multipliers.

Consider a C? Lagrangian L : R, x RV x RY - R. Let n € N, n < N and let

M, = {x € RV | G(t,%) = 0},

with G : R, x RY — RY~" a smooth function. If DG(¢,x) is surjective, i.e. it has maximum rank N —n
at each (¢,x) with x € M, then M, is an n-dimensional embedded submanifold of RY for each ¢ by
the Rank Theorem (which is a consequence of the Inverse Function Theorem). Equivalently, the vectors
{VxGa(t,x)}1<a<n—n are non-zero and linearly independent for each ¢ € R and x € M,. The gradients
{VxGati<a<n—n are normal to M,. We refer to G as a constraint function.

We will refer to the level sets G satisfying the above conditions as a holonomic constraints. Non-holonomic
constraints are systems involving some kind of constraint that can not be described by holonomic constraints
(for example G could also depend on a velocity variable).

The above discussion motivates the consideration of Lagrangians on manifolds M:

L:T(Rx M) =R,

with T(R x M) = [],¢ o Tp(R x M) the tangent bundle of R x M (a disjoint union of tangent spaces).
Defining £ as a map on T(R x M) has the further advantage that its manifestly coordinate invariant, so
it directly incorporates the desired transformation properties when we change coordinates. We will assume
for the sake of simplicity that £ is smooth. Note that the corresponding derivative map dL is a 1-form on
the tangent bundle T(R x M), i.e. dC € QY (T(R x M)) = T(T*(T(R x M))).
Given a smooth coordinate chart (U, ) with U C R x M, we can express: ¥ = (¢° =t,q¢',...,¢"): U —
R™ 1. Recall that for ¢ € U, we can express any v, € T,(R x M) as follows:

-
vg = vE O,

with O4u|, the basis of coordinate vectors at p associated to the chart ¢. Recall also that for 7 : T(Rx M) —
R x M, with 7(q,v,) = ¢ (the projection map), the pair (7=1(U), ¢) defines a coordinate chart, with
¢ HU) — R,

¢(q7 Uq) = (d)(q)a U27 e 7UZ;)'

The coordinate representation of L is the map L :R2(n+D) 5 ¢(r~1(U)) — R defined by

~

L(¢° ..., q"0" 0" = Lo . g™ 00 ™).
We can also express on TU = 7~ }(U):
dL = 8, Ldg" + Do L™,

with ¢* and v the components of the chart ¢ on TU.
Suppose v is another coordinate chart on U and ¢ is the corresponding coordinate chart on 7= (U). Let
L:¢(r71(U)) — R denote the corresponding coordinate representation of £. Then we can express:

L, .. .,q%w°, . w™) =L NG, ..., w, . w™) =L(pod NP, ..., w’, .. w) (2.11)

6When the position space is bounded we also have boundedness in momentum space, assuming boundedness of the potential
energy and conservation of energy. We can therefore restrict to a compact subset of phase space.
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Denote the corresponding transition function with ¥ = ) o ¢p=1 : R*+1 D Y(U) — 1/;(U) C R**!. Then

w?

(¢ © &_1)((}07 s 7q~n7w07 e )wn) = W_l(do7 e 7qn)7D‘l’_1(qoa . 7q~n)

wn

Theorem 2.26. Let M be a smooth n-dimensional manifold and consider the coordinate chart (U, 1)), with
v =(t=4q%q",...,q") : U — R""L. We consider spacetime paths v € C*([a,b],U), such that °(t) = t.
Consider the action S(y) = f; L(y(t),~(t))dt. Then ~y is an extremal of S if and only if

L0004 (550 0u) @ =0, 212

foralll <i<mn andt € [a,b)].

Proof. We consider the coordinate representation £ o ¢! on ¢(U), with ¢ : 7=1(U) — R2"*D | ¢(q,v,) =
(6% ...,q" Y, ... ,v7), where vy = v404u|q and apply the argument from the M = R™ setting, using that
the consideration of spacetime paths « with 7°(¢) = ¢ is equivalent to considering paths in space (with no

time component). O

The above proposition, together with (2.11) implies in particular Proposition 2.15.

We now assume there exists a smooth map u : Ry x M — R; x RY such that u®(t,x) = ¢ and u(t,-)
defines a smooth embedding of M into {t} x RY for each ¢ € R. The manifolds M, are called embedded
submanifolds. In the setting of holonomic constraint functions G, the manifolds M, are subsets of R", so
we can simply define u as follows: u(t,x) = (¢, x).

We can relate £ to a different Lagrangian L : R; x RN x R x RY — R, such that for (¢,v) € T(R; x M):

‘C(qa ’U) = L(“‘*(Qa ”U))
where

Uy : T(Ry x M) = T(R; x RY) =2 R, x RY x R, x RY,
U (Qa U) = (U(Q)v duq (U))a
dug(v) = Oguu® (q)v"Oga|y(q) = (Oguu®(q)v", Dguu (q)v*, . .., Oguu® (q)v"),
with respect to a coordinate chart {¢"}o<u<n on U C Ry x M and Cartesian coordinates {2 }o<a<n on

Rt X RN
If L(z,v) = 3m|v|* — U(x), then

£4,0) = mldug(0)i(dug(0)! = UG (@), ..., u™ (@)

Note that g, € T(T*M; ® T*M,), with g.(q)(v1,v2) = (du(e,q)(1,v1))i(du,q)(1,v2))" defines a positive-
definite symmetric (0,2)-tensor field and (M, g:) can be viewed as a 1l-parameter family of Riemannian
manifolds.

Hence, we obtain in this case

1
‘C((t7 q)7 (17 U)T) = imgt(q)(v7 U) - U(U’l (ta q)v s 7UN(t7 q))
Now, we return to the study of Lagrangians on R; x RY x R x RY with constraints G(¢,x) = 0. By
applying the chain rule, the equations (2.12) imply the following equations for L: with respect to a coordinate

chart {¢"}o<u<n on U C Ry x M and Cartesian coordinates {z, w®}o<q<n on T(R; x RY), we have that
the Euler-Lagrange equations with respect £ for a path v € C*(U) give

S ) )~ 5 (s ) a))| Gy =0 v vi<is<n,
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where in the above summation 1 < j < N.
Note that we used here that v — du,(v) is a linear map, so

Oyi (L(u(q), duq(v)) = (Owe L) (ulq), dug(v))Byidug (v) = (e L) (u(q), duq(v))0giu(q)-

This implies that the term in square brackets can be interpreted as the components of a vector in RY that
lies in the kernel of the transpose of the matrix with components 9,:u’(g). Since this kernel is spanned by

{VG(t,x),...,VGN~"(t,x)}, we can express the Euler-Lagrange equations as follows:
L xt),x(0) — L (P51 x(), %) ) | = Nij N0, GIit,x) ¥1<i<N
EITARERN dt \ owi ) = b ==

The functions A’ are called Lagrange multipliers. Note that these can be interpreted as N equations for N
unknowns ¢'(t),...,q"(t), \}(t),...,AN""(t). The above equations are equivalent to the standard Euler—
Lagrange equations on RY for the modified Lagrangian:

Lt,x, v, N\ AT = Lt x, v) — NG (L, x)

coupled to the constraint equation G(t,x(t)) = 0 (or equivalently, % = 0). We then consider the paths
t— (x(t), \X(t),..., AN ~"(t)), which solve the Euler-Lagrange equations and G(t,x(t)) = 0.

We can interpret M (¢)G7(t,x) as as kind of potential corresponding to a constraint force:
Fconstraint (t7 X) = 7>\j (t)vaj (t, X)

which points in the normal direction to the submanifold determined by G and can be interpreted as keeping
the particle constrained to the surface.

We see therefore that the effect of a particles moving in a non-trivial geometry can be interpreted as an
additional force in a larger ambient space, and vice versa! Having seen this correspondence between forces
and geometry will perhaps remove some of the magic when we pass to the geometric setting of Einstein’s
theory of gravity and represent idealized, free-falling observers by geodesics in a spacetime manifold.”

Example 2.11. Consider two particles with masses my and ms, attached to each other via an inextendible,
massless string of length | over a massless pulley and initially at rest with negative z-coordinates. You may
assume the radius of the pulley is R. We assume a constant gravitational force F' = —m;gz. Such a set-up
is called an Atwood machine; see Figure 1. We would like to determine the motion of each particle. As the
forces acting on the particles point all point in the z-direction, the total dimension of the problem is 2, with
the coordinates (21, z2) denoting the positions of the particles along the z-azis with the centre of the pulley
sitting at z = 0.

Note that the potential is given by U(z1,22) = mgz + mgza.

Since the length of the rope is constant, we have the following constraint: zo = ¢ — z1, with ¢ a constant
equal to — + wR, the part of the string not touching the pulley. The coordinate on our 1-dimensional
submanifold {21 + z2 — ¢ = 0} is therefore ¢ = z'. The Lagrangian on {z1 + 2o —c = 0} can then be expressed

as follows:
1 1
L(q,v) = §m1U2 + §m202 —migq —mag(c —q).
The FEuler Lagrange equation is:
(m1 +ma)d = —(m1 —ma)g

and hence, plugging in the initial conditions gives

1m1—m2 2

q(t) = 2'(0)

2m1+m2

for t suitably small, so that q(t) <0 (and we do not have to deal with the string detaching from the pulley).
Finally, we have that z2(t) = ¢ — q(t).

"Though the actual equations of motion in Einstein’s theory of gravity should still remain rather magical.
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Figure 1: The Atwood machine.

Example 2.12. Consider a free particle in R? of mass m = 1 that is constrained to a unit round 2-sphere
S2. With respect to spherical coordinates (0, ), the induced Riemannian metric g € T(T*S? ® T*S?) can be
expressed as:

g = db? + sin® 0dp? = df ® df + sin® Ody @ de.
The Lagrangian L : TS? — R then takes the following expression with respect to a local coordinate chart '
on S?:

1 o
L(gq,v) = §gij(q)vlv1~

The Euler-Lagrange equations give the following equation for paths v : I — S? in space

1 d

§3igjmj(t)ﬁk(t) - E(gz‘j (v(£)37 (1)) = 0.

By the chain rule, the above equation is equivalent to

0= gij57 + Ongi; ¥’ 4" — 5 195k Y = g5 (7 + T2 A",

with
1

Fi@k = i(gil)jn (8mgkn + 8kgmn - 8ngmk)~

The numbers ank are called the Christoffel symbols. They are intimately connected to g and we will later
see them when we discuss natural notions of derivatives on manifolds equipped with metrics. We will see
that these Euler—Lagrange equations are precisely the equations of an affinely parametrized geodesic.
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3 Lagrangian field theory
We have seen that Newton’s equations, a system of ODE with solutions corresponding to paths
v+ [a, ] = R*Y,

representing dynamical particles, can be obtained by extremizing an action of the form

b
S(y) = / Lt (1), 5(1)) dt.

We will see that the equations of motion of fields, like the electric and magnetic fields, which we will
interpret as tensor fields on R®*! and on more general spacetime manifolds, can also be obtained by extrem-
izing an action with an appropriate Lagrangian. In this case, the equations are PDE (partial differential
equations) instead of ODE. Since fields are maps with as their domain spacetime regions, rather than time
intervals, we need to make the following schematic form of the Lagrangian £ precise:

L(field, derivative of field, spacetime point)

To be able to define this action cleanly and to be able to easily generalize to the setting of manifolds,
we take a detour and introduce some geometric concepts. In particular, it is convenient to have a suitable
coordinate-independent notion of the derivative of a tensor field.

3.1 Metrics and connections

Consider a manifold M equipped with g € T(%2) (M) = T(T* M&T* M), with g a symmetric, non-degenerate
(0,2)-tensor field called a metric tensor field. We therefore have that g : x — ¢, € Ti M ® T M, with each
gy : TyM X T, M — R a bilinear map that is symmetric and non-degenerate.

Let X,Y € T(M), with X(x) = (x,X,) and Y(z) = (x,Y,). Then we also denote g(X,Y) € C*(M)
where g(X,Y)(2) = g2(Xs, Ya).

3.1.1 Musical isomorphisms

Via the metric tensor field, which we will refer to as a metric, we will obtain an isomorphism between T, M
and T M for each € M. Indeed, consider the map b : TM — T* M, defined as follows:

b : (l’,’U) = (I,gz(',v)),

where ¢,(-,v) : T, M — R is a linear map and is therefore an element of T*M, so b(z,-) : T,M — TrM
is a well-defined linear map. By the non-degeneracy of g, kerb(z,-) = {0}, so we can apply the rank—
nullity theorem to conclude that b(z,-) is in fact bijective. We denote the corresponding inverse map by
f:T*M — TM, with #(z,-) = b(z,-)~L. The maps b and f are called musical isomorphisms.

We will also employ the same notation for maps between vector fields and 1-forms: b : T(M) — QY (M)
and £ : Q'(M) = T(M), with b(X)(z) = b(X(z)) and #(w)(z) = #(w(z)), and we denote X° := b(X) and
wh = f(w).

We define the inverse metric tensor field (or inverse metric, short) g=' € TZO(M) = T(TM @ TM) as

follows:
9 (w,0) = g(8(w), 1(0)).
g

w, 8
We then immediately obtain: ¢(X,Y) = ¢~ '(0(X),p(Y)) for all X,Y € T(M). The inverse metric is a
symmetric, non-degenerate (2, 0)-tensor field.
It is instructive to investigate the above maps with respect to a coordinate chart (U, {z*}). We can then
express:
g = gudatds” = gy, dat @ dz”,

with g, € C®(U). Let X = X%0pa € T(M) and Y =Y *0p0 € T(M). Then we can express in U:

X(Y) = b(X)(Y) = gu X YH
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hence, X” = gup XVdzx?. In particular,
(azﬁ)b = gupda”.

We will denote the components of X? with an index in the subscript, i.e. X, = g, X"?. For this reason,
it is said that the map b, “lowers indices”.
We can express in U:
gil = (gil)lwam“ v 1= (gil)uyax“ & am”'

By the definition of g~ ', we have that:

Guv = g(azlh az”) = g_l((azﬂ)ba (am”)b) = guaguﬁg_l(dxaa dlﬁ) = guaguﬁ(g_l)aB

and hence
gup(g™ )" =65

This means that the matrix with components (=) is the inverse of the matrix with components g, .
Let w = wodx® and 0 = 0,dz® be 1-forms in U. Then:

W (0) == (g7 ") wyb,,
so wh = (g71)*w, 0. Note that
b(#(w)) = gur (97 1) “wada" = fiwads® = wyda" = w,

b= f(w)
SO W w).

Hence, the map § “raises indices”. We will denote the components of w* with an index in the superscript,
ie. wh = (g H)*w,.

Comment on index placement: When applying the Einstein summation convention with repeated in-
dices, it is convention to place one index in the superscript and one index in the subscript. Components of a
vector field X with respect to a basis are denoted with X* and the coordinate basis vector fields are denoted
with Oyu or 0y, so that X can be expressed locally as the sum X*#0,. Similarly, components of a 1-form w
are denoted with w, and the basis of 1-forms dual to 0.~ is denoted with dx*, so that w = w,dz".

By identifying the bilinear maps ¢, : T, M x T, M — R with symmetric matrices with coefficients
gz (€eu,€,) with respect to a basis {eg,...,e,}, we can investigate the corresponding eigenvalues. These
eigenvalues are non-zero, by the non-degeneracy assumption. The number of positive and negative eigenvalues
of g, : Ty M x T, M — R corresponds to the maximal dimensions of the subspaces on which g, is positive-
definite or negative-definite, respectively. These spaces are independent of the basis we chose on T, M; this
is known as Sylvester’s Law of Inertia.®

By the symmetry of g,, there always exist a basis {eg,...,e,} in which the matrix representing g, is
diagonal. We can moreover rescale the basis vectors so that g(e,,e,) = 1. Such a basis is called an
orthonormal basis. The corresponding matrix is diagonal with +1 or —1 as its entries and the number of
41 and —1 is independent of choice of orthonormal basis, as it corresponds to the number of positive and
negative eigenvalues, respectively.

If the number of positive and negative eigenvalues is independent of z € M,? we can define the signature
of a metric tensor field as the pair (p,n) with p the total number of positive eigenvalues and n the total
number of negative eigenvalues. Alternatively, the signature can be represented by a list of numbers +1 or
—1. A Riemannian metric tensor field then has signature (4 ...+) (all positive eigenvalues) at each point
in the manifold. We will refer to these metric tensor fields as “Riemannian metrics” and the pairing (M, g)
as a Riemannian manifold.

8Sylvester’s Law of Inertia says that if A is an m X n symmetric matrix with n4 positive eigenvalues and n_ negative
eigenvalues, then, for any n x n matrix B, the symmetric matrix BABT will also have ni positive eigenvalues and n_
negative eigenvalues. If A denotes the matrix with coefficients g.(eu, e ), then a change of basis on the tangent space, given
by fu = Buaea will lead to a matrix C' with coefficients g, (fu, fv). We have that C = BABT.

9EXERCISE: Convince yourself that the number of positive and negative eigenvalues is always constant on each connected
component of M.
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Definition 3.1. We define a Lorentzian metric tensor field to be a metric tensor field with signature (— +
...+) (one negative eigenvalue and n positive eigenvalues) at each point in the manifold. We will refer to
these metric tensor fields as “Lorentzian metrics”. Metric tensor fields with more general signatures are
referred to as pseudo-Riemannian metrics.

We refer to the corresponding manifolds (M, g) with g a Lorentzian metric as a Lorentzian manifold.

3.1.2 The Levi—Civita connection

Before we can introduce Lagrangians and actions, we will need to make sense of a notion of derivative that
is compatible with the structure g.

Definition 3.2. An affine connection is a bilinear map V : T (M) x T(M) — T (M) with (X,Y) — VxY,
such that for all X, Y € T(M) and f € C*°(M)

1. (linearity over C*°(M)) VixY = fVxY,
2. (Leibniz rule) Vx (fY) = X(f)Y + fVxY.

An affine connection is a Levi-Civita connection with respect to a pseudo-Riemannian metric g if for all
XY, ZeT(M):

1. (metric-preserving) X (g9(Y,Z2)) = g(VxY,Z) + g(Y,Vx Z),
2. (torsion free) VxY —Vy X = [X,Y].
We define the covariant derivative as the map:

Vi T(M) = TED(M),
(VY)(X,w) :=w(VxY).

with 71 (M) the space of (1,1)-tensor fields. Recall that an smooth (r,s)-tensor field T € T M =
INTM& .. TM&T*M...T*M).

r times s times

Note that VY is a well-defined tensor field because it is bilinear over C*°(M). EXERCISE: Verify this by
considering (VY)(fX + Z,hw + a) for f,h € C°(M), X,Y,Z € T(M) and w,a € Q}(M).

Theorem 3.1. Let (M, g) be a pseudo-Riemannian manifold. Then there exists a unique Levi—Civita con-
nection with respect to g.

Proof. We will first prove uniqueness. Let X,Y,Z € T(M). By the metric preserving property and symmetry
of g, we have that

X(g(Y,2) +Y(9(Z,X)) - Z(g(Y, X)) = g(VxY + Vy X, Z) + g(VxZ — VzX,Y) + g(VyZ — V7Y, X).
Applying the torsion free condition then gives
X(9(Y,2)) +Y(9(Z,X)) - Z(9(Y, X)) = 29(VxY,Z) — g([X, Y], Z) + 9([X, Z].Y) + g([Y, Z], X).

Rearranging terms then gives

g<vX}f7 Z) - (X(g(Y’Z)) +Y(g(ZaX)) - Z(g(YaX)) +g([XaY]7Z) 79([Xa Z},Y) 79([Y7Z]7X))

(3.1)

N

Suppose there exists another Levi-Civita connection %, then by the linearity of g
g(VxY —VxY,Z) =0

for all X,Y,Z € T(M). By the non-degeneracy of g, this must mean that VxV — VxY = 0 for all
X, Y € TM).
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We can similarly use (3.1) to prove the existence of V. Indeed, we have that (VxY)* € Q'(M) can be
defined as follows: let X,Y,Z € T(M), then
1
(VXY)'(2) = 5 (X(g(Y, 2) + Y (9(Z, X)) = Z(9(Y, X)) + g([X, Y], 2) = g([X, Z],Y) = 9([Y 2], X))

Indeed, (VxY)" is a well-defined 1-form by linearity of the right-hand side above in Z. We leave it as an
EXERCISE to verify that (X,Y) — (VxY) :=4((VxY)") defines a Levi-Civita connection. O
We can express the Levi-Civita connection as follows with respect to a coordinate chart {z*}:
o Lo_ o g
(vauaV) = 5(9 1) ’ (8ngp + allgup - 6;)9“1/) =: FNV'
The expressions '], are called the Christoffel symbols. Hence,
(VxY)? =(Vxup,(Y"0,))” = X"0, Y7 + 17, X'Y",
(VY)?, =0,Y7 +17,Y".
We would like to extend V to act on more general tensor fields: V : T(8)/(M) — Ts+D(M). First,
we let Vf := df for f € C®°(M) = T (M). This implies that C>®°(M) > Vx f = df (X) = X(f).
Next, we consider w € (M) = TV (M) and define
(Vw)(X,Y) :=Vx(w(Y)) —w(VxY)
forall Y, Z € T(M). Note that linearity over C°°(M) in the first argument follows immediately, and linearity
in the second argument follows from:
(Vw)(X, fY) = Vx (w(fY)) —w(Vx(fY)) = f(Vu)(X,Y) + (Vx [w(Y) = (Vx flw(Y) = f(Vw)(X,Y).
This definition ensures that V is compatible with tensor contraction. With respect to a coordinate chart
(U,{z"}), we obtain for all 0 <v <n+1
Vo (w,Y?) = (Vw),,Y? +w,(VY)?,.
We can therefore also express:

(Vw)yy = 0w, — T,

,uywp'

We will use the following notational conventions:
Vow, = (Vw)yu,
V. Y#:=(VY)*,
We now extend V as a map on general tensor fields: V : T9)(M) — Tt (M) by making it

compatible with tensor contraction.
For T € T("*) (M), we define:

(VXT)(wla-"7w’r'7Y17~"aYS) :X(T(w17~"aw’r‘aY1a-"aY;'))
—T(Vxwi,...,wn,Y1,....,Y)— ... —T(Vxwy,...,Vxw, Y1,...,Ys)
—T(wh...,wT,VXYl,...,YS)—...—T(wl,...,wT7Y1,...7VXYS).

A tensor field T takes the following form with respect to a coordinate chat (U, {z*}):

T=T""" .01 ® ... Q0w @dz" ®@dzh,

with 7% € C°°(M) smooth functions. In the notation, we do not put the upper and lower indices

directly above each other, so that we can lower and raise them using the musical isomorphisms.
We then obtain:

Vl...Up _ Vy...Up _ TP Vl...Up _ TP Vi...Up _ _ TP Vl...Up
VNT Hieefbs aMT H1-fbs FMHT Pebbs FuuzT H1PH3.-fos " FMMST H1-efbs—1p
V1 pPU2... Uy 125} V1 pV3...VUp Vp VL...Vp—10
+ F#PT H1---fhs + P#PT M1 fhs +..F FMJT H1eepos”

By construction, we have in particular that Vg = 0.
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3.1.3 The natural volume form and Hodge dual

It will be useful to derive a divergence theorem involving V. To make sense of that, we first need a natural
way of integrating on (M, g). We will need assume that M is oriented. This means that there exists a
global volume form w that is non-vanishing everywhere. A coordinate chart (U, {z*}) is said to be positively
oriented if w = fdax® A ... Ada™, with f a positive function on U. We say a (local) basis of vector fields
(Eo, ..., E,) is positively oriented if w(Eq, ..., E,) > 0.

Lemma 3.2. Let (M,g) be an n-dimensional oriented pseudo-Riemannian manifold. Then there exists a
unique volume form €, which satisfies the property that

6(E0,...7En) =1

for any positively oriented, local basis of orthonormal vector fields Ey, ..., E,.
With respect to a positively oriented coordinate chart (U, {z*}), € can be expressed as follows:

e =+/|detgldz® A ... A dz™.
Proof. Exercise. O

Definition 3.3. Let n € N and r < n. Let (M,g) be an n-dimensional, oriented pseudo-Riemannian
manifold. The Hodge dual is a map
*: Q" (M) = QV(M),

with (*w) := *x(w), that is linear over C*°(M), i.e. for all w,a € Q" (M) and f € C®(M)
*(fw+a)=frw+*a,
and forw =wt A... AwW" € Q"(M),

(k) (X1, Xper) = (X1, oo, Xy 0

7“)'10

With respect to a coordinate chart (U, {z*}), we can express:

1

—- Hn—r41---H
(*w)ufln-unfr - T|€H1"~Hnw e "

)

where the r! factor arises from:

1
W=Wyy . pde! ® .. @dat = ﬁwm___urdx’“ Ao Adxhr,

Lemma 3.3. (i) The following identity holds:

v

€y, €1 VPt — iom (det g)rl(n — T)!éﬁjl .. .5m]7

where square brackets denote the antisymmetrization of the indices, i.e.
1 .
Al o] = o Z sign () Ag(uy)....o ()
o€S{pa,spir})
with S({p1, ..., ur}) the set of all permutations of {1, ..., fur}-

(ii) Let w € Q" (M), then
*(w) = sign (det g)(—1)" """,

where the sign corresponds to the sign of det g.

0ExERCISE: Convince yourself that for w € Q7 (M), *w is globally well-defined on M.
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(iii) Let w € Q" (M), then
*(d* W)y, = sign (det g)(*1)T(nir)vurwu1--.ma

where the sign corresponds to the sign of detg and V,, is taken with respect to an arbitrary choice of
coordinate chart.

Proof. Problem sheet. O
Lemma 3.4. Ve =0

Proof. By (i) of Lemma 3.3, we have that in the domain of a coordinate chart:
Vol€ug..p, €0 Hn) =V, (sign (det g)n!) = 0.
Furthermore, by Vg = 0 and the compatibility of V with contraction, we can express
Vil€uooopin €)= (Viepg..p, )€ 4 €pgp, (V€O tin) = 2600V ey,
Finally, note that by the antisymmetry properties of €
AV T n1e? "V eo. .

Since €*" # 0, we must have that V,¢g..,, vanishes, so, by the antisymmetry of €, V, €., = 0 for all v and
Ve =0. O

Proposition 3.5. Let (M, g) be an n-dimensional, oriented, pseudo-Riemannian manifold-with-boundary

and let X € T(M). Then
/ V. X'e= (—1)"-1/ C(xX7),
M oM

where ¢ : OM — M is the inclusion map.

Proof. Consider X* € Q'(M). Then xX° € Q"1 (M). By (iii) and (ii) of Lemma 3.3, we have that
(V. XM)e = x(VFX,) = x(sign (det g)(—1)" " % (d* X°)) = (=1)" " 'd x X".

By Stokes’ theorem, we have that

//\4(—1)"—%1*)(b = (—1)n? / S (xX0). 0

oM

Given a vector field X € T (M), we will denote with div X the function in C*°(M) that takes the form
V,X*# locally with respect to an arbitrary coordinate chart.

3.2 Lagrangian field theory

Let (M, g) be an n + 1-dimensional, orientable, pseudo-Riemannian manifold(-with-boundary). We define
the field manifold N as the disjoint union:

N= ][ NTIMx (M@ NT;M) = | {a} x AT M x (TiM @ ATy M)
zeM zeEM
with projection map 7 : N' — M, 7(x,q,v) = x for ¢ € ATy M and v € TX MQA"T# M. Analogously to the
construction of the tangent and cotangent bundle, it can be shown that given a coordinate chart (U, {z"})

on M, the pair (7= (U), 1) defines a coordinate chart on N, if we take ¥ (z,q,v) = (z*, Qs ooty Voreovyin )
where

1
4= s, (d2¥ N A da), € NTIU,
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1

v = ﬁvyl...umd:c;l ® (dx"? AL ANda ), € ToU @ AT UL

In this way A is indeed a manifold. We will moreover apply the convention A°T* M = R.
We introduce the field Lagrangian as the smooth map:

L:N =R
Note that dC € Q'(N) takes the following form on 7=1(U):
oL oL oL
_ 12 M- por Vi...Vr41
dL Ey T g dq + o dv .

We will refer to sections ¢ € I'(A"T* M) = Q7" (M) as fields. Note that V¢ € I'(T* M @ A"T*M).
Let M be a compact manifold(with-boundary). We can then define the action § : Q" (M) — R as the
following integral:

5(6) = /Mﬁo (6. Vo)<

Note that £ o (¢, V) : M — R is smooth.'*

EXERCISE: Convince yourself that the above notions can easily be extended to the setting where the
fields are general tensor fields, rather than differential forms.

Just like in the case of Lagrangians with domain T(R x M), we can extremize the action and obtain
Euler-Lagrange equations.

Definition 3.4. Let U C V C M be open, with V compact, and M a manifold(-with-boundary). We say
¢ € Q"(U) is an extremal of the action S : Q" (U) — R if for any h € Q"(U), such that hloy = 0 if U # 0,

— S h)=0.
dsls=0 (¢+S )

Proposition 3.6. Consider a coordinate chart (U, {z*}) on M, such that U CV, with V' compact. Then
¢ € Q7 (U) is an extremal of the action S : Q" (U) — R if and only if ¢ satisfies the following equations on
U: forall1 <v; <n+1,

oL or
aqylmyT o (qj)? v(b) - VV (am/lur o <¢a V¢)> = 0. <32)
Proof. Consider
L:m Y U) =R,

with 7 : N — M. Let h € Q"(U), such that h|gy = 0. Then:

d%|5:03(¢+sh): /U %szoﬁ(qj(x)+sh(m)7v¢(x)+svh(x))e

-/ O (). V@) hr (@) + 2 ($(x), V() Voo () €

U 8(11/1‘..14 avuul..‘ur

_ /U [ 0L (3(x), Vo(z)) -V, (aaco(@Wﬁ)) (m)] By () €

BQVl...uT Vovy...vp
+o(1), (3.3)
where we arrived at the final inequality by using that
/ (V,J)e=0
U
by Proposition 3.5 and the fact that J vanishes at OU by hlgy = 0.
Since h was arbitrary, we arrive at (3.9) by applying Lemma 2.13. O

H1n how we express our disjoint unions of tensor spaces, ¢(x) is technically a pair in A"T*M consisting of the point = and
an element of A"T¥ M, rather than just an element of A"T* M, but we will be a sloppy with this and frequently identify ¢(x)
with just the element in A"T; M, for the sake of convenience.
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Example 3.1 (Klein-Gordon equation). Let M = R"*! and r = 0. Then N = R""1 x R x R"*1. Let
{z#} be Cartesian coordinates. Consider m = my,dz" @ dz¥, with mep = —1, mo; = 0 and m;; = ;5. The
Lorentzian metric m is known as the Minkowski metric. Consider

L:N =R, with
I T m? 2
L(z,q,v) = §m"” (v,v) + 7q ,
with m € R. Then L(¢(z), Vé(x)) = 1mz1(Vo(x), Vo(z)) + B ¢?(x).
We have that

oL )
5ﬁd@ﬁ%@»=m¢wx

oL
Vi (g 0 (0.79)) () =V, 7 0(a).
Up
The Euler—Lagrange equations therefore imply that
V. Vi =m?g,

We denote Uy¢ := V,,V* ¢, with V the Levi-Civita connection corresponding to g.
Note that in Cartesian coordinates, '}, = 0, so Upn¢ = —aioqﬁ + > 0%¢ so with t = 2°

i=1 "zt

—0ip+ Y 0o =m’s,

i=1
which is the Klein—-Gordon equation with mass m. The m = 0 case is called the (massless) wave equation.

Example 3.2 (Maxwell equations in vacuum). Let M = R3™ and r = 1 and let {z"} be Cartesian
coordinates. Consider (R3T1,m). Denote with m the Minkowski metric on R3*1. We define:

L:N — R, with

1 — o - v
L(x,q,v) = — z(m Do m~h; (W — Vup) (Vap — VBa)-
Consider the field A € QY (M) with covariant derivative VA € T(T* M @ AT*M).

Then
LA, TA) @) =~ (m™ ) m ™) (VoA — Vs Aa)(V4 A5 — VoA, (@)

We have that
oL

—o0(A,VA) =0,
a4 ( )

oL
v, ( o (4, VA)) = —V,(VFAY — VFHAY) = -V, F",

Ov

with F' = dA. Indeed,

1
F = S(0,A, = 0,A,)de Ada* = (9,4, — 0, A)da* @ de* = (V, A, =V, A)dat @ da”.

Using F', the Lagrangian takes the form
1
Lo (A VA) = —ZFWF’“’.
By (iii) of Lemma 3.3, we can put the Euler-Lagrange equations in the following form:

dF =0,
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dxF =0.

Note that F has (4 = 6 independent components when expanded in a coordinate_basis. Let us denote
E = (F01,F02,F03) and B = (—F23, —F31, —F12)T, i.€. Ei = Fo,' and Bi = %GiijJk. Then the equation
dF = 0 implies that

ki = 0.

Using moreover the antisymmetry of F,, in its indices, we obtain: for all 0 < p,v,p <n
OuFrp+ 0 Fpu +0,F, =0

Note that this gives four independent equations, with (u, v, p) = {(0,1,2),(0,1,3),(0,2,3),(1,2,3)}. One can
verify that the first three choices result in the equation:

O4B+V xE=0. (3.4)

The final choice results in
divB = 0. (3.5)

The equation V,F"" gives four equations. The case u = 0 results in
divE=0 (3.6)

and 1 < p < 3 give
OE -V xB=0. (3.7)

The equations (3.4)—~(3.7) are the Mazwell equations in vacuum and F is called the Faraday tensor.

Example 3.3 (Minimal surface equation). Let M = Q C R? be compact, r = 0 and let e be the Euclidean
metric on R?2. Then N = Q x R x R2. Consider

L:N =R,

L(z,q,v) =1/1+ez'(v,0).

Then, for u € C*=(Q), Vu € QY(Q),

L((u, Vu)(2)) = 1+ |[Vul*(z).
We therefore have that

oL
i o (u, Vu)(x) =0,

oL v
Vi (e o v0) (0) =¥, (W) v

The Euler—Lagrange equations in the interior of Q) are therefore:

Viu

The graph S = {(z,u(z)) € R®|z € Q} is a 2-surface with boundary u(0) C R® and the action S(u)
gives the area of the surface. Extremals of the action can therefore be associated to surfaces with boundary
u(0Q) that extremize the area. It can be shown that the extremals are local minimizers of the action. The
equation (3.8) is therefore called the minimal surface equation. Note that the above discussion does not tell
us anything about the existence of minimal surfaces.
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3.3 Noether’s theorem

We will now investigate the relation between symmetries of actions and Lagrangians with the existence of
conservation laws. In this section, we will slightly generalize our notion of Lagrangian in order to incorporate
vector-valued fields. Let V' be some fixed, m-dimensional vector space. We define

N=]]NTMeV)x (TMNT M@ V)
rzeM

with projection map 7 : N' = M, 7(z,q,v) =z for ¢ € N"Ty MRV and v € NLT*M QT M®V. The coor-
dinate chart on 7—*(U) associated to a coordinate chart {z*} on U C M is given by (z*, q:?l___m, v,‘j‘l___yr+1),
where

1
4= g, (2 AN dTPT)e D en ENTIU RV,

v= %vflh._wﬂdx;l ® (de” Ao ANde" ), ®ea e NTRUQTAU RV,
with eq, 1 < A < m, a choice of basis on V. A field ¢ € T(AN"M @ (M x V)), with A"AM @ (M x V) :
Hoerm AN"TiM @ V, is sometimes called a V-valued r-form on M. When r = 0, [(A°M & (M x V))
C*°(M; V), which is the space of smooth functions with values in V. We will shorten the notation by writing
07" (M; V) for the space of fields.

Note that the Euler—Lagrange generalize in this setting to:

Il

oL oL
st 0 (6.9 -, (58— (6.99)) 0. (3.9)

EXERCISE: Show this.
We consider one-parameter group action U on Q" (M), which is defined as follows:
U:RxQ"(M;V) = Q' (M; V),
U(s, )=V : Q" (M;V) = Q"(M; V) (s €R),
Vo = idar A1),
Uiy =V,0W, forallsteR.

We will be interested in one-parameter group actions for which the following map is well-defined:

ol (M V) = (M),

ds
| (o) =ty L2 = 0]

s—0 S

In the above expression, we take the limit with respect to any choice of norm on A"T; M ® V/, as the norms
on finite dimensional vector spaces are all equivalent.

If 4 L:SO V(o) € Q" (M; V), we say the one-parameter group action on 2"(M) is differentiable at s = 0.

Example 3.4 (External transformations). Let s : M — M be a 1-parameter group of diffeomorphisms (a
global flow on M ). Then the pullbacks

i QNM V) = QT(M; V)
also form a 1-parameter group, which is differentiable at s = 0, with

d

dsls=0
where X € T(M), such that X (f) = L|_of(1s) for all f € C®(M), i.e. Xy =4(0), for a smooth curve
Yo on M with y(t) = ¥y (x).
Group actions of the form Uy =%

5 are sometimes called external transformations.
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Example 3.5 (Internal transformations). Let T : R x GL(V) — GL(V) be a one-parameter group action,
with Ts = T(s, ), such that d% Ts : V — V is a well-defined linear map. Let
0

Uy : Q" (M; V) = Q" (M;V)
‘I/s(QbA oY eA) = ¢A @ TS(eA)-
Then W, define a one-parameter group action. Furthermore,

a
dsls=0

d

OTS> (ea) € Q" (M;V).

s=

These type of 1-parameter groups of diffeomorphisms (which do not arise from diffeomorphisms in spacetime)
are sometimes called internal transformations.

Definition 3.5. Let ¥ : R x Q"(M;V) — Q"(M;V) be a one-parameter group action. We say ¥ is a
symmetry transformation of S if for all s € R and all ¢ € Q"(M;V):

S(Ws09) =5(¢).

Suppose that U is a symmetry transformation of S such that £|,_oTs : Q"(M;V) — Q" (M;V) is
well-defined, and if £ denotes the corresponding Lagrangian. Then for all ¢ € Q" (M;V)

/ a
M ds
The above statement is consistent with the following: then there exists a F € T(M) with Flgy = 0 if
OM # () such that

Lo (Vs(¢), VIs(¢))| € =0.

s=0

d

ds

Indeed, this follows by integrating both sides of (3.10) over M with respect to the natural volume form e
and applying the divergence theorem.

Motivated by (3.10), we will define an infinitesimal symmetry as an analogue of (3.10) for transformations
of the form Uy (¢) = ¢ + s+t |,—0¥,(¢). That is to say, we will ignore the terms of “order o(s)” (little o-
notation) that would appear formally in an expansion of a general ¥,(¢) around s = 0, if we were to equip
0" (M) with a norm:

Lo (0,(6), V(9)) = divF. (3.10)

Wa(0) = 6+ 500 al(6) + ols).

Definition 3.6. Let ¥ : R x Q"(M;V) — Q"(M;V) be a one-parameter group action. We say ¥ is an
infinitesimal symmetry tranformation of S if there exists an F € T (M) such that

d

d d .
%‘Szoﬁ [¢] (¢ + s%|SZO\PS(¢)7 V¢ + Svd8|S_O\IIS(¢)) — le]F.

Theorem 3.7 (Noether’s theorem for fields). Let ¥ be an infinitesimal symmetry of S and define J € T (M)
as follows: with respect to a coordinate chart (U,{z"}), we can express J = JHOpun, where

, oL d B ,
I’ = 508 ° (¢, Vo) ((iss_o‘lfs(éi’)) - F,

VULV V1l

with ¢ a solution to the Euler—Lagrange equations on U. Then

div] = 0.

We refer to J as a conserved current.
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Proof. Denote h = di U (¢) and consider the field ¢ 4+ sh. By using the infinitesimal symmetry property
0

S
s=

and applying the chain rule, we obtain in U

oL oL

Lod _or i o )

divF = —=| _Lo(d+sh,V(d+sh))= 9B (6, VO)hy, ., + JE, (6, VOV b ..
[ oc or i

= [&IEW(QS’ V¢) -V, (%M(Q V(]ﬁ))} by

oL
+ Vl/ <8'UB © (¢5V¢)h£u7> .

vV Uy

If ¢ is a solution to the Euler-Lagrange equations in U, then term inside the square brackets vanishes and
we conclude that

oL )
vl/ <6UB © ((ba V(rb)hflpr —F ) =0. 0

VUL Uy

Example 3.6. Recall Ezample 3.1: let M = R"" and r = 0. Then N = R" ! x R x R"*L. Let {z#} be
Cartesian coordinates and m the Minkowski metric. Consider

L:N —R, with
m? ,

-4

1
£($,q7’0) = 7m;1(v?v) + 2

2

. _ 2
with m € R. Then L((¢,Ve)(x)) = 3m; (Vo(z), Vo(z)) + ¢ (z).
We consider the one-parameter group of diffeomorphisms 1 : R x R**1 — R™* ! corresponding to space-
time translations in an arbitrary direction b € R™"1. In Cartesian coordinates, this takes the form:

Vs(x0, . ™) = (2 + 500, ... 2™ 4 sb™).

We will write x + sb for s(x) and interpret b also as a vector field on R"1.
Then “L|,_o(¢Y:¢) = Lyd and

d

Vs

ls=0(¥2 @) = VLyp = Ly V.2

So for h = %|s:0(¢:¢)5

d%|s:0£ o (¢ + sh, Ve + sVh) = m™ L (Ve, Vh) + m2oh
=m~ ! (Ve, LyV¢) + m*¢Lyg
= Ly(Lo (6,V9) ~ 3 Lo(m)(V6, Vo).

and, since Ly(m~') = d%|3:0¢:m_1 =0, and Yim~r = m~L, d.e. 1)y is an isometry of the Minkowski

spacetime, we therefore have that
d
755=0£ 0 (9 + 50,V + sVh) =¥V, (Lo (6, V) = V(b Lo (¢, V9)).

We therefore have that U defined by Uy = 9% is an infinitesimal symmetry with Fyy = b*L o (¢, V).
By Noether’s theorem, the conserved current J takes the form with respect to Cartesian coordinates:

oL

H—
J vy,

o (6, VO Dy — B = D'VH6V,0 — 0 (™) 0,0050 + m?6?)

with ¢ a solution to the E-L equations.

2Exercise: Show that [Lx,V] = [Lx,d] = 0 when acting on functions.

41



Since b was arbitrary and constant, we can write J,, = 0T, with

1 _ m?
THV = H¢8y¢ - §m/w ((m 1>aﬁaa¢aﬂ¢ + 2¢2> .
Then VFT,, = 0. The tensor field
T="T,,dz" ®dx"

is called the stress-energy tensor or energy-momentum tensor. The key property of the stress-energy tensor
is that it is divergence-free (i.e. V#T,, =0).
We refer to

E(t) = / T o—; dx
as the energy of ¢ at time t and

Pi(t) = / T%| yo—y dx
as the i-th component of the linear momentum of ¢ at time t.

Example 3.7. We consider the 1-parameter group of diffeomorphisms 1, : R**1 — R corresponding to
Lorentz transformations. In Cartesian coordinates, these take the form:

¥§(z) = Ay (s)a”,

where A¥(s) are the components of a 1-parameter group of proper, ortochronous Lorentz transformations
A(s) € SOt (n; 1) It will be useful to characterize O(n; 1) as follows O(n; 1) = {A € GL(n+1;R) | ATnA = n},
with n the diagonal matriz with entries —1,+1,...,+1. Then A € SO*(n;1) if additionally det A = 1 and
Agog > 0.
We will write A(s)z for ¥s(x). Note that
d d

-5 K = — | 12 vy wov
ds S:Ows ('T) d5|570(Ay(5)55 ) Aba?

with A € so(n;1) = {A € Mat(n + 1;R) | nATn = —A},'® where so(1,n) is the Lie algebra corresponding to
SO(n;1). In fact, for any A € s0(1,n), the matriz exponential A(s) = exp(sA) defines a 1-parameter group
of Lorentz transformations such that 2-|,_oA(s) = A.

Then, for X = AlxYOyn,

d d d
£\5:0¢§¢ = $\5:0¢ oths = £|5:0¢53u¢ =Lx¢=X(o)
and

d
V£|s:o(1/’:¢) =VLx¢=LxVo,

so just like in the previous example, we obtain for h = dis|szo(z/1;¢) :

d 1
Tle=0L 0 (6 + sh, Vo +sVh) = Ly (L0 (6,V9)) = 5Lx(m ™) (V6, Vo).
In this case, we use the expression for the pullback in coordinates:

. _ 0g 9yl
(wsm),uv - Ozt OV

so Lxm = 0 and we conclude that

Mag = A(s)§masA(s)], = (AT0A) u = 1y,

%E:oﬁ o (¢ + sh, Vo + sVh) = Lx (L o (6, V)

= APz 9, ((L o (¢, V)
=279, (AL (Lo (¢,V9))),

3By definition of Lorentz transformations %|5:0(AT(3)77A(5)) = 0. Since taking the transpose of a matrix is a linear

operation, we have that for A = %|5:0A(s)), ATy 4+ nA = 0. Equivalently, since n = n~1, nATn = —A.
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Using that tr(A) = —tr(ndn) = —tr A, we have that tr A = 0, so we can further rewrite:
2" 0u(Ay (Lo (6, V9)))(x) = 9u(AYa” (L o (4, V))).

Hence,
FH(z) = Afa”L(¢(z), Vo(x))
and in analogy with the previous example,

o (0(a). Vo) A5 0,0(x) ~ F*(a)

= A4a’TH,.

JH(x) =

Since the dimension of so(n;1) is %(n + 1)n, there are %n(n + 1) linearly independent conserved currents

associated to SO(n;1). For example, we can label:
(P () = 2°THP (z) — 2PTH (),

which are antzsymmetmc n «, B and therefore result in 5 (n + 1)n linearly independent currents.
The following in(n — 1) quantities can be assoczated to the rotation subgroup SO(n) C SO(n;1):

Ql](t) = / (ijJ)OleZt dX e / (xir]roj _ ijOi)|x0:t dX
R3 R3

and can be interpreted as the angular momentum of ¢ at time t. The following n quantities are associated
to Lorentz boosts:

01 _ 07 710 < — .’IJO Oi_x'i 00 T T <
Q)= [ (0 ax= [ @T0 =2 T)(0(a). V(o) d

Proposition 3.8. Suppose ¢(t,x) and Vé(t,x) go to zero as |x| — co. Then E(t), Pi(t), QY (t) and Q% (t)
are conserved in time.

Proof. Exercise. O

Example 3.8. Let M =R"™ =0 and V = R% We can identify R? with C by letting ¢* = R(q) and
¢* = S(q), for ¢ € R%. Consider the Lagrangian:

L:N =R,

I 4,11 I 1,2 o m? 2
E(‘Ta%v)zimx (’U » U )+§mac (U , U )+?|Q| .

Let ¢ € C°(R"L; C) be a complex-valued field. Then, we consider the following one-parameter group action:
U, : C®(R™C) — C°(R"L;C), with

U (9)(2) = € 6(a).

Then
d .
% s=0‘l’8(¢) = Z¢7
d .
% SZOLIIS(Qb) = ZV¢,

s0 forh:% U (p) =ip = —¢? +igp!,

s=0
%s:oc o (¢ +sh,Vo+sVh) =m (Vo' VA') + m™H(Ve?, Vh?) + m?*R(ph) = 0,

soF=0.
The corresponding Noether current is given by:

— 0 0.90) (leo¥(0)) = ROVHO)@R)0) + I(T40)(0)3(06) = (@0,

Jr =
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3.4 The Einstein—Hilbert action

We will now show that we can also derive the Finstein equations of general relativity, by extremizing an
appropriate action. We start by considering the action corresponding to a field ¢ € Q" (M) with (M, g)
an orientable n 4+ 1-dimensional Lorentzian manifold. Rather than keeping ¢ fixed, we will be considering
one-parameter families of Lorentzian metrics on a fixed manifold M.

Smattcr ¢), / ﬁmattcr o (¢av ¢a ) [ ]a

with €[g] the natural volume form associated to g, V¥ the covariant derivative associated to the Levi-Civita
connection corresponding to g and

Ematter :N — R

N = ] (N'TyM) x (T3 M & NJT* M) x Lorg,
zeM

with Lor, the set of symmetric, non-degenerate elements of T M ® T, M with signature (— 4 ...+).

We will assume that Lopatter(, V910, ) = Limatter (-, V929, ) for any two Lorentzian metrics ¢;
and g» and ¢ € Q"(M)! All the Lagrangians we have encountered so far satisfy this property.

For example, we could consider a Klein-Gordon Lagrangian, which satisfies:

1. _ m2
Ematter(m,q,’l},k) = 5]{7 1(1),1}) + 7(]2’

with k= € T, M ® T, M the unique tensor associated to k € Lor, via musical isomorphisms induced by k.
In this case V91¢ = d¢ = V92¢ for any two Lorentzian metrics g1, gs.

The equations of motion of ¢ are the Euler-Lagrange equations corresponding to Smatter.- Since they
depend on on the metric g, they can be thought of describing how the behaviour of the field on (M, g) is
affected by the curvature of (M, g) (“spacetime tells matter how to move”). In §3.2, we showed that they
can be derived by considering % |s=0Smatter (@ + sh, g), with h and its derivatives vanishing at the boundary
oM.

The Einstein equations describe instead how the metric g is affected by the presence of the field ¢ (“matter
tells spacetime how to curve”). We will derive them by defining the following total action:

S( = 1677/ R +Smatter(¢7 )7

where R|[g] is the Ricci scalar corresponding to the metric g and considering d% ls=0S (¢, g+sh) with hlga = 0.

The part of the action
1

Sen(g) = 167

Rlg] €[g]

is called the Finstein—Hilbert action.

Remark 3.1. The Ricci scalar R is a smooth function on (M, g) that is invariant under isometries by
Proposition A.9 in the appendiz. It is not the unique function on M with that property. We could have, for
example, also considered contractions of the Riemann tensor RWOC,@R“”O‘B or the Ricci tensor R, R* or
functions thereof.

We will restrict to a compact subset  C M. Let g be a Lorentzian metric and consider the one-parameter
family of tensor fields g° = g + sh € T2 (K), with h € T(%?)(K) symmetric and s € I C R suitably small
(depending on g) such that ¢g® is a Lorentzian metric. If K has a boundary, then we will also assume that

141t is at this point good to point out that not every manifold admits a Lorentzian metric M, let alone a one-parameter
family of Lorentzian metrics. If M is covered by a single coordinate chart {z*}, however, we can express g = gogdz® ® dxzf
and there is a bijection between the set of Lorentzian metrics and the set of smooth, symmetric, non-degenerate, matrix-valued
functions, which can trivially be constructed.
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h is supported in a compact subset of the interior of K so that h,, and 0,h,, vanish at the boundary 9K
with respect to an arbitrary coordinate chart.
Since we have that, schematically,

Riem =0I"' +I'T,
I'=gtog

in the domain of a coordinate chart, we can see that R[g] does not just depend on g and its partial derivatives,
but it also depends on second-order derivatives of g. In view of our derivation of the Euler-Lagrange
equations for general Lagrangians (with covariant derivatives replaced by partial derivatives), we might
expect to obtain third-order equations of motion for the components of g (as the Euler-Lagrange equations
corresponding to Lagrangians depending on the field and its first-order derivatives resulted in second-order
equations). We will see however, that the equations of motion are in fact second order.

Lemma 3.9. With respect to an arbitrary coordinate chart (U, z*), we can express

d 1

s *(gil)wjhzw 6[9]'

l9°] =35

€
s=0

Proof. We have that with respect an arbitrary coordinate chart (U, z#):

elg®] = \/—det gsdz® A ... A da™.

From the chain rule, it follows that

d

- 1 _1
%L:o\/_detg ——5(—detg) 2

We use the following fact from linear algebra. For any symmetric

d

— det g°.

dsls=0 .

(n+1) x (n+1) matrix Y, we have that:'

dete¥ =e'Y.

This follows immediately by using that a symmetric matrix Y can be written as Y = B~'DB, where D is
diagonal, and e¥ = eZ PB = B=1¢PB. In fact the identity holds also for general matrices, but we will not
need that fact.

Let A, X be a symmetric matrices and consider As := A + sX = A(1 + sA71X). We obtain

A, = Ae’ X (1 + By),

where By = 0 and %\S:OBS =0.
Hence,
det A, = det Adet(e** X)det(I + B,).
We therefore have that
i| det A, = det Ai\ det(e’d ' X) = i| estrATX) — (A1 X) det A
ds s=0 s ds s=0 ds s=0 .

d

, #ls=o det gg = (g~ 1)*hy,, det g and we conclude that

d 1
g‘szox/—detgs = 5\/—detg(g_1)‘“’hw. O

Lemma 3.10. (i) Denote with Ffw[gs] the Christoffel symbols with respect to g°. Then with respect to an
arbitrary coordinate chart

Hence

d 1, 4
s Szorﬁu[gs] = 5(9 )pa(vvh;w + Vuhvo - Voh;w)a
where V denotes the Levi—Civita covariant derivative with respect to g.
15The matrix exponent e of a general matrix A is given by e = Byl %.
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(ii) For R,.,[g°] denoting the components of the Ricci tensors corresponding to the metrics g°, we can
express with respect to an arbitrary coordinate chart

d

- s — _ 2% P
| _Rlg") = ~Ryu g + 9,77,

with
J? = VIR — NP
Proof. Recall that with respect to normal coordinates around a point p € M corresponding to g: g,.(p) =
My, I'5, = 0 and J,9,.,(p) = 0. Hence,
Diwlo’lp) = 5
s

= §(gil)pg(p)(vuhua + Vyhyo — Vah;w)(p) +o(s),

with o(s) denoting terms that vanish in the limit s — 0 and V the covariant derivative with respect to g.
We obtain

(™ (0) Bu by + Db — Drhy) (p) + 0(s),

d 1, _
T Thwlg)e) = 577 (Vihyo + Vihve = Vohy)(p).
While the above expression was derived with respect to normal coordinates around p, it remains valid under
a change of coordinates. Hence, we can define a tensor field C' € 7(1:2)(M) globally, with C?,, equal to the
right-hand side above in any coordinate chart. We conclude (i).
To obtain (ii), we turn again to normal coordinates around p € M with respect to the metric g, in which

the components of the Riemann tensor with respect to g°, R?,,,[g°], satisfy

R?,,19°1(p) = 0,17,[9°)(p) — 0.17,.[9°](p)-

and
R 1g°l(p) = 0,10,,[9°1(p) — 0,14 ,.[9°1(p)-

Hence,

We therefore have that

d d v v @ . d
el s _ 5 el s v vg % 14 s _ n% ,— 1A s
7o Blotlw) = Rulgl(p) | ()7 )" (0) + (97 )"0p| _ Toulg®lp) = (97)" 0y | _ T7,l9°1(p)

d 1

= Rulal0) | ((6%) 1 (0) + 5 V(T + Ty — V) )
1
- §V“(Vuh§ + VPhup — VPh,u)(p)
d S\ — v
= Rulol0) | (6 0) + V(T V).

Since ((g*)~1)* g3, = 6%, we have that

d —1\pu —1\p d —1\p

o — S v I v_— S I l/hl/a
Jrage| _ ((8)7) (9= | _ e =—(g7")

From this it follows that

d —1\p —1\p —1\vpB

° sy lyur _ _ Tl J— vy 11

75l (@) (g7 )" (g™ ) hagp (3.11)
We conclude that J

£|S=OR[QS](p) = _R;w [g}h,uu + vaPa
with
JP = VrhE — VPR, O

Note that the term V,J” involves second-order derivatives of 1, because it is the divergence of a vector field,
there will be no need to integrate it by parts, since it will vanish after integration.
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Proposition 3.11. Assume that Limatter (T, q, VI1 (), k) = Liatter (%, q, VI20(2), k) for all Lorentzian met-
rics g1, 92, ¢ € Q" (M), x € M, g € N"(T M) and k € Lor,.

A pair (¢,g) € Q" (K) x TO2(K), with g a Lorentzian metric, is an extremum of S(g, ¢) restricted to a
compact subset K C M implies that in the interior of IC:

G/,U/[g] = 87TT}LV[¢79]? (3'12)
6£matter acmatter _
VH (3%#1...;@ © ((z)a Vg¢a g)) - aq,u,l.u,ur © (¢a Vg¢a g) =0. (313)
with
aEma er 1
Tuu[qbvg} = 2 (a(kt)t (¢7v (ba ) gp,u matter © (¢7 Vg(ba )) . (314)

The equations (3.12) are called the Einstein equations of general relativity. By the contracted Bianchi
identity (Corollary A.11), we have that
VAT (e, 9] = 0.

We will refer to the corresponding tensor field T[$, g] as the Hilbert energy-momentum tensor to contrast it
with the energy-momentum tensor obtained from Noether’s Theorem, which we will call the Noether energy
momentum-tensor.

Proof. By Lemma 3.9 and (ii) of Lemma 3.10, we have that

d 1 1 1
— S = — i (224 - 124
75| Senle’) = 10— /’C (Ruvl9] = 59 )W €lg] = 15— /}C G 9] elg),

where we used the divergence theorem together with J|sx = 0 to conclude that the integral of V,J# vanishes.
We will now investigate Spatter- By the chain rule, we have that

d E d

(‘Cmattcr o ((15, VI ¢, gs)e[gs}) -

d
dS Oﬁmattcr o (¢7 Vg¢a g ) [ ] + ‘Cmattcr o (d), VQQS, )dS 6[95]'

dsls=0

By applying (3.11), we therefore have that

d aﬁmattcr
_ g Sy — kbl
dS Szoﬁmatter o (¢a v d)v g ) 6(k3 )

o (¢, VI, g)n"",
where h*" are the components of the (2,0)-tensor field dual to h, defined via the musical isomorphisms with
respect to g.

Together with Lemma 3.9, it follows therefore that

d a‘Cmatter 1 v
E a0 ( matter © ((bav (ba ) [ ]) = - <a( ) <¢av (ba ) 59#1}60 (¢7vg¢7 g>> h* 6[9]

Hence, 4| (Lmatter © (6, 976,9°)elg’]) = =3 T, [, gl with

a‘cma er
Tuu[¢7 g] =2 (6([{7? (¢a v ¢7 ) 1g;u/£matter o ((ba ng)vg)) .

We then conclude that:

S(9,9°) =

a 1
ds ls=0 T 167

/}C (=87 [, 6] + G [g) ™ elg].

Since h was arbitrary, we can apply Lemma 2.13 to the components h*¥ to conclude that (3.12) holds in the
interior of K.

We conclude (3.13) by instead considering d%|5108matter(¢+ s1, g), with ¢ € Q" (K), such that ¥|ac = 0,
which results in the Euler-Lagrange equations, as discussed in the previous chapters.

From the contracted Bianchi identity Corollary A.11 together with (3.12), it follows immediately that
VAT, 6, 9] = 0. O
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Remark 3.2. The Hilbert energy-momentum tensor T is automatically symmetric, since the tensor G is
symmetric. This T does not need to coincide with the Noether energy momentum tensor. As we have seen
in Problem Sheet 8, the canonical energy-momentum tensor need not be symmetric. One can show that:

Hilbert __ mpNoether A
T, =T, + VB,

for an appropriate choice of (1,2) tensor B.'°

The definition (3.14) therefore provides a convenient way of constructing symmetric energy-momentum
tensors, even when one is only interested in the Euler—Lagrange equations with a fixed g. It moreover sin-
gles out a unique of energy-momentum tensor that is relevant when studying the interactions of the field
theory with gravity.

Remark 3.3. One can also study the gravitational properties of matter with equations of motions that do not
arise from an action principle, by considering (3.12) with a given symmetric (0,2) tensor field T such that
V. TH = 0. For example, when studying the gravitational properties of fluids (Einstein-Euler equations).

By redefining Sen(9) := 5= [ (Rlg] — 2A) €[g] with A € R a constant, we obtain instead the equations:
G/JV[g] + Ag/w = 87rT/,LV[¢7 g]- (315)

EXERCISE: Show this.

The constant A is called a cosmological constant and it plays an important role when gravitational
properties at a cosmological scale, where A > 0 (and very small) must be included to account for experimental
observations at cosmological scales. By putting the Ag,, on the right-hand side of the equation with 87T,
it can be interpreted as part of the energy-momentum tensor. It is therefore often referred to as dark energy.

In four spacetime dimensions, the Einstein equations with cosmological constant are the most general
equations with a symmetric, divergence-free (0,2)-tensor on the left-hand side:

Theorem 3.12 (Lovelock’s Theorem). Let (M, g) be a four-dimensional Lorentzian manifold. Let H €
TO2(M) be symmetric and divergence free (V#H,, = 0), such for any p € M and with respect to any
coordinate chart with domain containing p, H,,(p) can be expressed as a function of guu(p), Opguv(p) and
50,9 (p). Then, there exist o, f € R, such that

H;w = aG,ul/ + ﬂg,uzw

4 Gauge theories

4.1 Gauge transformations in electromagnetism

We consider the electromagnetic Lagrangian from Example 3.2, which corresponds to the Maxwell equations
of electromagnetism in vacuum, but we replace (R"™*, m) by a general Lorentzian manifold (M, g):

L:N — R, with

N = T A TMx (T;M @ A TIM),
reM

1 -1\« — v
'C(xaqav) = - Z(g l)zu(g l)g (UHV _UV#)(Uaﬁ —’U[ja).

Recall that for A € Q'(M),
1

Lo (A, VA) = _ZFWFW’
with F' = dA € Q*(M).
Now, consider the map Uy : Q1(M) — Q' (M), U(A) = A — df, where f € C>(M). Since d¥;(A) =
dA = F, it follows immediately that:
Lo (Vs(A),VU;(A)=Lo (A VAT

16This is called the Belinfante-Rosenfeld modification.
ITEXERCISE: Determine the corresponding Noether currents.
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The maps ¥ are called a gauge transformations. Below, we will show that they can be associated to a
Lie group (a gauge group) by adding another field to the electromagnetic Lagrangian. We consider (¢, A),
with ¢ € C°(M;C) and A € QY(M). Fix f € C°(M). Consider the maps:

s : C°(M;C) x Q' (M) = C°(M;C) x Q" (M),
(A, 6)(z) = (A() — df (), "D g(2)),
with ¢ € R arbitrary. In slight abuse of notation, we will also denote ®¢(¢)(x) = ¢’/ (@ (z) and ®;(A) =
A —df.
We wish to combine the electromagnetic Lagrangian with the Lagrangian from Example 3.8 with m = 0,

such that the resulting Lagrangian is invariant under ®; (“gauge invariant”). For this purpose, we introduce
the following operator:

d* : C>®(M;C) = QY(M;C)
d¢ = d¢ + iegA,
with e € R.
Proposition 4.1. Consider the Lagrangian:
L:N —R, with

N=]] Cx(TEM&C) x N'T;M x (TEM @ A T;M)
zeEM

1 — v — 1 —_ « — 1%
L(x,q,p,v,w) = 5(9 1)5 VpVy _1(9 1)1#(9 1)5 (W — W) (Wap — Wpa) -

“scalar field part” “electromagnetic part”

Then
Lo(p,Ad ¢, VA) = Lo (Ds(p, A),d® Db (), VI (A)).

Proof. We will show that d4®;(¢)(z) = '/ @ dA¢(z).
A"V s(6) = d (e §) = Du(e™f 9) + ie® 5 (A) uef
=00 +iedu fe'l ¢+ ie(Ay — Duf)e' T b
= el (9,0 +icgA,)
= e”fdﬁgzﬁ.
Hence,
(g—l)uud;{;f(A)(I)f((b)m = (g Y dA g, dA g,

We already showed that d®;(A) = dA = F, so the electromagnetic part of the Lagrangian is also invariant
under ®. O

We can interpret the map ®; : C°(M;C) — C>°(M;C), ®¢(¢), as a group action corresponding to the
Lie group U(1) at each z € R"™!. Indeed, if we identify R? with C, we can express

U(l)={zeC||z| =1},
so z = e’ where 6 € iR = u(1). Consider the map

®: C®(M;U(1)) x C=(R"M;C) — C*(R"*;C),
®(g,9)(x) = g(z)¢(x).
Note that ®(gh, ¢)(z) = (g, Pr(4))(x) and P(e, p) = ¢, so @ is a left group action.
We have that ®(g, ¢) = ®s(¢), for f € C>(M) such that e’/ = g.
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4.2 Gauge transformations for Lie groups

The above characterization of gauge transformations as group actions corresponding to a Lie group provides
a path towards generalizing gauge transformations in the context of more general Lie groups.

In this section, we will assume that M is an n + 1 dimensional manifold that is covered
by a single coordinate chart. For example, we could consider M = R™*! in Cartesian coordinates.
Equivalently, we could restrict to U C M covered by a single chart. This is implicitly done in most physics
texts. It is possible to introduce all the notions below more generally outside the domain of a single coordinate
chart, but this requires more advanced geometric notions like principal G-bundles and adjoint bundles.

Definition 4.1. Let G be a Lie group of dimension m and V a finite-dimensional vector space. Then a

representation of G is a smooth group homomorphism'®:

:G— GL(V).

The derivative map of I1 at the identity 7 : g = T.G — gl(V') then defines a representation of the associated
Lie algebra g, which a Lie algebra homomorphism, i.e. a linear map:

m:g—ol(V),
such that 7([X,Y]) = p(X)p(Y) — p(Y)p(X) for all X, Y € g.
We can express:
d
7(X) = ool (exp(s)),
s
where exp : gl(V) — GL(V) is the (matrix) exponential map.
Let ¢ € C°(M; V). Then
O :C®(M;G) x C®°(M; V) = C®(M; V),
(g, 0)(x) =T(g(x))o(z)
is a left-group action. Denote ®, = ®(g,-) : C°(M; V) = C®°(M; V).
Definition 4.2. Let M be a manifold, G a Lie group, V a vector space and g the associated Lie algebra.
Let A € Q" (M;g) and ¢ € C®(M;V).
Then the covariant derivative associated to (G,II, A) on (M, g) is the following map:
a4 C®(M; V) — QL M; V),
d4¢ = d¢ + m(A)g,

where w(A) € QY (M;gl(V)) = T(gl(V) @ T*M) defined as follows: w(A) = w(e;) ® A, with e;, i =
1,...,dimG a basis of g.

An important class of Lie groups are matrix Lie groups. They are the main Lie groups that play a role
in physics.

Definition 4.3. A matriz Lie group G is a subgroup of GL(m) (m x m invertible matrices) or GL(m;C)
(m x m invertible matrices with complex entries) such that G is topologically closed in GL(m).

Example 4.1. Let G be a matriz Lie group such that G C GL(V'), for some finite dimensional vector space
V. Then the fundamental representation is defined as Il : G — GL(V') with II(g) = g and the corresponding
Lie algebra representation is w : g — gl(V'), with 7(X) = X. The corresponding covariant derivative then
takes the form:

dA =do+ A = dp + e;(¢) ® A”.

18 This means: TI(gh) = TI(g)TI(h) for all g,h € G.
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Example 4.2. Let G be a Lie group. Consider the conjugation maps V9 : G — G, WI(h) = ghg™!
and their derivative maps at the identity d¥9 : T.G — T.G. Then Ad : g — dV¥ defines a Lie group
representation with V =T,G = g. We denote Ady = Ad(g). Furthermore, if G is a matriz Lie group, then
Ad(g)(X) =gXg~'. (EXERCISE)

It can be shown (EXERCISE) that the adjoint representation of the corresponding Lie algebra g then
satisfies: for all X,Y € g

ad : g — gl(g),
ad(X)(Y) =[X,Y].
One can directly verify that ad is a Lie algebra homomorphism by applying the Jacobi identity:
ad([X,Y])(2) = [[X, Y], 2] = ([, 2], X]-[[Z, X], Y] = [X, [V, Z]| - [V, [X, Z]] = ad(Y)ad(X)(Z)—ad(X)ad(Y)(Z).
The corresponding covariant derivative of ¢ € C*(M;g) is given by:
dA¢ = do +ad(A)p = do + [A, ¢] := d + [e;, §] @ A

In order to define a gauge transformation for a pair (¢, A) we still need to find a transformation ®4(A)
of A € QY(M;g), with g € C°(M;G), that guarantees that

d* W (240)(x) = I(g(x))(d" ¢)(z),
which is analogous to what we saw for G = U(1).
Proposition 4.2. Let G be a compact and connected matriz Lie group. Let g € C*°(M;G). The map
Oy : Q' (M;g) = Q' (M; ),
By(A)(2) = Ady(e) (A(@)) = Fug(@)g™" (2) @ da’* = g(z)eig™ ' (z) ® A" = Oug(x)g™" () ® da
is well-defined and for all $ € C*°(M;V)

d*7 D (0(¢))(x) = I(g(x))(d" ) (x).
We refer to ®4 as a (local) gauge transformation.

Remark 4.1. Note that the transformation in Proposition 4.2 only makes sense in the domain of a coordinate
chart and for G a matriz Lie group. Recall that on the abelian group G = U(1), we had ®4,(A) = A — df
which does make sense globally.

We first prove the following lemma:

Lemma 4.3. Consider (G,1I), with G a connected and compact Lie group and I1 a Lie group representation.
Let g be the corresponding Lie algebra.

(i) If X € g and g € G, then
m(X) = (g~ ")m(Ady(X))I(g)-

(ii) Let G be a matriz Lie group and v : I — G a smooth curve. Then

Tsh(s) ™ o

and
d

) O™ = (Lene) ).

(iii) Let g € C°(M;G), with G a matriz Lie group. Then for all0 < p <n+1 andz € M, 9,9(z)g(z)"' €
g and

0u (o g)(x)(I(g(x))) ™" = m(ug(x)g(2) ™).
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Proof. Let g € G. Note that there always exists a 6 € g, such that g = exp(6), if exp : g — G is surjective.
A sufficient condition for surjectivity turns out out to be connectedness and compactness for G. Then

I(g) = exp(n(0)) and I(g~") = exp(—m(0)), so
(g~ m(Adg(X))I(g) = exp(—m(0))m(Adexp(o) (X)) exp(m(6)).

We consider f: I — g, with I C R a neighbourhood of 0 and

[f(s) = exp(=7(s0))m(Adexp(s0) (X)) exp(m(s0)).

Then f(0) = 7(X). We will show that f’(s) =0 to conclude (i).
Since Adg,(X) = Ady(Adp (X)) for all g, h € G, we can write

d

d
% - |s:0 (Adcxp(SG) (Adcxp(SOG) (X)> = a'd9 (Adcxp(SOG) (X)) = [07 Adcxp(SOQ) (X)] .

|5:so Adcxp(sG) (X) = ds

We have that by the product rule and linearity of

1'(50) = exp(=s07(0)) ( = T(O)m(Adexp(spe) (X)) + T(Adexp(pe) (X))7(6)
+ ([0, Adexp(ean) (X)]) ) exp(so7(0))
= exp(—so7(0) ( = [m(6), 7(Adexp(sas) (X))] + 7([6: Adexp(sn) (X))
=0.

This concludes (i).
We now turn to (ii). Let so € I. Define p: I — G as follows: p(s) = (¢t + s0)7(s0) . Then p(0) = e, so
p'(0) € g. Since we can express

p'(0) =7'(s0)y(s0) ",

we have that 7/(so)y(so) ™! € g for all so € I. Furthermore, we can express:

oy () (TG (50)) = ey (37 (50)) (507 (50)) = (I p) (0).

We also have that

7 (Fon o)) =m0

By definition of the Lie algebra representation,

7 (0)) = oo {exp(tp/ (0))) = ]s=oTI(p)(5) = (T p) (0).

This gives the desired identity.

We obtain (iii) by letting v(s) = g(d(s)), with § : I — M, d(so) = = and 0'(s9) = Ouls. Then
v (s0) = Opg(x) and applying (ii) at s = sq. O
Proof of Proposition 4.2. By Lemma 4.3, the map ®, is well-defined. We denote with II(g) the map = —
II(g(z)). We can write locally, in the domain of a chart:

d**V(g)(¢(2)) = d(IL(g)$)(x) + 1 (Ady(a)(Ap) — ug(w)g™ (@) L(9)(x) © da™
(i) of Lemma 4.5 T1(g(x)) (de(x) + m(A (w))qb(x)) ® dz" + 0,1(g)(2)¢(z) ® da — w(Jug(x)g ™" (2))(g)p(x) ® da”
(i) of Lemma 4311 (g(x)) (dp(x) + m(Apu(2))d(2)) @ da’ + 0,11(g)(2)p(x) @ da* — 0,T1(g)(2)p() © dar'*
=11(g)(2) (dg () + m(Au(2))d(z) @ da') = L(g(x))(d" d(x)).

To obtain the third identity, we moreover used that 8,9(z) = (g 0 v)(0), where v(0) = z and 7/(0) = 9.,
and then applied (ii) of Lemma 4.3 to the curve s — (g o 7y)(s). O
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Definition 4.4. Let G be a connected and compact matriz Lie group, V a finite-dimensional vector space
and 11 the corresponding Lie group representation. Let g € C°(M;G). Then a (local) gauge transformation
corresponding to (G, V,1II) is defined as follows:

O, : CC(M; V) x QY (M;g) = C®(M; V) x QY (M; g),
D, (6, 4)(x) = (Tg(2))6(2), Ady(a) (A(2)) — Dug(@)g(z) " @ da”).

4.3 Yang—Mills theory

In this section, we will construct gauge invariant Lagrangians corresponding to connected, compact matrix
Lie groups G. As in the previous section, we will assume that M is covered by a single coordinate chart.
We will first extend the covariant derivative d* to Q7 (M;g).

Definition 4.5. Let § € Q°(M;g) and w € Q" (M;g). Then we define the wedge product of g-valued
differential forms as follows: _ _
[0AW] = [e;,e] @0 Aw € QT5(M;g).

Definition 4.6. Let A € Q'(M;g) and w € Q" (M;g) with r > 1. Then we define the covariant derivative
d? associated to the adjoint representation as follows:

a4 Q" (M;g) = QT (M;g),
dAw = dw + [A A W],
With respect to a coordinate chart, we have that for w € Q" (M;g):
(dAW)HHI.A.M =(r+ I)V[Nwmmm} + [es, ejKAi A wj)umn-ur
=+ 1)Vwu, . p + w[ei, e;] fuwfu...ur]

=(r+ 1)<v[uwu1»--ur] + [A[wwm---ur]D

Definition 4.7. Let M be a manifold and let G be a Lie group with Lie algebra g. Let d* denote the covari-
ant derivative associated to the adjoint representation. Then the Yang-Mills field strength F € Q2(M;g)
corresponding to G is defined as follows:

F:dA+%MAAL

or, locally,
F=(0,4, —0,A,) @dz" @ dx” + [A,, A)] ® dz* ® dz”.

In contrast with partial derivatives, the covariant derivatives d* associated to (G,II, A) do not commute.
We show below that the Yang-Mills field strength corresponds to their commutator.

Proposition 4.4. Let w € Q"(M;g). Then
dd*w = [F Aw].
In particular, with respect to any coordinate chart:
diydy ¢ — dijdiio = (A1) = [Fw, ]
Proof. We have that

=1[[ANA]AwW]
A(gA N _ A _ 2 _ ANANG]
dH(d%w) =d* (dw + [ANw]) =d*w+ [dAANw] — [AANdw] + [AA dw] + [AN[A A W]]

— Kd/H— ;[A/\A]) Aw} = [F AW,
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where we used that by the Jacobi identity:

[AN[AAW] = [es [ej, ex]] @ A° A AT AW
=—[ej, [ex, ei]] @ AV A AT AwP — [ey, [es, e5]] @ AP A AT A WP
=—[ej, [ei, ex]] ® AT A AT AW + [[es, e5], ex] @ AP A AT A WP
=—[AAN[AAW]]+[[ANA] AW]. O

Proposition 4.5. Let @, : Q'(M;g) — Q' (M;g) be the gauge transformation from Proposition J.2. Write
FRO) = 4y (4) 4 L [,(4) A B, (A)]
Then, locally,
F®W = g(2)F, (x)g™" @ da* @ da” = g(x)ei(z)g™" () @ F'(x).
Proof. We will use that
Fu =0,A, —0,A,+[Au, A
Let g € C*(M;G). Observe that 0 = 9,(997") = (9,9)9~ " + 909", so 8,97 = —g~*(dug)g~ ", from
which it follows that
(F2oWyi, = (%(gAug‘l — (0v9)9™") = Ou(gAug™" - (%9)9‘1)
+94u97" = (0u9)9 " 9 A9~ = (B09)g™ ]
=90 Ay = 0, A9 + glAu Alg ™ + (0u9) A ™ — (u9)Aug ™
— (949~ )(0u9)9™" + (9Aug ™) (Oug)g ™
— u98u971 + (%g&,gfl
~ 94,97 (0v9)9™" — (Oug)Avg™"
+ 94,971 (0u9)9™ " + (,9)Aug ™!
+ (04991 (009)g™" = (809)9 ™ (8pg)9 ™"
=—(0,9)0, g~ 140,990,971
= gF,“,gfl. O

In order to construct a gauge invariant Lagrangian, we still need a way of combining components of F'
to obtain a real-valued function.

Definition 4.8. The Killing form B : g x g — R is a symmetric bilinear form defined as follows:
B(X,Y) = tr(ad (X)ad (Y)).

Remark 4.2. A simply connected Lie group G is semisimple if and only if the Killing form x is non-
degenerate. The Killing form of a compact, semisimple Lie group is negative definite.

Lemma 4.6. Let G be a matriz Lie group with Lie algebra g. Let X,Y € g and g € G. Then
B(gXg~',gYg™") = B(X,Y).
Proof. By (i) of Lemma 4.3, we have that
ad(gXg™") = Ad(g)ad(X)Ad(g™").
Then, by the cyclic property of the trace,
B(gXg™',gYg™") = tr(ad (9X g~ )ad (9Y g7")) = tr(Ad (g)ad (X)Ad (97 1)Ad (g)ad (Y)Ad (g7 1))
= tr(ad (X)ad (Y)) = B(X,Y). O
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Now we define the Yang—Mills Lagragian.

Definition 4.9. Let G be a semisimple and compact matriz Lie group. Then the Yang—Mills Lagrangian is
defined as follows:

Ly :Nyv — R,

Nyw = [ TiMegx N(T;M) @ g,
reEM

1 — « — v
LYM(xa%'U) = - 47228<Uoc,8 — Vga T+ [QaaQB]avuu — Uup + [qu7q1/]> (g 1)30#(9 1)5 .

The fields are A € QY (M;g) and the corresponding Yang-Mills action is then given by:
1 ) )
Svar(4) = =305 [ Blesey) o (P (B Ve,
422 M

with F the Yang—Mills field strength corresponding to A.

Corollary 4.7. The Yang-Mills Lagrangian is gauge invariant:
Lyaro (Pg(A), VO (A)) = Lya o (4, VA).
Proof. Combine Proposition 4.5 and Lemma 4.6. O

Remark 4.3. We can get rid of the factor ¢~ 2 by rescaling A = ¢A, changing the covariant derivative to
d* = d+ em(A)¢ and the transformation of A to:

D, (A)(x) = Ady)(A) — e 10,9(2)g(2x) ! ® dat.

We leave it to the interested reader to derive the corresponding Euler—Lagrange equations, or Yang—Mills
equations:
V., F* +[A,, F*]=0.
You will need the following associativity property of the Killing form: B([X,Y],Z) = B(X,[Y, Z]) for all
X,Y,Z € g (EXERCISE).
F also satisfies (Exercise)
d*F = 0.

In components, the above equation is equivalent to
(OuFup +[Au, Fupl) + (0 Fpp + [Au, Fpul) + (0, F s + [Ap, Fuu]) =0

and is called the Bianchi identity. We will encounter the analogue of this identity when we study the
curvature properties of (M, g).

Remark 4.4. The standard model revolves around the Yang-Mills Lagrangian with G = U(1) x SU(2) x
SU(3) where the U(1) x SU(2) part describes the electroweak interaction (electromagnetism unified with weak
nuclear interaction, the latter which is responsible for radioactive decay) and SU(3) describes the strong
nuclear interaction, which is responsible for binding quarks and neutrons and protons together in atomic
nuclei).
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5 Quantum mechanics

5.1 The kinematic postulates of quantum mechanics
Recall the definition of a Hilbert space.

Definition 5.1. A Hilbert space (H,{, )) is a vector space H equipped with an inner product (, ), which is
a sesquilinear form on H, i.e. (, ) : H x H — C satisfies

(x, \y+2) = Maz,y) + {z,2) Vr,y,z€ H, YAeC,
Az + 2,y) = XMz, y) + (x,2) Va,y,z € H, Y\ €C,

that is moreover symmetric

(r,y) = (y,z) Ve,yecH

and positive-definite:
(x,z) >0 VeeH\{0}.

Furthermore, H is complete with respect to the corresponding norm defined as follows: |x| = /{(z,x). We
will moreover assume all Hilbert spaces are separable.'”

We will consider linear maps on H (defined on dense subspaces).

Definition 5.2. e A linear operator is a linear map
A:D(A) — H,
with D(A) C H a linear subspace. We refer to A as an densely defined operator if D(A) is dense.

e We say A is a bounded linear operator if

[|A]| := sup |Az| < 0.
z€D(A)
|z|=1

A linear operator that does not satisfy A is said to be unbounded.

e The (Hermitian) adjoint operator A* corresponding to an densely defined operator A is defined as
follows: let

DA*)={¢ e H|¢ — (¢, Ap) is a bounded linear functional on D(A)}.

Then A* : D(A*) — H is a linear map defined as follows: A*)p = x, where x € H is uniquely
determined by (x, ¢) = (v, Ap) for all ¢ € D(A) by the Riesz Representation Theorem.

Densely defined bounded linear operators admit a unique extension A : H — H by the Bounded Linear
Transformation (BLT) Theorem. Furthermore, A : H — H is bounded if and only if A is (sequentially)
continuous: A, — A for all sequences {1, } such that ,, — 1.

ExERrRcisE: If A is a densely defined bounded linear operator, then A* : H — H is well-defined. We
denote with B(H) the space of bounded linear operators on H.

In general, we do not know how big the set D(A*) is. We certainly have that 0 € D(A*), but the set
need not be dense in H.

Recall also:

Definition 5.3. Let A : H 2O D(A) — H be a linear operator. A number X € C belongs to p(A), the
resolvent set of A, if there exists a R € B(H) such that:

1. For ally € H, Ry € D(A) and (A — A1)Ry =,

191t can be shown, using Zorn’s Lemma, that every Hilbert space admits an orthonormal basis. EXERCISE: If H is separable,
show that every orthonormal basis must be countable. In practice, one can often construct a countable orthonormal basis
explicitly (without appealing to Zorn’s Lemma).
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2. For all ) € D(A), R(A — Al)h = 1).

The operator R is referred to as a resolvent operator of A and is denoted by (A — XI)~t. The complement
o(A) :=C\ p(A) is called the spectrum of A.

In these lectures, we will can mostly restrict our consideration to symmetric or self-adjoint operators,
which are defined as follows:

Definition 5.4. Let A: H D D(A) — H be a linear operator.

e A is symmetric if

(, Ag) = (Ay,¢) VY, ¢ € D(A).
o Let A be densely defined. Then A is self-adjoint if D(A) = D(A*) and A = A*.

Let A be densely defined. Then A is closeable, if D(A*) = H. The closure of A is defined as A := (A*)*.

Let A be densely defined and symmetric, so it is closeable by Proposition 5.1. Then A is essentially
self-adjoint if A is self-adjoint.

Let A be densely defined. Then A is closed if the graph G(A) = {(¥,¢) € D(A) x H , ¢ = AY} is
closed in H x H.

Will see for densely defined symmetric operators D(A) C D(A). In practice, we are often given a
symmetric operator on a dense domain and we consider the self-adjoint operator A. In the physics literature,
symmetry and self-adjointness are often mixed up and a symmetric/self-adjoint operator is sometimes called
a “Hermitian operator”.

The following properties of symmetric operators will be important for identifying probability within
quantum mechanics.

Proposition 5.1. Let A: H 2 D(A) — H be a symmetric operator. Then:

(i) (b, AY) € R for all b € D(A). Furthermore, for all m € Ny, (1, A™y) € R if A¥ € D(A) for all
0<k<m-1.

(ii) Let A € C be an eigenvalue for A, i.e. there exists a 1 € D(A) such that Ay = \p. Then \ € R.
(iii) Let A be self-adjoint. Then o(A) C R.
(iv) If A is densely defined, then D(A) C

D(A*) and A = A* on D(A), so A is closeable. Furthermore,
D(A) CD(A).

(v) If A is densely defined, but not necessarily symmetric, then A* is a closed operator. In particular, if
A is closeable, then A is a closed operator.

Proof. “(i)”: By the symmetry property of inner products

(v, AY) = (Ap, ).

By the symmetry of A:

(Ay, ¥) = (¥, AY).

Hence, (v, Ay) € R.
Let m > 1 and A*y € D(A) for all 0 < k < m — 1. Suppose m is even, then

m m m

(p, Ay) = (A%, AT¢) = |[ATY|* € R.

Suppose m is odd. Then

m

(1, AMp) = (A"T 4, AA
by the fact that (¢, Ag) € R for all ¢ € D(A).

m

=) €R,
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“(ii)”: By (i) and sesquilinearity of the inner product:
AP = (0, A) = (1, Ay) € R. 0

“(iii)”: We omit the proof of (iii) and refer to the “maths part” of the lectures.
“(iv)”: Let ¥,¢ € D(A). Then (Ay,d) = (¢, Ap) by the symmetry of A. By Cauchy—Schwarz, we
therefore have that

(1, Ag)| = [(A¢, §)| < [AY||¢].

Hence, ¢ — (1, A¢) defines a bounded functional and therefore ¢ € D(A*) and A*¢p = A¢p. Since D(A) C
D(A*) and D(A) is dense in H, D(A*) must also be dense in H. Therefore A = (A*)* is well-defined, and
by the above D(A*) C D(A).

“(v)”: Let {t¢),} be a sequence in D(A*), such that ¢, — ¢, A*Y, — ¢ in H as n — oo. To conclude
that A* is closed, we need to show that i) € D(A*) and A*y = ¢.

We have that for all x € D(A),

(A%n, x) = (¥n, AX)
an hence
(0,00 = lim (A%, x) = Tim (P, Ax) = (¢, AX).

From this it follows that the functional x + (1, Ax) is bounded on D(A), so ¢ € D(A*) and moreover
A*tp = ¢. Since A = (A*)*, we can apply the above argument to A* instead of A to conclude that A is also
closed.

EXERCISE: Let A : D(A) — H be densely defined and assume that A* is an extension of A, i.e.
D(A) CD(A*) and A= A* on D(A). Then A must be symmetric.

Symmetric bounded operators are self-adjoint. In general, (essential) self-adjointness implies symmetry,
but the converse is not always true.

We will now list the main kinematic (i.e. non-dynamic) postulates of quantum mechanics and introduce
some additional mathematical concepts along the way.

Postulate 1. A state of a physical system is the following equivalence class of unit norm elements of a
Hilbert space (H, (, )):
[W]:={dp€eH,|p=cp, ceC, || =1}.

In practice, one often refers to unit norm elements ) € H as states, but, as we will see when we define the
measurement postulate, any ¢ such that ¢ = ¢ip with |¢| = 1 produces the same measurement results. Recall
that in classical mechanics, a state of a 1-particle system in R™ is a point in phase space R?".

Remark 5.1. The above definition of a state is also called a “pure state” to distinguish it from a more
general notion of state called a “mized state”, which we will define later.

In the physics literature, you will often encounter the “Dirac bra-ket” notation, where |¢)) (a “ket”)
denotes ¢ € H. The notation (¢| (a “bra”) is used for a bounded linear functional ¢ € H* and the notation
(p|1) means ¢(¢p). This notation is also used for the inner product {¢,v), with ¢ identified with its dual
element in H. Furthermore, |¢)(¢| denotes a linear operator A on H, with A = qf)(l[))’(/).

Postulate 2. To each “appropriate” function f : R2” — R on the classical phase space R*™, we can asso-
ciate a self-adjoint operator f : H D D(f) — H.

In Hamiltonian mechanics, observables are represented by real-valued functions on the phase space R?"
(for example, describing N particles in R? in classical mechanics, with n = 3N). In quantum mechanics,
observables are instead represented by self-adjoint operators on Hilbert spaces.

As we will later see, for H = L?(R") the coordinates (x%,p;) on phase space correspond to operators
) = x'p and Py = —ih%w, when restricted to appropriate domains. These are both unbounded
operators.
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Remark 5.2. Taking products of real-valued functions f-g, which is commutative, corresponds to considering
composition of operators fg, which is non-commutative, i.e. we could have fg =+ gf. There is therefore an
ordering ambiguity when mapping real-valued functions to operators on Hilbert spaces. A particular choice
of ordering is called a quantization scheme.

The proposition below motivates why cannot restrict to operators with D(A) = H if we want to consider
unbounded operators like position and momentum.

Proposition 5.2. Let A: H 2 D(A) — H be a densely defined symmetric operator. If D(A) = H, then A
must be bounded.

Proof. By Proposition 5.1 (iv), A = A* on H = D(A) C D(A*) by Proposition 5.1 (iv). By Proposition
5.1 (v), we moreover have that A = A* is closed. Now we can appeal to the Closed Graph Theorem, which
states that closed operators with closed domains must be bounded. O

Postulate 3. Consider an observable f corresponding to a function f : R>® — R. For a physical system

in a state represented by v € D(f), the result of the measurement of f is governed by a probability measure
M{Z and the corresponding expectation value fodu{; (z) = fR idg d,u{b 18 given by
(F == (W, f).

And more generally, the n-th moment with respect to ,ui, Jpz™ d,ui(a:), is given by: (f™)y = (¥, ).
Suppose we prepare a large ensemble of independent physical systems to lie in the same state ) and perform
measurements of an observable f (like position, momentum or energy) on each system. By Postulate 3, the
measurement values should approach a probability distribution, determined by 1 and f, with expectation
value (f),. Hence measurements are allowed to behave in a non-deterministic manner.

The above postulate motivates the consideration of equivalence classes of vectors in H in Postulate 1, as

for wlva € H with ”(X)Q = C¢17 ‘C| = 1’

(Fhua = (o, fibn) = (cr, cfihr) = 2e(yn, fin) = (o,
so 1 and 19 are indistinguishable by measurements.

Example 5.1. In the case H = L?(R) the measurement of position x has the following expectation value:
(@) = W Diace) = [ alvP@)do.
Hence, 1| defines a probability density function and the corresponding probability measure is given by:
i@ = [ o

for Q € Bg, the Borel o-algebra of R.

Example 5.2. Let A : D(A) — H be a self-adjoint operator with unit eigenvector ¢ € D(A), such that
Ay = Mp. We have that A™p = X", so A™ € D(A) for all m € Ng. Then

(A™)y = (P, A7) = N[> = A™.

Note that the Dirac measure 0y : Br — R satisfies also
/ldﬁg d(S)\ = / xmd5,\(z) = l‘m|x=>\ ="
R R

Hence, in this case u;?} = 0x. It can even be shown that 6y is the unique probability measure with (A™), = A",
but this lies outside the scope of this course.
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Example 5.3. Let A : D(A) — H be a self-adjoint operator, such that D(A) has an orthonormal basis of
eigenvectors {e; yicr with distinct eigenvalues \;. Let ¢ € D(A), such that A™y € D(A) for all m € Ny.
We can express 1 = Y. ase;, with a; € C. The probability measure ,u;?} = Y el la;|?8x, results in the

expectation value {f)y, since
oa0) = (S ey v )= S
JeI iel iel

More generally, the Spectral Theorem provides a canonical way of assigning a probability measure ,u;2 on
Br to a self-adjoint operator that is consistent with the expectation values (A™),.

To understand the formulation of the Spectral Theorem, we first define the notion of a projection-valued
measure or PVM.

Definition 5.5. Let Br denote the Borel o-algebra on R, i.e. the smallest o-algebra in R generated by the
open sets in R. A projection-valued measure or PVM is a map P : Bg — B(H) satisfying the following
properties:

1. For all Q € Br, P(Q)* = P(Q).

2. For all ) € Br, P(Q)P(Q) = P(Q).

3. P(R)=1.

4. For all countable collections {Q};en of pairwise disjoint sets in Br and for all ¢ € H,

P (U Q) b= Py
i€N ieN

Note that the properties 1. and 2. imply that each P(Q) is an orthogonal projection operator, whereas 3.
and 4. are reminiscent of the defining properties of a measure.?"

One can make sense of integration with respect to a PVM P. That is to say, let f : R — C be measurable
(with respect to Br and Bg), then it is possible to make sense of

/ fdP
R
on an appropriate domain.
In particular, if f is simple, f = 25:1 enlq, , with ¢, € C and {Q,} pairwise disjoint sets in Bg, then

N
/ fdP:=>"c,P(Q)
R n=1

is bounded operator on H.

Definition 5.6. For any PVM P and unit vector ¢ € H, define a probability measure py @ Br — [0,1] as
follows:*!

1 () = (b, P(Q)1)).

We will see below that for measurable f : R — C and % in an appropriate subspace of H:

<¢, </RfdP) w> - [ fan. (5.1)

EXERCISE: Prove the above identity for simple f and ¥ € H.

20Fxercise: Show that P(0) = 0.
21EXERCISE: Show that ,u;?} is indeed a well-defined R-valued probability measure on Bg.
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Theorem 5.3 (Spectral Theorem). Let A : H D D(A) — H be a self-adjoint operator. Then there is a
unique projection-valued measure P4 : Br — B(H), such that

A= / g dPA,
R

with g : R — C the inclusion map and PA(Q) =0 if @ C R\ 0(A), so the integral can be restricted to o(A).

In the literature, one sometimes encounters the alternative notations:

/]R APA(d)\) and /R AdPA(N).

We denote with uﬁ the measure jy, on Br associated to PA
Theorem 5.4 (Functional Calculus). Let A: H D D(A) — H be a self-adjoint operator and let f : R — C
be measurable. Then the following operator is well-defined

f(4) = [ gap

on the dense subspace D(f(A)) = {¢ € H| [, |f]? dp,;z} C H. In particular, we can characterize D(A) =
{v e H| [ AP dug(N)}-

Furthermore,
(i) If f : R — R, then f(A) is self-adjoint.

(i) If f € L®(R;C), then f(A) € B(H).

(iii) For all v € D(f(A)), (6, J(AW) = f, faus.

Note that for all m € Ny and ¢ satisfying [, A*™ dlhﬁ()\) < o0

(¢, AMp) = <w, (/RA’"dPA> w> = /RAMduf;. (5.2)

EXERCISE: Show that ¢ € D(AF) for all 0 < k < m. Hint: You may use that f(A)g(A) = (fg)(A) and
D(f(A)g(A)) =D((fg)(A)), for any A : D(A) — H self-adjoint and f, g : R — C measurable.

In the case of bounded operators, it can be shown that u$ is the unique probability density satisfying
(5.2).

5.2 Position and momentum operators

In this section, we define the position and momentum operators &¢ and p; with 1 < ¢ < n on the Hilbert
space L?(R™).

Proposition 5.5. Let V : R" — R be a measurable function. Let V : L2(R™) D D(V) — L*(R™) be defined
as follows:
D(V)={y € L*(R") |V -¢ € L*(R")},
(Vo)(2) =V (@) ().

Then D(V) is dense in L*(R™) and V is a self-adjoint linear operator.

Proof. Let E,, = {x € R" ||V (z)| < m}, so that Uyen, By = R™ and E,, are subsets of the Borel o-algebra
Bgn. By construction, we have that for any ¢ € L?(R"), 1, ¢ € D(V).

Hence, we can apply the Dominated Convergence Theorem to conclude that 1g,, 1) — ¢ with respect to
the L? norm, so D(V) must be dense.
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It is clear that V is symmetric with respect to the L2-jnner product. By Proposition 5.1(iv), V* must
therefore be an extension of V. Now suppose that ¢ € D(V*), i.e

¢ | $@V(z)g(x)de
defines a bounded linear functional on D(V) and

TV @) dz = [ Vo)) do

R

or equivalently,

| @@V - 7@l dz =0,

Now take x = (¥V — V*¢). Then by the above identity, (x, ¢) = 0 for all ¢ € D(V) and by D(V) = L*(R"),
(D(V)+ =0, so x = 0 (as an element of L*(R™)) , which in turn implies that V¢ = V*ip in L?(R™) and
hence, 1) € D(V). We infer that D(V*) C D(V), from which D(V*) = D(V) follows by the fact that V* is
an extension of V. O

Corollary 5.6. The position operators &%, with 1 < i < n, are self-adjoint on the domains D(2') = {1 €
L2(E") | € L2(R")).

We interpret the position operator as a multiplication operator in Fourier space.

Proposition 5.7. (i) For each 1 < i < n, define p; : L*(R") 2 D(p;) — L*(RY) as follows: let F :
LZ(R™) — L3 (R™) denote the Fourier transform and let

D(p:) = {¢ € L*(R}) | ki F(¥) € L*(R)},
pit = F (hkiF ().
Then p; is self-adjoint.
(ii) We can alternatively characterize:
D(pi) = {¢ € L*(R}) | 0x,% € L*(R})},
pit = — ihOyitp
with 01 denoting a distributional derivative.

Proof. “(i)”: By Proposition 5.5, the multiplication operators ki == k;1p are self-adjoint on F(D(p:)). By
the unitarlty of F, pj = hF~ 11@}" must also be self-adjoint on D(p;).
“(i1)”: We will only sketch the proof. It relies on the fact that for all x € C°(R™), the distribution
derivative 0,;1 € L?(R™) of ¢ € L*(R") satisfies by Plancherel’s theorem:
(F(0): F(Ds)) = (X 0as ) = —(Ons X, ) = —(ib; F(x), F(¥)) = (F(x), ik; F (1))

Since x was arbirary, it can be shown that F(0,;v)(k) = ik; F(1)(k) for almost every k. By the bijectivity
of F, it therefore holds that d,;1 = F~!(ik;F (1)) almost everywhere. O

We will encounter moreover the Laplacian A, which by analogous arguments, can also shown to be
self-adjoint on appropriate domains. We leave the proof as an EXERCISE.

Proposition 5.8. Define A : L2(R") D D(A) — L?(R"™) as follows:

D(A) = {¢ € L*(RY) | [k[*F(¢) € L*(R})},
Ay = — FH(KPF ().

Then A is self-adjoint. We have that D(A) = W22(R™) = H?(R") and At as defined above agrees with A
defined in the distributional sense.
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We can associate to a Hamiltonian

p
H = !
(2,p) ; oo+ V(w)
the operator
. h2
H=——A+YV
2m

Operators of the form H are also called Schradinger operators.
By the above properties,

h2

2 2
o ) = (F7 (F (), 5 F (HPF@)) = (FW), 5 HF () 2 0

(¥,

One can show that H is self-adjoint under suitable assumptions on V.

Theorem 5.9. Let V : R" — R be a measurable function such that we can decompose V- = Vi + Va, with
Vi € LP(R™), where p > § and p > 2, and with Vo € L>(R"™). Then H : D(A) — H is self-adjoint and
bounded below, i.e. there exists a ¢ € R such that

(b, Hp) > clyp]”
for allyp € D(A) = W2(R™).
We will leave the proof of Theorem 5.9 for later.

Remark 5.3. Theorem 5.9 illustrates an important difference between classical and quantum mechanics.
Suppose Vi is unbounded, e.g. Vi(x) = —% in the case of the Hamiltonian corresponding to an electron
orbiting a hydrogen atom. Then in classical mechanics, the energy (kinetic+potential) can be made arbitrarily
negative by considering as initial data p = 0 and x close to the origin. In contrast, the energy in quantum
mechanics is bounded below by the ground state energy

(v, Hip)

FEag = inf 2T >
5T yewrawe) (,4)

This lower bound property is called “stability of the first kind”:

This difference is sometimes attributed to the fact that in quantum mechanics, one cannot localize both
position and momentum, which is known as the uncertainty principle. As we will later see, it is more accurate
to say that the kinetic part of (z/;,ﬁqj)) controls the potential part via a Sobolev inequality, so the potential
part cannot be much bigger than the kinetic part, in contrast to the situation in classical mechanics.

Let ¢ € D(pj&;) N D(&;p;) for all 1 <i,5 <mn,
(2", p;]e = ihd}.

Suppose that instead of defining #; and p; as above, we started instead with two self-adjoint operators
A, B satisfying
[Ai, B]] = Zh(;lj].,

which are our candidates for position and momentum operators. We first decompose H = @, V;, with V;
the smallest closed subspaces that are invariant under all A; and B;.

Then it turns out that, under additional technical assumptions on A; and B;, on each Vj, there exists
a unitary operator U; : V; — L?(R™) such that UlAiUl_1 = %; and UlBiUL_1 = p;. This is known as the
Stone—von Neumann theorem. It may be interpreted as the statement that, up to conjugation with unitary
operators, we may take H = L?(R") and represent the functions x; and p; by the operators #; and p;.
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5.3 The dynamic postulates of quantum mechanics

Recall that _ _
(&, p;] = ihdy.
This resembles very much the identity _ _
{xl’pj} = 5;
where {-,-} : C®°(R?") x C®°(R?") — C>°(R?") is the Poisson bracket which we saw in the earlier part of
the course: .
{fag} = Zazjfapjg - a[)]faxfg
j=1
If t — (z,p)(t) is a solution to Hamilton’s equations of classical mechanics, then we also saw that
daf
= @(@),p(t) = {f, H}(x(t), p(t))-

If we want expectation values of observables to evolve in time like classical observables, the correspondence

suggests <A>
d(f 1,4 -
—5 = 7 HDy

Let H be as in Theorem 5.9. If we take the viewpoint that 1 is time dependent and the observables are
time-dependent, this is guaranteed by the following postulate:

Postulate 4. The time evolution of a respresentation of a physical state ¥ € D(H) is governed by the
equation:
dip 1 4
— = —H. 5.3
dt  ih v (5:3)
The equation (5.11) is called the Schrédinger equation. R
Indeed, from Postulate 4, (sesqui)linearity and self-adjointness of H, it follows that for appropriate ¥ € H

d(f)y . d ; 1, ; 1. I 1,
S (1) = S 06(0), Fo(0) = (o), Fo) + (6, = FAY0) = =, [F, (0 = = (1, H)u(0)
EXERCISE: Determine the conditions on the domain of ¢ that guarantee that the above computation makes
sense. A

In particular, for f = 1, this implies that

d, 9 1 .
— t)=—(1,H t) =0.
SIOP ) = (1L ()
So if 1(0) is a unit vector, 1 (t) will also be a unit vector. The time evolution is therefore norm preserving.
One can alternatively make the following postlulate

Postulate 4°’. The time evolution of observables f : D(H) — H is governed by the equation:

af 1., -

— = —|f, H]. 5.4
Y i (5.4
Postulate 4’ also immediately implies that % = %([f, H))y. Postulate 4 is called the Schrédinger picture
and Postulate 4’ is called the Heisenberg picture.

We will show that the Schrodinger equation can be associated to I-parameter unitary groups.
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Definition 5.7. A 1-parameter unitary group is a family of unitary operators U(t) : H — H with t € R
such that

e U(0)=1,
o U(s)U(t) =U(s+1t) for all s,t € R.
A 1-parameter unitary group is strongly continuous if moreover
lim [ (£ — p| = 0
for all € H.
We can associate to a strongly continuous 1-parameter unitary group a kind of “derivative” at t = 0:

Definition 5.8. If U(-) is a strongly continuous 1-parameter unitary group on H, then the infinitesimal
generator of U(+) is the linear operator A : H D D(A) — H, with

A — 1 LUV =0
t—0 1 t
1 _
D(A) = {w e H| }il% *.w exists} )
—0 1
We will now see that .
U(t) = et

define a strongly continuous 1-parameter unitary group if A is self-adjoint. In the discussion of the Spectral
Theorem, we saw that we can apply functions on R to self-adjoint operators as follows (“functional calculus”):

f(A) = FO) dPA(N)
o(A)

to obtain an operator that is well-defined on the domain D(f(A)) = {¢» € H| [ |f|* d,ufb‘} CHfor f:R—R
a bounded measurable function. Furthermore, for f,g : R — R bounded and measurable, it is possible to

show that (£g)(4) = f(A)g(A). |
Since R 3 A — e is bounded for t € R, e®4 is well defined.

Proposition 5.10. Suppose A : H O D(A) — H is self-adjoint. Then U(t) = €4 defines a strongly
continuous 1-parameter unitary group. Furthermore, for all ¢ € H, the limit

o LU0 — @
t—0 t

is well-defined if and only if ¥ € D(A) and the limit is equal to A.

Proof. Denote f;(\) = e®*. Since f;(\)f;(\) = 1, we have by the multiplicative property of the functional
calculus that f;(A4)f:(A)* = fi(A)*fi(A) =1, so fi(A) is unitary (and bounded). It is therefore well-defined
on the domain H.

Since fo(A) =1 and fiys = fifs, U(t) = f:(A) defines a 1-parameter unitary group. To establish strong
continuity, note that

|U@¢—¢P=aﬂww—wUuW—ww=«U%w—namw—mwmo=/‘ e — 12 dpg(N).

o(A)

By the Dominated Convergence the integral on the RHS vanishes as ¢ — 0, so U(+) is strongly continuous.
Now, let ¢ € D(A). Then

1U (t)zp - ‘ /
- — AY| =
o(A)

2

1e' —1
- dpijy(N). (5.5)

T t

- A
) t
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We will show that RHS vanishes as ¢ — 0 by Dominated Convergence. First, note by the fundamental

theorem of calculus that
A
. d .
it it
-1 = — d\
|€ | |/0 dA ()

2
< \Z

< [t][AL

SO
1eit)\ -1
it

- A

Since

[ X = (4. 49) < 0
o(A)

the function A + A2 is integrable with respect to duﬁ()\). This means that we can apply once again the
Dominated Convergence Theorem to conclude that the RHS of (5.5) goes to zero as t — 0.
Now suppose 1, ¢ € D(B), with B the infinitesimal generator of U(-). Then

<¢71U<t)w—w>

1 t

. LU ()¢ — ¢
t—0 <_i t 7’L/J>

(1uCte=e )

= (B¢, ).

Note that by the above D(A) C D(B), so B is a symmetric operator and an extension of A.
EXERCISE:Symmetric operators B that are extensions of self-adjoint operators A must satisfy D(A) =
D(B) and B = A. O

I
5

(¢, Bi)

I
5

|
5

Corollary 5.11. Let H : L2(R") D D(H) — L3*(R") be a self-adjoint Hamiltonian operator. Then the
initial value problem for the Schridinger equation

(L, @) :%(ﬁzp)(t,x) in R xR,
¥(0,) =0 € D(H)
admits a unique solution 1) € CO([-T,T); D(H)) N CY([-T,T); L2(R™)) for any T € R, with (t,z) =
e#tHwo.
Proof. By Proposition 5.10, ¥(t,z) = U(t)yg = e_%tﬁwo is well-defined with infinitesimal generator —%E[
and

U+ ho) —lta) L (OWU O - OO0 _ i

~ 1 N
t h—0 it = =5 (HU()vo)(z) = = (HY)(t, @),

Op(t,x) = li
t’(/}( 7.’1}) hl—>H10
which is the Schrodinger equation.

By the strong continuity of U(-), we moreover have that the map ¢ — (¢, ) is continuous. O

It turns out that every strongly continuous unitary group produces a self-adjoint operator.

Theorem 5.12 (Stone’s theorem). The infinitesimal generator A of a strongly continuous unitary group
U(-) is a unique, well-defined self-adjoint operator with D(A) C H dense and U(t) = 4.

By the above theorem, we could have also arrived at the Schrédinger equation by demanding that time
evolution behaves according to a strongly continuous 1-parameter group. This would, however, not tell
us that the self-adjoint infinitesimal generator should be the operator corresponding to the Hamiltonian of
classical mechanics.

The final postulate is also known as the postulate of “wave function collapse”.
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Postulate 5. Let f be an observable. Consider a physical system in a state represented by 1 € D(f) and

suppose that a measurement of f produces an outcome contained in o(f) D Q € Bg. Then, immediately after
the measurement the state will change (“collapse”) to the state

with Pf: By — B(H) the PVM associated to f.*>

By combining Postulates 3 and 5, we have that the new probability measure associated to f directly af-

ter a measurement whose value sits in Q will be ,uif o

In particular, if the point spectrum o, (f) # () and the measurement outcome is A € o,(f), then Pf({\})
will correspond to a projection to the eigenspace of A and the associated probability measure will be a sum
of Dirac measures.

In the case of the position operator, &, which has a purely continuous spectrum (EXERCISE), we have
that

(PH(Q)¥)(z) = 1a(2)d ().

The more precise the position measurement, the smaller the set 2 and the more the probability measure
associated to ¢z o is localized.

The interpretation of Postulate 5 and its role in the time-evolution of the state is the source of a lot of
ongoing debate, often of a philosophical nature.

5.4 The uncertainty principle

Definition 5.9. Let A: H 2 D(A) — H be a symmetric operator and let 1p € D(A) with || = 1. Then we
define the standard deviation Ay A as follows:

AyAZ (A~ (4)1)%).
We will also refer to A as the uncertainty of A in a state represented by 1.

The goal of this section is to establish the following inequality, called the Heisenberg uncertainty principle:

Ay - Ayp > g,

for ¢ with |¢| = 1 in an appropriate subset of H. This inequality tells us that if we choose 9 to be supported
in a small interval so that Ay is very small, then Ayp must necessarily be large, and similarly, the other
way around: of we choose 9 so that Ayp is very small, then AyZ must be very large.

Another way of thinking about this is the following: suppose % is localized around a point zy € R, then
the Fourier transform JF(¢) cannot also be localized around a point py € R.

By Postulate 5, the uncertainty principle implies that we cannot simultanously measure position and
momentum. Indeed, if we measure position (with small measurement error), then 1 will collapse to a state
localized around the measurement value zo € R. If we then measure the momentum, it can no longer be
localized around z € R. It is fundamentally impossible to measure position and momentum precisely. The
reason that this does not create issues on macroscopic scales is that A is very small in macroscopic units, i.e.

h=1.055x 10734J - s.

To prove the uncertainty principle, we first introduce some notation for the domains of products of
operators.

22Gtated in this precise way, “wave function collapse” is also known as the von Neumann—Liiders postulate.
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Definition 5.10. Let A, B be linear operators on H with domains D(A) and D(A), respecetively. We define
AB to be the operator with domain

D(AB) = {4 € D(B) | By € D(A)},
such that ABvy = A(Bv).
Theorem 5.13. Let A, B be symmetric operators and v € D(AB) N'D(BA), such that || = 1. Then

1
AypADyB = S [([A, Bl)yl

Proof. Define A’ := A — (¢, AY)1 on D(A) and B’ := B — (¢, By)1 on D(B). It can easily be shown that
A’ and B’ are also symmetric.

Observe that (AyA)% = (A, A'p) and (A, B)? = (B'y, B'y).

Now, apply Cauchy—Schwarz to obtain:

2

(A, A)(B'd, B'Y) > (A, B'y)|* > |S(A"y, B'p)|* = %(<A'¢,B’1/ﬂ> — (B'y, A'p))

By symmetry of A’ and B’ and ¢ € D(A’B') N D(B'A"):

2

(ByAP(ByB) = (A'p, AW){B'y, B) > 7 |(w, (4, B = 71 (A, Bl al

Corollary 5.14. Let A, B be symmetric operators such that [A, B] = ikl and ¢ € D(AB) N D(BA), with
|| = 1. Then

AyAA,B >

[

In particular, for all 1 € L*(R) such that ¢ € D(2p) N D(pz) and || =1,

AyiAyp >

[

If we are not careful with domain considerations, we can produce violations of the uncertainty principle.

Let H = L?[—1,1]. Let A¢(z) = z¢(x) be the analogue of the position operator #. Since A is now
bounded, we have that D(A) = L?[—1,1] and A is self-adjoint.

Let B = —ih-L be the analogue of the momentum operator p. We will take D(B) = {¢ € C*([-1,1]) |¢(-1) =
¥(1)}. Tt can be shown that D(B) is dense in L?[—1,1]. As in the case of the usual position and momentum
operators, we have that for all ¢ € D(B)

[A, BlY) = iha.

Note that for ¢, € D(B), we can integrate by parts to obtain

(¢, BY) = —m/_lw%(x) dx = —ih(p(1)p(1) — p(—1)2p(-1)) +m/ %

-1

(2)¢(z) dz = (Bo, ),

where we applied the boundary conditions in the definition of D(B). Hence, B is symmetric. To conclude
that B is essentially self-adjoint, we will apply the following lemma:

Lemma 5.15. Let B: H D D(B) — H be a densely defined symmetric operator with a countable orthonormal
basis of eigenvectors. Then B is essentially self-adjoint.

Proof. Essential self-adjointness will follow if we can show that the ranges ran (B —i1) and ran (B +¢1) are
dense subspaces of H (see the problem sheet). Let {e;} denote the orthonormal basis of eigenvectors of B.
Then (B +1il)e; = (A\; —i)e;. Since A; € R, ran (B £ i1) contains any non-zero multiple of e; for all j.
Hence, it must be dense in H. O]
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Observe now that 1

V() = ﬁ

define a orthonormal basis of eigenvectors for B, so B must be essentially self-adjoint. Denote with B its
closure, which must be self-adjoint. Note now that

(Ay, B)? = (Bib; — (1, BY;), By — (5, Biby)) = (Ajthy — Az, Aty — Aja;) = 0.
Since 1; € D(A), Ay, A is also well-defined, and therefore

ei‘n’jw

Ay, ANy, B = 0.

Why is this not in contradiction with the uncertainty principle? It is because Av; ¢ D(B) as it does not
satisfy the required boundary conditions. Hence ¥ ¢ D(AB), which is required for the uncertainty principle
to hold.

In the case of the position and momentum operators on L?(R™), a stronger version of the uncertainty
property holds, which we will state without proof.

Theorem 5.16. Let &; and p; denote the position and momentum operators on L*(R™). Ifv € D(2;)ND(p;)
and || =1, then,

. . _h
Awl'jAij > 5

5.5 The self-adjointness of Schrodinger operators

We will now consider the following Hamiltonian or Schrédinger operators on H = L?(R"):
N h2 A

H=——A+V,

2m

with measurable ‘;/ R R

Since both _2thA and V are self-adjoint on D(A)ND(V), you may think that establishing self-adjointness

of the sum is straightforward. In particular, if V is very singular, (essential) self-adjointness may fail on
natural domains.

Definition 5.11. If A and B are unbounded operators on H, then we take A+ B to be the operator with
domain A+ B :=D(A)ND(B) and (A+ B)y = Ay + Bi.

Theorem 5.17 (Kato-Rellich). Let A and B be self-adjoint linear operators on H with D(A) C D(B).
Suppose that there exist a € [0,1), b € (0,00), such that for all ¢ € D(A)

|BY| < alAy[ + b[y].
Then A + B is self-adjoint on D(A). Furthermore, if A >0, i.e. (Ap,d) >0 for all ¢ € D(A), then

b
C |- .
oc(A+ B) C [ 1_a,oo>
Proof. Consider the operator A +iul, with € R4 to be determined. Then, for any ¥ € D(A),
(A+ B +ipl)y = (B(A+iul) ™' + 1) (A +ipl)p, (5.6)

where we used that (A+iul)~! is a well-defined bounded linear operator (the resolvent) and (A+iul)~1¢ €
D(A) for all ¢ € H, since —ip & o(A) C R. Now, note that

[ = [A(A +ip1) "+ ip(A + ipl) ")
= [A(A +ip) 7P + 12 |(A+ i) T P 4+ (A(A +ipl) ", ip(A + ipl) ')
+ (ip(A+ipl) "', A(A +ipl) ).
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By self-adjointness of A and sequilinearity of the inner product, the last two terms cancel, so
P2|(A+ip) PP+ JAA +ipd) TP = (o)

from which it follows that ||(A + iul) 7| < % and ||A(A +ipl)7t| < 1.
By the invoking the inequality assumption on B, we therefore have that for all ¢y € H

[B(A+ip1) 7| < alA(A +ipd) 7 + (A +iul) |

< (a+ b) 9]
n

Now we take p sufficiently large such that a + % < 1. Then for C := B(A +iul)~!, we have that ||C|] < 1.
It can then easily be shown that
a+o)t=> cn

neNy

is a well-defined bounded linear operator, so ran(B(A + iul)~! + 1) = H. Together with the fact that that
ran(A+iul) = H iff A is self-adjoint (see problem sheet), it follows after applying (5.6) that (A+ B +iul) :
D(A) — H is surjective.
Repeating the above with u replaced by —p also tells use that A + B —ipl : D(A) — H is surjective.
Since ran(A + B +iul) = H, we must, by the above observation, therefore have that A + B is self-adjoint.
Now suppose A is non-negative. Note that then o(A) C [0,00) (EXERCISE). We will consider A + A1,
with A € [0, 00). We proceed as above with iy replaced by A to obtain:

|92 = |A(A+21) 72012 + N2 |(A+ A1) 71 4+ (A(A 4+ A1) 72, M(A + A1) 1y)
+ AMA+ X)L, A(A+X1) "), (5.7)

where we note that (4 + A1)~! is a well-defined bounded linear operator with (A + A\1)~1¢ € D(A) for all
¢ € H, since —\ ¢ g(A) C [0,00).
By the fact that (A¢, ¢) > 0, we moreover have that the last two terms on the RHS of (5.7) are non-
negative, so that
[V > JA(A + A1) 79 + N%[(A+ A1) 1y,

Hence, [(A + A1)~ 1| < % Proceeding as above with A replacing ¢y, we obtain

|B(A+ A1) y| < (a + i) [4]

We have that a + % < 1 if and only if A > %. Repeating the above argument gives us moreover that
ran(A + B + A1) = H. Since for any self-adjoint operator C, ran(C)* = ker C* (problem sheet), we can use
self-adjointness of A+ B+ A1 to conclude that ker(A+B+A1) = ker(A+B+A1)* = ran(A+ B+A1)* = {0}.

This implies that A+B+A1 is invertible with bounded inverse, since ||(A+A1) 7| < 1), s0 —A ¢ 0(A+B)

and 0(A + B) C [, 0). O

T 1-a’

To be able to satisfy the inequality assumption in the Kato—Rellich Theorem, we need the following
important inequalities on LP-norms, which we will state without proof:

Lemma 5.18. (i) (Holder inequality) Let p,q € [1,00] and r € [1,00), with %+% =1L andlet f € LP(R"),
g € LY(R™). Then fg € L"(R™), with

| fgl

rr®n) = [ fllze@m)ll9]|Le @n).-

(ii) (Hausdorff-Young inequality) Let p € [1,2] and ¢ € [2,00), such that % + % = 1. Then the Fourier
transform is well-defined as the map F : LP(R™) — LY(R") and

F(O)pa@ny < N fllLe@n)-
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Recall the statement of Theorem 5.9:

Theorem. Let V : R" — R be a measurable function such thalt we can decompose V. = Vi + Va, with
Vi € LP(R™), where p > % and p > 2, and with Vo € L= (R™). Then H : D(A) — L*(R") is self-adjoint and
bounded below, i.e. there exists a constant ¢ € R such that

(. Hy) > clvf?
for all € D(A) = W22(R").
We are now in a position to prove this theorem.
Proof of Theorem 5.9. We will take A = —%A and B = V and apply the Kato—Rellich Theorem. First,

we need to show that D(V) € D(A) = {4 € L2(R?) | |k|2F(¢) € L2(R})}.
Observe first that that there exists a constant ¢, , > 0 such that for t € R4

/ (1+t|kl2)‘pdk=/ / (1 + t|k?) P |k[" " d]k|dogn—1 < Bt~ %
Rn 0 Sn—1

if 2p+n—1<—1orp> %, in which case (1+t|k[*)~" € LP(R™) and |[(1 + ¢|k|*) || Le@n) < Cpt ™ 2.
By Holder’s inequality,
IF @) Lr@my = 11+ t[E) 1+ tlk[?) F ()] Lr @
<+ k) "o @y 1L+ R F ()] 2@n)
< Cn,ptliﬁ(t_lnl/’HM(R") + [|AY||L2&n))

1_ 1 1
forr—p—|—2.

By the Hausdorff-Young inequality (applied to F(¢)) we then obtain
191l Lageny < 1F@)or@ny < capt' ™3 [l L2@n) + [1A%]]2(m))

for % + % =1, if 1 <r < 2, which requires p > 2.

Now, using that % + % = % + % — % = %, we can apply Holder again to the product V39 to conclude that

Vi € L2(R") if ¢ € D(A) and, since V3 is bounded, we immediately have that Va1 € L2(R™), so ¢» € D(V).
We now turn to the inequality assumed in Kato—Rellich. The same Holder inequality as above gives
IVll2@ey < IVillze@ey Il a@ny + [[Vallzoe e 1] L2 @)
< nplVallzo@nyt' ™2 ([JAY] L2@ny + 9] 2@ey) + 1Vallzoo o) 18] 22 @)

Since 2p > n, we can take ¢ sufficiently small such that a := %cn’p||Vl\|Lp(Rn)tl_% < 1 so that the
assumption in Kato—Rellich is satisfied with A = —%A and B=1V.
Note that smaller ¢ results in a larger constant b in the lower bound in Kato—Rellich. O

The above theorem can be improved to include potentials which do not satisfy the assumptions in the
theorem but are non-negative, i.e. V' > 0. This includes for example, the harmonic oscillator potential
V(z) = 22. We state the corresponding theorem without proof.

Theorem 5.19. Let V : R” — R be a measurable function such that we can decompose V.=V; + Vo + V|
with Vi € LP(R™), where p =2 (ifn <3),p>2 (ifn=4) andp =% if (n >5), Vo € L>(R"), and with
Vi € L} .(R") and Vi > 0. Then H : D(A) — L*(R™) is self-adjoint and bounded below, i.e. there exists
a c € R such that A

(W, Hy) > clyf?
for all ¢ € D(A) = W22(R").

23The space LIZOC(]R") consists of measurable functions f such that xx f € L?(R™) for all compact K C R™.
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5.6 The free Schrodinger equation

We consider now the Schrodinger equation corresponding to the Schrodinger operator H= —%A:

ih
o = 2 A, (5.8)
1/)(07 ) = 1;[}0-

We will analyse solutions to this equations by means of the Fourier transform in . Note the transformation
of —id,: to multiplication k; under the Fourier transform, when acting on suitably regular functions.
In Fourier space, the Schrédinger equation therefore becomes

_ih|k|2
2m

WF(Y) = F ().

This equation can easily be solved:

ih|k|?

]:(1/))(75, k) :.F(wo)(k)ef 2m b,

The above expression suggests that (¢, x) can therefore be obtained via an inverse Fourier transform:

nlk|2
kex— = t)

Y(t,z) = = }'(wo)(k)ei( dk.

(271')% Rn

In the proposition below, we show that the above expression indeed solves the initial value problem (5.8).

For this, we observe that the exponential in the integrand solves the free Schrodinger equation:
ih (k —%t)
(&—ZA)GZ e =0.
2m

Theorem 5.20. Let 19 € L2(R™). Then the corresponding solution to (5.8) (in a distributional sense) is
given by:

ot ) = F! (f (wo)<k>ei<kix_%‘t>) (5.9)

In particular, if vy is a Schwartz function, then

1 i((hea— RLE2
Y(t,x) = == [ Fo)(k)e ( 2 ) dk.
(2m)2 Jrn
Proof. Suppose that g is a Schwartz function. Note first that
i hlk|? k|2
Y(t+ h,x) —P(t, ) 1 e R () _ o—i
= m F k)e'™® dk
h )T Ju TR h
Note that, by the mean-value theorem
e—i%(wh) _ e—i%t hoo
< —|k|°.
h 2m

Since F maps Schwartz functions to Schwartz functions, F (1) is Schwartz and |k|?|F(¢)o)] is integrable and
we can apply the Dominated Convergence Theorem to conclude that:

o) = e [ Fummae U E)

( 7T) % Rn
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Similarly, using that for h € R"® with h/ = ad

ik-(x+h) _ pik-x
Lo
a
We have that
1 i(sz "Q‘“‘%)
az”b(tax) = = f(l/)o)(k)amre m dk
(2m)2 Jre
and repeating this, we obtain
ih 1 ih i(kmf "’Q’“‘%)
t,x) — —AY(t,x) = —— k - —A ™ Jdk=0.
Ouw(t.a) ~ e dwita) = o [ P (00— gea ) e 0

Furthermore,
_ih[k[?
F@)(t, k) = F(o)(k)e 2"
Now let vg € L?(R™) and, by density of Schwartz functions in L?(R"™), let 1/J(()j ) be a sequence of Schwartz
functions approaching 9. Denote with ) the corresponding solutions to (5.8). Then

ih|k|?
2m t

WOt ) = FHFW e
are well-defined Schwartz functions. Since, F is well-defined and unitary on L?(R"), {¢)U)(t, -} form a

ih|k|?

Cauchy sequence in L?(R") and admit a limit (¢, -) which satisfies F((t,-)) = F(1)g)e™ 2m L.
It remains to show that for all x € C°(R; x RY)

/ ) (8,5)( - ZhAx) dxdt = 0.
RxR™ 2m

EXERCISE: Show that the above is equivalent to (0, — 3= A)i = 0 if 1 € C*(R; x R2).
By Plancherel and integrating by parts in ¢:

— ih —_— 1)
| (o ) o= [ FGER (0700 + 5 WEF() ) akat

~ [ @ (0500 + e EF) ) ded
RXR" m

ihlk[?

ih ) B
o7 00 + 5 k] ]—'(x)> dkdt = 0.

int. gy pt. / W@%t <
RxR™

O

In the proposition below, we will see that we can think of solutions % to (5.8) as convolution with

K; : R" — C, which is defined as follows:

. h|k|2t

n . 2
K — (97)" ikea ,—i MEL dk — ( m ) 2 zml;l )
(@) = (2n) / Lo omint) ¢

For this, we need the following lemma.

Lemma 5.21. Let v,¢ € LY(R™) N L*(R™). Then ¢ * € L*(R™) N L*(R™) and

(2m) 2 F(¢* 1) = F($)F ().
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Proof. We can write

:(2”)5/]1«; (/

n

Fubini (27) % / e~ Ep(2)e ™ Vp(y) dydz
RZ xRy

e Mgz — y)e Vi (y) dy> dz

n
Y

v

— (2m)E F () F()). 0

Theorem 5.22. Suppose g € L*(R™) N L?(R™). Then 1 as defined in (5.9) can be expressed as follows for
all t #0:

¢(ta ) = K * w07

m \% imle—y|?
viten) = (o) [ ™5 woly) do

or

Proof. Consider B;(0) the ball of radius j around 0 € R™. Then 1p, ) K¢ € L'(R") N L*(R™). By Lemma
5.21, we have that

F(1p,0) Kt % o) = (2m) 2 F(1p, 0y K+) F (1ho). (5.10)
We would like to conclude that

hlk|2t

(27T)%f(lBj(o)Kt)f(l/Jo)L_ie*i Zm

F (o)

with respect to the L? norm as j — oo. Since 1)g € L?(R™) and one can show that 1) the above convergence
holds pointwise (see definition of K;) and 2) F(1p, (o) K¢) can be bounded uniformly by a constant (EXERCISE:
prove 1) and 2)), we can apply the Dominated Convergence Theorem to conclude the above L2-convergence.

Now, by Plancherel, and the identity (5.10), we must also have L?-convergence of the corresponding

inverse Fourier transforms: )
hlk|2t

(15,(0) K1) * o L2 F~H(e™ "2 F(3o))

As clearly, the left-hand side above also converges pointwise K; * ¢g in L?(R"™), since 1y € L*(R"), and
the pointwise limit must coincide with the L? limit, we can conclude that:

_1y —iBlEt 2 (mn
Ky g =F (e 727 F(¢o)) € L*(R").
Note that the right-hand side above is equal to v as defined in (5.9). O

Remark 5.4. By the conservation of ||1(t,-)||L2rn) in t and the fact that we can estimate

Im|

(e Moy < () lollisont,

we can see that 1 disperses or spreads out as t — oo.

Remark 5.5. Note that the free Schrédinger equation satisfies the infinite speed of propagation property.
Indeed, consider initial data vy with support in Br(0) for some R > 0. Let x € R™, with |x| arbitrarily large.
Then

m \5 im(z—y)2
t = ht d
w62 = (gr) [, e oty

will not be vanishing for general data 1g. This means that arbitrarily far away points in space are instanta-
neously affected by initially localized perturbations.
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5.7 Multiple particles and mixed states

In quantum mechanics, N distinguishable particles? in R? are represented by a state 1) € L2(R?*Y). We can
make sense of statements about the position 2% and momentum pg-k) coordinates of the k-th particle by

J
considering appropriate operators :%;k) and ﬁ§k)7 j = 1,2,3, which only involve the coordinates (z;,p;) on
the k-th copy of R? in R3V.

Suppose we would like to associate to the k-th particle a unit vector ¢/*) ¢ L2 (R3). Then we encounter
an ambiguity as there is no unique way of decomposing a vector ¢ € L?(R3N) into N-vectors in L?(R?).
The notation of a state as introduced in Postulate 1 is therefore inadequate to describe a subsystem within
a physical system.

Since there is no issue with associating quantum observables to classical observables that are restricted
to the phase space describing a subset of particles, there is also no issue with describing the corresponding
expectation values. Indeed, consider the Hilbert space L?(R®). The components zj, j = 1,2,3, of the
position vector € R® describe the position of particle 1. The corresponding expectation value is then given
by:

(Z5) = (1, &j1).

We will therefore try to redefine a “state” by starting from a family of expectation values. We start by

considering expectation values associated to bounded linear operators.

Definition 5.12. A linear map ® : B(H) — C is a family of expectation values if the following conditions
hold:

1. ®(1) =1,
2. ®(A) € R if A is self-adjoint,
3. ®(A) >0 if A is self-adjoint and A > 0,

4. Let {A,} be a strongly converging sequence in B(H), i.e. there exists a A € B(H) such that for all
e H, |Ap — AY| = 0 as n — oo, then ®(A4,,) = P(A) in B(H).

We will see below that families of expectation values are closely linked to so-called density matrices.

Definition 5.13. A trace tr A of an operator A € B(H) with A > 0 is defined as follows: let {e;} be an
orthonormal basis of H>®, then

(oo}
trA = Z(ej,Aej>.
j=1
The operator A € B(H) is said to be trace class if tr vV AA* < 00.%0
An operator p € B(H) is a density matriz if p is self-adjoint, p > 0 and trp = 1.

It can be shown (see Chapter VI of Reed-Simon Volume 1) that tr(AB) = tr(BA) < oo for A a trace class
operator and B € B(H). Furthermore, it can be shown that self-adjoint trace class operators are compact,
which implies that they admit a basis of eigenvectors.

We will state the following theorem without proof:

Theorem 5.23. Let p € B(H) be a density matric. Then the linear map ®, : B(H) — C,
D,(A) = tr(pA) = tr(4p)

is a family of expectation values. Conversely, for any family of expectation values ® : B(H) — C, there
exists a unique density matriz p such that ® = ®,,.

241f the particle k and [ are indistinguishable, then the classical observables should be invariant under x; € R3 and x; € R3.
25EXERCISE: Show that the trace is independent of the choice of orthonormal basis.
26Here VAA* = f(AA*), with f(z) = v/z, is defined via functional calculus applied to AA*, using that AA* is self-adjoint.
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Recall the physics notation |¢)(1)| for the orthogonal projection onto the span of a unit vector 1, i.e.
[) (Y] (@) = (¥, p)1p. The proposition below demonstrates that via this operator, we can include our previous
notion of a state.

Proposition 5.24. For any unit vector v € H, p = |){¢| is a density matriz and for any A € B(H):

tr([¥) (Y] A) = (b, AY) = (A)y.

Proof. Since [1) (3| is an orthogonal projection, it is bounded, self-adjoint and non-negative. We compute
its trace by considering a countable orthonormal basis {e;} of H with e; = v. Note that p(e;) = d1,€1, so

= Aejpej) =Y biileje) =1
j=1 =1

Hence, p = |¢)(¢| is a density matrix.
For any A € B(H), we moreover have that

tr([Y) (] A) = (ej, ) (1, Aej) = (1, A).
j=1

O

Note moreover that for ¢ € C, with |¢| = 1, |cy){(ct)| = |) ()|, so each element in the equivalence class
[¢] (see Postulate 1) gives the same density matrix.

Definition 5.14. A density matriz p € B(H) is a pure state if there exists a unit vector ¢ € H such that
p=1Y)(|. A density matriz p € B(H) is a mixed state if there exists no such unit vector v € H.

We can identify (up to unitary maps) L?(R3") with the completion of L?(R?) ®...® L*(R3). We denote

N
the completion of the tensor product of two Hilbert spaces Hy and Hy by H;®Ho,.

Proposition 5.25. There exists a unique unitary map U : L*(R")@L*(R"™) — L?(R?>™), such that for all
¥, ¢ € L2(R")
Uy @ ¢)(z,y) = ¥(x)d(y).

Proof. Sketch of proof: Part 1: the existence and uniqueness of U restricted to L?(R™) ® L?*(R") satisfying
the desired property follows from the universal property of tensor products which says that to any bilinear
map B : L?(R") x L2(R") — L?(R?") corresponds a unique linear map U such that U : L?(R") ® L?(R") —
L2(R?") with U (4 @ ¢) = B(1, ).

Note that |U(¢ ® ¢)| = || - |¢|. Since any element of L?(R™) ® L?(R™) can be written as a linear
combination of a finite number of elements of the form ; ® ¢;, we can conclude that U is an isometry. It
therefore admits a unique isometric extension to the completion L?(R™)®&L?(R™).

Part 2: To conclude unitarity of U, it remains to show surjectivity, i.e. ran U = L?(R™). This is done by
showing that (ranU)t = {0}. We will not prove this part.

O

We now consider a more general version of Postulate 1, adapted to the notion of mixed states and to the
tensor product property above:

Postulate 1°. A state of a physical system is a density matriz p € B(H), with (H, (, )) a Hilbert space.
The state of a physical system composed of two subsystems associated to the Hilbert spaces Hy and Hsy is
described by a density matriz p € B(H1®H,).

If a pure state 1) € H;®Hj is of the form 1, ® 12, with ¢, € H; and ¢, € Hy, we says ¢ is non-entangled.
Otherwise, we says 1 is entangled.

76



In the case of a single particle with spin s, s = 0, %7 1, %, ... moving in R3, the Hilbert space is given
by H = L}(R®)®V, with V, a complex vector space of dimension 2s + 1. We can identify L?(R3)®V, =
L*(R?; V).

Now suppose we consider 2 identical particles of spin s. In view of the above theorem, a natural guess
for the corresponding Hilbert space would be L*(R3; Vi)®L?(R3; Vy) = L2(R%; V, ® Vi). However, in view of

the Spin-statistics theorem, which goes beyond the scope of quantum mechanics, the following holds:

e In the case of spin s = | € Ny we say the particles are bosons and we have to consider L?(R%; Sym(V, ®

Vs)), with Sym(Vs ® Vs) the symmetric (2,0)-tensors on Vi. More generally for N identical bosons,
N

——
the relevant Hilbert space is L2(R3Y; Sym(V, @ ... ® Vj)).

e Inthe caseof s = l—i—%, I € Ny, we say the particles are fermions and we have to consider L?(R%; Alt(V,®
Vs)), with Alt(V; ® V5) the antisymmetric (2,0)-tensors on V. In the case of N identical fermions, the
N

—
relevant Hilbert space is L2(R3V; Alt(V, ® ... ®@ V5)).

Since tr(pA) is only defined for A € B(H), we have to be a little careful with the interpretation of tr(pA)
as an expectation value, in the case of unbounded A.
We keep Postulate 2 as is. We change Postulate 3 as follows:

Postulate 3’. Consider an observable f corresponding to a function f : R?*™ — R. For a physical system

in a state p € B(H), the result of the measurement of f is governed by a probability measure ,u£ : Bgr — [0, 1]
that is defined as follows:

1 (9) = tr(pP! (),

with Pf : By — B(H) the PVM associated to f via the spectral theorem.
Note that in view of Postulate 3’, the expectation value associated to the probability measure is given
by:

(Fo= [ dufi.

In the case of A € B(H), it holds that?”

() = [ Adu(ePYO) = [ duf () = (),

so the B(H) > A — (A), satisfies the defining properties of an family of expectation values.

Recall that our original aim was to define states of N particles in such a way that we can uniquely split
off the state corresponding to a single particle. With Postulate 1’ and 3’ this can be done by the proposition
below. Given A € B(H;) and C € B(Hy), we first denote with A ® C € B(H;®Hy) the unique linear
operator with

(A0 C) (¢ 9) = A(p) @ C(¢).
for all p € Hy and v € Ho.
Proposition 5.26. Let p be a density matriz on Hi@Hy. Then there exists a unique density matriz p™)

on Hy such that for all A € B(Hy):
tr(p(A® 1)) = tr(p™M A).

Proof. By Theorem 5.23, ® = tr(p((-) ® 1)) defines a family of expectation values on B(H;), so there must
exist a unique p) such that & = Q0. O

27For unbounded A, we could try to define:
(o) == [ Aduf(3),
R

provided the integral is appropriately convergent. We will omit a careful analysis of this.
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Hence, to each state p € B(H;®Hy) of a composite system, there exists a unique state p(!) € B(H,) that
describes the subsystem corresponding to H; and its associated probability measure satisfies for self-adjoint
A on Hy: for all Q € By

Hon () = tr(pM PA(Q)) = tr(pPA(Q) © 1) = py®H(Q),

so it produces the correct expectation value for operators restricted to Hj.
Time-evolution takes the following form (ignoring issues of domain):

Postulate 4’.  The time evolution of a physical system in a state p € B(H) is governed by the equation:

dp 1 A
__1 11

and p(t) = e~ #Hp(0)et 7 H.
Note the similarity of the above equation to the Liouville equation:

(8tp)(t7 ) = _{p(ta )7H}

from Hamiltonian mechanics, which plays an important role in statistical mechanics as it represents a prob-
ability density. Note also that the probability of encountering particle 1 in an N-particle system at the
1-particle phase space point (2!, p1) is governed by the following probability density:

p(l)(xlapl):/< )p(x17plax23p23"'7xN,pN)dx2dp2"'dede'
RE(N—1

The above naturally leads us to an analogous, statistical interpretation of density matrices and mixed
states. Suppose we prepare a (1-particle) system to lie in a state represented by ¢ € H, |¢)| = 1, but there
is a degree of uncertainty regarding exactly what state the system is in. Then we can describe the system
by a density matrix, which encodes the probabilities that the system is in a set of different states. In other
words, density matrices describe the state of a statistical ensemble of particles.

For example, let ¢, ¢ € H such that || = |¢| =1 and (¢, ¢) = 0, then

1 2
p= 310Nl + 5 16)(0l

is a density matrix that can be interpreted as stating that the system is in state v with probability % and
in state ¢ with probability 2.

Note that the notion of probability coming from the uncertainty about which state a system is in is
fundamentally different from the notion of probability regarding measurement outcomes that is intrinsic to
quantum mechanics and is present even if we know exactly what state a system is in.

Postulate 5°. Let f be an observable corresponding to a function f : R?™ — R. Consider a physical system
in a state p € B(H). Suppose that a measurement of f produces an outcome contained in € Bg, where

Q C o(f). Then, immediately after the measurement, the state will change (“collapse”) to the state

PI()pPI(0)
pﬁQ: Z )

with Z := tr(Pf(Q)pr(Q)) and P : By — B(H) the PVM associated to f via the spectral theorem.
Note that Pf (Q)pr (Q) defines a positive operator with finite trace.

EXERCISE: Check that in the case p = |) (|, Postulates 3'-5" imply Postulates 3-5, respectively.
In the proposition below, we establish several different ways of checking whether a state is pure.

Proposition 5.27. (i) A density matriz p € B(H) corresponds to a pure state if and only if p*> = p.
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(ii) A density matriz p € B(H) corresponds to a pure state if and only if tr p> = 1.

(iii) A density matriz p € B(H) corresponds to a pure state if and only if S(p) = tr(—plogp) = 0. The
quantity S(p) is called the von Neumann entropy.

Proof. Suppose p = [¢)(¢)[, let {e;} be an orthonormal basis with e; = 1. Then p(e;) = d1je1. Let ¢ € H.
Then we can write ¢ = Z;‘;l ¢ej, so

PP(d) = &' p*(e;) = ¢'er = p(¢).
j=1

Hence p? = p.
This immediately implies that tr p? = trp = 1 and 2log p = log p? = log p, so log p = 0 and S(p) = 0.
Now suppose p is a density matrix. Since p is self-adjoint and compact, it has an orthonormal basis of
eigenvectors {e;} with corresponding eigenvalues \; such that A\; — 0 as j — co. Suppose that p? = p. We

can then express:
SoINE =1l = 110717 = D Il
JENL JjeN;

This implies that

> INEPA- ) =0,

JENy
soAj =1lor)\; =0. Since 1 = trp = ZjeNl Aj, there exists precisely one j such that A\; = 1. Hence,

p = lej) el
Now suppose tr p> = 1. Then tr p? = tr p, so
o0 o0
2
DN =2 N
i=1 ‘

Jj=1

Using that A; > 0, as p > 0, this implies that

D> oA(=x) =0,

Jj=1

so, as above, there exists precisely one j such that A; =1 and p = |e;) (e;].
Finally, suppose that tr(—plog p) = 0. Then

0=> —Xjlogh;.
j=1

Since all p > 0 and trp=1,0 < A; <1, s0 —Ajlog A\; > 0. By the vanishing of the above infinite sum, we
must therefore have that —\;log A; = 0 for all j, so either A\; =1 or A\; = 0. By trp = 1, there is precisely
one j such that A; =1 and p = |e;)(e;]. O

Since we can express S(p) = >y, —Ajlog Aj, with 0 < A; <1 the eigenvalues of p and ;.\ Aj =1,
we see a strong resemblance to the Gibbs entropy from statistical mechanics: consider a classical system
described by a discrete set of possible microstates, then the Gibbs entropy is given by

Saibbs = —kp Y pjlogp;,
JENy

with p; the probability of the system being in the j-th microstate.
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A Geometry

A.1 Geodesics and normal coordinates

Let (M,g) be a Riemannian or Lorentzian manifold and denote with V the corresponding Levi-Civita
connection.
We first look closer at the locality property of the covariant derivative.

Lemma A.1. Let p € M and X,Y € T(TM). Let U be an arbitrarily small neighbourhood containing p.
Then VxY (p) depends only on Y|y and X (p).

Proof. Let ¢ € C*°(M) be a smooth bump function such that supp¢ C U and ¢(p) = 1. Let Y, Y € I(TM)
such that Y|y = Y|y. Denote Z =Y — Y. By linearity of Vx, it is sufficient to show that VxZ(p) = 0.
Since Z vanishes on U, we have that ¢Z = 0. Hence, by the product rule for covariant derivatives:

0=Vx(p2)(p) = X)) Zp) +¢(@P)VxZ({p)=0+1-VxZ(p).

Now let X, X € I'(T'M)) be such that X (p) = X (p) and define V = X — X. We then need to show that
for any Y €e I'(TM)), VyY(p) = 0. Let p € U, with U the domain of a coordinate chart {z*}. Then we can
express V = V*#0,. Furthermore, we can write:

VvY(p) = V*(p)Va,Y(p) = 0.
O

We will introduce the notion of the covariant derivative along curves corresponding to V. Let v : I — M
be a smooth curve with I C R open. Then we define T (v), the set of vector fields along v : I — M, as

follows:
T(y) ={X:1—TM|X(t) € TyyMVt € I}.

Proposition A.2. For each smooth curve v : 1 — M, with I C R an open interval, V determines a unique
operator Dy : T (y) — T () satisfying the following properties:

(i) (Linearity) Let X,Y € T () and XA € R, then

(ii) (Product rule) Let f € C*(I) and X € T (). Then

Dy(fX)=fX + fD,X.

(iii) (Eztensions) If X € T(v) is extendible to (T M), then for any extension X € T'(TM) of X,
DX (t) = Vi X,
where V) 1s well-defined by Lemma A.1.

We refer to D: X as the covariant derivative of X along .

Proof. We first establish uniqueness. Let ¢ty € I. By Lemma A.1 and property (iii), D;X depends only on
X\(to,gtﬁe), with € > 0 arbitrarily small. Let ¢y C U, with U covered by a single coordinate chart {x*}.
We write X (t) = X*#(t)0,. Since 0, is extendible, we use all three properties of D; to obtain:
DiX (to) = X*(t0) 0 + X" (t0) Vs (10)0p
— (X (tg) + X" (t0)3(t0) T, (¥(t0)) -
Hence, D; must be unique if it exists. In fact, we can use the above expression to define D, if v(I) lies in the

domain of a single chart. If not, we can use it to define D; locally and then conclude that the expressions
agree when two charts overlap. O
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Definition A.1. We define the acceleration of curve v : R C I — M as Diy¥y. We say «v is an affinely
parametrized geodesic if Dyy = 0, which we refer to as the geodesic equation.

Proposition A.3. Letp € M and X, € T, M. Then there exists an open interval 0 € I C R and a smooth
geodesic v : I — M such that

Any two such geodesics agree on their common domain.

Proof. The equation Dy = 0 reduces to a second-order ODE in the domain of a chart around p. Apply
existence and uniqueness for ODE (Picard-Lindel6f). O

Let X, € T, M. Then we denote with vx, the corresponding geodesic with vx,(0) = p and ¥x,(0) = X,,.
Proposition A.4. Let v: I — M be a geodesic. Then

@ g0 ((0), (1)) = 0.

Proof.
00 30, 9(0)) = V393, 4)(8) = 20(D3, 9)(8) = 0.
O

Let g be a Lorentzian metric. We say X € T, M is spacelike if g,(X, X) > 0, timelike if g,(X,X) < 0 and
null if g,(X, X) = 0. By the above proposition, the corresponding geodesics yx can similarly be classified
as timelike, spacelike or null geodesics.

We similarly say a general curve v : I — M is spacelike, timelike or null if the tangent vector field
satisfies g(¥,%) > 0, g(9,%) < 0 and g(¥,7) = 0 respectively.

Remark A.l. Recall that we already saw that for submanifolds on R™ with the metric induces by the
Euclidean metric on R™ the geodesic equation corresponds to the Euler—Lagrange equations of the action:

S0) = [ g0, 30 dt.
I
This is also true when we restrict to spacelike or timelike curves in Lorentzian manifolds. However, all null
curves satisfy g ) (Y(t),¥(t)) = 0 for all t, but they need not be geodesics.

Geodesics allow use to define a natural coordinate chart in the neighbourhood of any point in M called
normal coordinates. We first define an exponential map.

Definition A.2. Let p € M and &, := {X € T,M|vx : I - M well-defined with [0,1] C I}. Then the
(restricted) exponential map Exp, : &, — M is defined as:

Exp,(X) = yx(1).
We use the notation “Exp” so as not to confuse this map with the exponential map “exp” on Lie groups.
Lemma A.5. The exponential map Exp,, satisfies the following properties:
(i) For any X € T,M, vex = yx(ct), with ¢ > 0, t € R such that either side is well-defined.
(ii) For each X € &, we can express yx (t) = Exp,(tX) for all t such that either side is well-defined.

(iii) &, is starshaped with respect to 0, i.e. if X € &, then tX € &, for all t € [0,1]. Furthermore, there
exists a v > 0 such that B-(0) C &,.

(iv) The map Exp,, is smooth.
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Proof. We will first prove (i). Without loss of generality, we will show that if vx(ct) is well-defined, then
Yex (t) is also well-defined. Indeed, if we instead start with the assumption that v.x(t) is well-defined, we
repeat the argument with X replaced with ¢X and c replaced with %
Suppose the domain of v = vy is I, with 0 € I C R open. Define 5 : ¢71I — M by §(t) = ¥(ct). Then
5(0) = p and |
3(0) = c¢(0) = cX.

It remains to show that 4 is a geodesic. Let ﬁt and D, be the covariant derivatives along v and 7, respectively.
We compute in coordinates:

and conclude that 4 = «v.x by the uniqueness property of geodesics.

The statement (ii) immediately follows since: Exp,(tX) = vix (1) = vx(t).

We turn to (iii). Let X € &,. Then the domain of yx includes [0,1] by definition. By (ii), we have that
for 0 <t <1, Exp,(tX) = yx(1) = 7x(t) is well-defined, so tX € &,. From Picard-Lindeldf it follows
moreover that there exists an r > 0 such that for all X € T, M with |X| =1, yx is well defined in [0,r]. By
(i), this means that Exp is well-defined on B,.(0) C &,.

Finally, smoothness of Exp,, follows from smoothness of the metric g and the continuous dependence of
the solution to the ODE on initial data, applied also to higher-order time derivatives of ~. O

We will use the map Exp,, to construct a particularly convenient coordinate chart.

Proposition A.6. For any p € M, there exists a neighbourhood V' of 0 € T, M and a neighbourhood U of
p in M such that
Exp,:V =U

is a diffeomorphism.
The set U is called a normal neighbourhood of p.

Proof. This follows from the inverse function theorem, once we establish invertibility of (Exp,,). : T, M =

To(TyM) — TyM. Let X € Ty,M and let § : R — T, M be defined as §(t) = tX. Then X = §(0) € To(T,M).
Hence,

d d d
(Expp)(X) = —li—o(Exp 0 6)(t) = — le=oExp(tX) = — li—07x () = X.
So (Exp,,). is the identity map and is thus clearly invertible. O

Let p € T, M and let {e,,} be an orthonormal basis on 7, M. Then E : R™ — T, M, E(z!, ... a") = zt'e,
defines an isomorphism.
We refer to Exp(B,(0)) as the geodesic ball of radius r centred at p.

Definition A.3. Let U be a normal neighbourhood of p € M. The map ¢ : U — R"*, ¢p = E~1 o Exp;1 :
U — R™ defines a coordinate chart. The corresponding coordinates x* = 9" are called normal coordinates.

Proposition A.7. Normal coordinates satisfy the following properties:
(i) Let X = X*e, € T,M. Then vx in normal coordinates is represented by:
wt)=tX ..., X"
for allt € R such that Exp,(tX) € U.

(ii) The coordinates of p are (0,...,0).
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(iii) The components of g at p are equal to the components in Cartesian coordinates of the Euclidean metric
in the Riemannian case or the Minkowski metric in the Lorentzian case, i.e. g, = 0, (Riemannian)
and g, = my,, (Lorentzian).

(iv) The deriwatives of g,., vanish at p: 0,9,,(p) = 0 with respect to normal coordinates. In particular,

s, (p) = 0.

Proof. Property (i) follows from the fact that ¢(yx(t)) = ¥ (Exp,(tX)) = E7'(tX) = #¢(X',...,X").
Similarly, (ii) follows from 1 (p) = ¥(Exp,(0)) = (0, ...,0).

Consider now (iii). We have that ¢,.(p) = gp(0ulp,vlp), where 9,|, € T, M is the basis vector field
associated to the normal coordinates {z*}. By construction, d,(, = Y., (0) = e,. Hence, (iii) follows from
the assumption that {e,} form an orthonormal basis of T, M with respect to g(p).

Finally, we will show (iv). We first show that the Christoffel symbols must vanish. This follows from the
geodesic equation expressed in normal coordinates: let X € T, M, then

0= (Deix)"(0) = 4*(0) + I, (p) X" X" =T} () X" X",

by (i). Since X was arbitrary, it follows immediately that I}, ,(p) = 0 for all ;. By the symmetry of T'}, (p)
in its lower two indices, one can also show that T, (p) = 0 for all 11, p (EXERCISE). To conclude that partial
derivatives of g,,,, vanish, we use the following identity at p:

1 —1\o
0= giwrgp + gVUFZ,p = 5!]”0(9 1) a(augpa + 8pgl/a - 8agup) +pev

1
= 5(8vgﬂu + OpGup — OuGup) + 1 > v

= OpGvp-
O

Remark A.2. One may compare the existence of normal coordinate in a neighbourhood of every point to
Darbouz’s Theorem in symplectic geometry, which states that on a symplectic manifold (M, w) of dimension
2n and p € M, here exist coordinates (x',... 2" yl,... y") in neighbourhood of p, such that w = Z?zl dz' A
dy'. The key difference for (M, g), however, is that the identities g,, = m,, and 0,g,, = 0 only necessarily
hold at p and not in a full neighbourhood of p. Related to this, we will see that second-order derivatives of
guv can not all be made to vanish in general.

Remark A.3. Let v : (—¢,e) — M be a geodesic with v(0) = p. With a little bit more work and for
e > 0 suitably small, it is possible to construct a coordinate chart in a neighbourhood U of y(—€,€), such that
9 (@) = T7,(q) = 9pgu(q) = 0 for all ¢ € ¥(—¢€,¢€). The corresponding coordinates are called Fermi normal
coordinates.

If we interpret timelike geodesics in Lorenzian manifolds as representing free falling observers in space-
time, carrying orthogonal measuring rods, the existence of Fermi mormal coordinates may be thought of
as providing a precise mathematical formulation of the equivalence principle in general relativity. This,
loosely formulated, states that non-gravitational experiments performed by free-falling observers at sufficiently
small time and length scales cannot be distinguished from those performed by non-accelerating observers in
Minkowski spacetime.

A.2 Curvature

Let (M, g) be a Riemannian or Lorentzian manifold with Levi-Civita connection.
We introduce a map that describes an intrinsic’® notion of curvature of (M, g).

Definition A.4. The Riemann curvature endomorphism is defined as the map:
Riem : T'(TM) x T'(TM) x T(TM) — T'(TM)
Riem(X, Y)Z = VvaZ - Vyvxz — V[X’y]Z.

28Independent of how the manifold may be embedded in some larger manifold.
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The proposition below shows that we can interpret Riem as a (1, 3)-tensor field, which we will call the
Riemann curvature tensor.

Proposition A.8. Riem € TU3(M) =T(T*M @ T*M @ T*M @ TM)

Proof. We can characterize (1,3) tensor fields as maps on I'(TM) x I'(TM) x TI(TM) — T(TM) that
are multilinear over C*°(M). It is immediate that the map is multilinear over R, by the linearity of the
operations in its definition. EXERCISE: Show that

Riem(fX,Y)Z =fRiem(X,Y)Z,
Riem(X, fY)Z =fRiem(X,Y)Z,
Riem(X,Y)(fZ) =fRiem(X, Y)Z,

for all f € C*(M) and X,Y,Z € T'(TM). O

We denote the components of Riem with respect to a basis on T, M by R, ,, with Riem(X,Y)Z =

R?,,,Z" X"Y?0,. In particular, with respect to a coordinate basis we have that:

Riem(9,,0,)0, = V,Vo,0,, —V,Vo,0,
=V, (I7,0,) — Vo, (I'7,0-)
— 0,190, — 0,19, 0, +T5,T% 0, —T7,T% 0

puT Vo T vut poYo
Hence,
R, =017, = 0,17, + 17,17, —17,T7

put VK vps pr*

In particular, with respect to normal coordinates at p € M, we have that
Rauup(p) = 8VFZu(p) - 8PFZu(p)
We will also refer to the (0,4)-tensor field Riem” with components R, ,, as the Riemann curvature
tensor.

Definition A.5. The Ricci tensor is defined as the (0,2)-tensor field Ric with components R,,,, defined as
follows:
R, =R°,,,.

Definition A.6. The Ricci scalar R € C®°(M) is defined as follows:
R= (9" R,,.

The Riemann tensor and its contractions are natural quantities to consider on (M, g) because they

are invariant under isometries, which are diffeomorphisms ® : M — M, where (M,g) and (M,g) are
Riemannian/Lorentzian manifolds, such that ®*g = g.

Proposition A.9. Let (M,g) and (M,q) be Riemannian/Lorentzian manifolds with Riemann curvature
tensors Riem and Riem, respectively. Let ® : M — M be an isometry. Then

Riem(®, X, 3,Y)®,Z = &, (Riem(X, Y, Z)),
$*Riem = Riem.
Proof. See exercises on Problem Sheet 12. O
The Riemann curvature tensor enjoys various symmetry properties.

Proposition A.10. With respect to an arbitrary coordinate chart, the components of the Riemann tensor
satisfy:

(i) R 0,

Uu(lw) -
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(ii) R g = 05
(ili) ViaReuup =0 (Bianchi identity),
(iv) Ropvp = Rupop,

) R

(v =0.
Proof. Omitted O

From the above symmetry properties, we can deduce symmetry properties at the level of the Ricci tensor
and Ricci scalar. We first introduce the Einstein tensor.

Definition A.7. The Finstein tensor G is a (0,2)-tensor field on M defined as follows:
. 1
G = Ric — iRg.

Corollary A.11. The Ricci and Finstein tensors are symmetric and, with respect to an arbitrary coordinate
chart, G satisfies the contracted Bianchi identity

V*G,, = 0.
Proof. Symmetry of G follows immediately from symmetry of Ric. Recall,
R = B0y = (677 Rapo-
By property (iv) of Proposition A.10, we have that
(977 Rapor = (971)7* Rovap = Rup-

To derive the contracted Bianchi identity, we combine (i) and (iii) to infer that R?,, , = R and

(wv]p

VaRap,Vp + VO'R[LQVP + vp,Racn/p = 0.
Now we contract the above identity with (g71)7”(g~1)** to obtain:

0=(9""""(¢7")""Va(Rouvp + Vo Ruavp + VuRaowp)
= VoR—V'Ray — V°Ra,
— VR —2V"R,,
= —2VYGa. O
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