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1 Introduction

Black holes stand as objects par excellence, showcasing the radical divergence between Einstein’s
and Newton’s theories of gravity. They are spacetime solutions to Einstein’s equations of general
relativity that are fascinating from a geometric, analytic and astrophysical perspective and form
the stage for an interplay between mathematics, theoretical physics and astrophysics.

In these lectures, we will cover the following topics on black holes:

e The geometric properties of Schwarzschild black hole spacetimes and the dynamics
of geodesics in these spacetimes. We will see how to make sense of the following pictures,
representing the maximally-extended Schwarzschild spacetime and the (sub-extremal) elec-
tromagnetically charged Reissner—Nordstrom spacetimes, respectively:
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Figure 1: Penrose diagrams of Schwarzschild and Reissner—-Nordstrém spacetimes

e The Einstein equations coupled to matter in spherical symmetry. We will prove that
in the absence of matter, all spherically symmetric solutions to the Einstein equations are
locally isometric to a Schwarzschild or the Minkowski spacetime (Birkhoff’s theorem). We
will discuss how to represent general, dynamical spherically symmetric black hole spacetimes
pictorially and understand the following picture representing the formation of a dynamical
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Figure 2: A possible Penrose diagram of a spacetime describing gravitational collapse to a black
hole in spherical symmetry.

In this part of the course, we will encounter “baby versions” of some of the big theorems in



black hole dynamics.

e The geometric properties of rotating Kerr black hole spacetimes and the dynamics of
geodesics in these spacetimes;

e The initial value or Cauchy problem, which provides a systematic way to study dynamics
of spacetimes;

e Asymptotically flat initial data and notion of mass/energy, momentum and angular
momentum in general relativity;

e Trapped surfaces, causal geodesic incompleteness of spacetimes and the stability of the prop-
erty of “black hole-ness” via Penrose’s incompleteness theorem.

e Formulations of the weak and strong cosmic censorship conjectures.

o (if time permits) linear waves on Schwarzschild as a first tool towards understanding the
dynamics of spacetimes arising from the evolution of small perturbations of Schwarzschild
initial data.

We will present the above topics in a mathematically precise style. This means that we will organize
the material with definitions, propositions, theorems and lemmas and that we will try to keep
precise track of the various domains and codomains of the functions and maps that we encounter.
This will serve as a way to eliminate any ambiguities and confusions that have historically appeared
in the study of black holes.

Throughout the lecture notes, there will be EXERCISES that are meant to encourage an active
reading of the text.

These lecture notes are still work in progress! Further chapters will be added as the course
progresses. For this reason, there will inevitably be typos throughout the text. If you spot any
typos or other errors, please do let me know.

1.1 Some useful literature

These lectures will not follow any existing textbooks too closely. Nevertheless, the list below
complements the lectures and also provides different styles of presentation on some of the topics
that we will cover.

e Robert M. Wald, General relativity. University of Chicago press, 1984.
A classic text on general relativity. Note the use of “abstract index notation” for tensor fields
that we will not follow in this course.

e Stephen W. Hawking and George F.R. Ellis, The large scale structure of space-time. Cam-
bridge University Press, 1973.
A complete discussion on many topics in general relativity. Includes Penrose diagrams of
several solutions to the Einstein equations that we will also discuss. Contains a discussion
on causality and Lorentzian geometry that goes beyond this course.

e Harvey S. Reall, Mathematical Tripos Part III: General relativity.
, 2022
Lecture notes for a course on general relativity taught at the University of Cambridge.

e Harvey S. Reall, Mathematical Tripos Part III: Black holes.
, 2020
Lecture notes for a course on black holes taught at the University of Cambridge. Contains
a discussion on quantum field theory on curved spacetimes that will not be covered in this
course.


https://www.damtp.cam.ac.uk/user/hsr1000/part3_gr_lectures.pdf
https://www.damtp.cam.ac.uk/user/hsr1000/part3_gr_lectures.pdf
http://www.damtp.cam.ac.uk/user/hsr1000/black_holes_lectures_2020.pdf
http://www.damtp.cam.ac.uk/user/hsr1000/black_holes_lectures_2020.pdf

John M. Lee, Introduction to Riemannian manifolds. Springer, 1997.
In contrast with the above references, this is a mathematics textbook. Introduces concepts
of Lorentzian Riemannian geometry in a mathematically precise manner.

Stefanos Aretakis, General Relativity.

, 2018
Lecture notes on general relativity with a more mathematical focus and an accessible discus-
sion of Penrose’s incompleteness theorem.

Demetrios Christodoulou, Mathematical problems of general relativity I. Furopean Mathe-
matical Society, 2008.

An introduction to general relativity from a mathematical and PDE (partial differential equa-
tions) angle. Contains a discussion of conserved quantities on asymptotically flat spacetimes.

Piotr T. Chrusciel, Geometry of black holes. Oxford University Press, 2020
Extensive, mathematically rigorous, discussion on geometric properties of several families of
black hole spacetimes.

Barrett O’Neill, Semi-Riemannian geometry with applications to relativity. Academic press,
1983.
Exhaustive, mathematically precise treatment covering various aspects of Lorentzian geom-
etry.


https://www.math.toronto.edu/aretakis/General%20Relativity-Aretakis.pdf
https://www.math.toronto.edu/aretakis/General%20Relativity-Aretakis.pdf

2 Preliminaries: basics of spacetime geometry

Before we start discussing black hole spacetimes, we will briefly review the main mathematical
machinery that is required to introduce black hole spacetimes. The material in this section would
typically be covered in a general relativity course or differential geometry course. This section is
by no means a complete discussion and is meant to serve as a review as well as an opportunity to
set the geometric notation used throughout the course.

Let main mathematical objects in the field of general relativity are so-called “spacetimes”,
which are pairs consisting of a 4-dimensional smooth manifold M and a Lorentzian metric g:

(M, 9),

together with a “time-orientation”, an unambiguous notion of past and future. We will define each
of these objects.

2.1 Manifolds

An n-dimensional smooth manifold is a mathematical object that locally “looks like” R™. This
roughly means the following: M is a topological space' that can be covered by open sets U C M
which come equipped with coordinate charts ¢ = (x!,...,2") : U — R™. Then we demand that
the coordinate transformations ¢’ o ¢!, with ¢’ : U’ — R™ another coordinate chart, are smooth
on the intersection U N U’ and have smooth inverses.

Rather than making the above precise, we will mostly restrict to concrete special cases of
manifolds. In particular, the following two special cases are sufficient to capture all the intricate
properties of single black holes and their dynamics in four dimensions:?

M =R x R® = R,
M=R?* x 2.

Here S™ denotes the unit round n-sphere: S" = {z € R"*!, S x? = 1}, which is an example
of an n-dimensional manifold. The symbol =, in the context of manifolds, indicates equality up
to diffeomorphism. For example, M = R x R3 means that there exists a map 1 : M — R x R?
that is differentiable, bijective and has a differentiable inverse ¢y~'. A C*-diffeomorphism is k
times continuously differentiable and a smooth or C°°-diffeomorphism is arbitrarily many times
continuously differentiable.

We will also use the notation M = R x ¥, with ¥ = R3 or £ = R x S?, to treat these two
cases simultaneously. Later in the course, we will see that (n + 1)-dimensional globally hyperbolic
spacetimes, the class of spacetimes relevant for studying dynamical aspects of general relativity,
always take the form M =R x X, where ¥ is an n-dimensional manifold.

In the case ¥ = R x S?, we already notice an important property: there exists no global
coordinate chart on X. Instead we often consider standard spherical coordinates (0, ), which are
defined as follows:

T = cospsinf,

y = sinpsind,

Tt comes with an notion of “open subset” and, related to this, continuity of maps on M.

2In the case of spacetimes describing gravitational collapse to a black hole, M = R*. It can also be shown
that under very general assumptions (HAWKING 1972), the exterior region of a stationary (time-independent) 4-
dimensional black hole spacetime with reasonable matter is diffeomorphic to R2 x S2. The event horizon (the
boundary of the black hole region) at any fixed time, is diffeomorphic to S2. For dynamical spacetimes containing
black hole regions, or in the case of higher spacetimes dimensions, the topology of the horizon at an instant in time
may be more complicated.



z = cosf.

Since we cannot always work in a single coordinate chart it will be convenient to introduce a
few geometric objects that make sense even if we do not specify exactly what coordinate chart we
are working in.

2.2 Tensors and tensor fields
In the physics literature, you may have encountered tensor fields as objects defined in the following
way:

A tensor field is a list of functions that transforms like a tensor field.

Though this “definition” might seem rather circular, it can be made mathematically precise. We
will, however, define tensors and tensor fields in a different, less utilitarian manner.

Before discussing tensor fields, we first need to introduce tensors. Before we introduce tensors,
we recall the definition of vectors and covectors.

Definition 2.1. Let V be a finite-dimensional vector space over R. Then elements v € V are
referred to as vectors. The dual space V* is defined as follows:

V*:={f:V =R, fis linear}.

Elements f € V* are called covectors. Sometimes elements of V' are referred to as contravariant
vectors and elements of V* as covariant vectors.

We can also consider the double dual space of V: V** := (V*)*. It turns out that (V*)* is
isomorphic to V if V is finite dimensional. This means that there exist a bijective (injective and
surjective, or “onto” and “one-to one”) linear map:

Q:V >V
Indeed, we define ® as follows: let f € V*, then

(v)(f) := f(v)
is clearly linear. We will also use “=” to denote to indicate an isomorphism between vector spaces,
so V =V,

[EXERCISE: Show that @ is injective, i.e. ker ® = {0}. Then use the rank-nullity theorem,
which says that general linear maps L : V. — W, with V, W vector spaces satisfy dim(ker L) +
dim(ran L) = dim V, to conclude that @ is bijective.]

We can therefore also identify vectors v € V' with linear maps of the form v : V* — R.

Definition 2.2. An (r,s)-tensor in V is a multilinear (over R) map of the form:

T:V*x.. xV*xVx..xV =R

r times s times

The set of (r,s)-tensors in V' forms a n"*-dimensional vector space, which we denote as follows:
TC(V).
We also use the following alternative notation for T("’s)(V):

V.. VV ... V*.

r times s times




Let dimV = n and let {e,}1<u<n be a basis of V. Let f#* € V* be the unique linear maps
satisfying: f#(e,) = o4, with 0% the Kronecker delta. Then {f*}i<,<, form a basis of V*, which
we refer to as the dual basis associated to {e,}. The (r, s)-tensors of the form

€ ®...0e, Of1®...Q fr

7 times s times

form a basis of T(*) (V). The above notation is defined is defined as follows: let w; € V*,
ie{l,...,r},andv; € V, j € {l,...,s}, then:

(p, @...®e€,, @@ ...& ) (Wi, oy wWr, V1,0, Us) i= €y (W1) e, (wr) [ (01) .o 7 (0s).
In other words, we can expand T € T(*) (V) as follows:
n n n n
T=3 D Dy T, e ®... @6, @[ @@,
p1=1 pr=1rv1=1 ve=1

where TH1-#r € R. To shorten notation, we will usually omit the summation symbols. This
is called the Einstein summation convention:

T =Tt e ®...0e, ®f"T®...0 f.
Example 2.1. Consider the tensor T : V* x V. — R. Then A:V — V, defined as
AWw) =T(v) e V"2V

s a linear map, which can be represented by a matriz after choosing a basis. The matriz coefficients
are given by TH,.

To be able to define tensor fields on M, we first need to introduce the relevant vector spaces
that will play the role of V" and V*: the tangent spaces and cotangent spaces of the manifold M.

Definition 2.3. Let M be an n + 1-dimensional manifold and let x € M. Suppose that x € U C

M is covered by the coordinate chart ¢ = (2°,....2") : U — R" 1. Let 1,72 : R — M be

differentiable curves with v1(0) = v2(0) = x. Then we write y1 ~ 2 if (p071) (0) = (¢ 0 ¥2)'(0).?
Let v : R — M be differentiable with v(0) = x. Denote

[v] :== {7 : R = M differentiable, with ¥(0) = z and ¥ ~ 7}
Then the tangent space at x, denoted T, M is defined as follows:
T.M = {[y], v : R — M differentiable, with v(0) = x}.

The set T, M can be equipped with a vector space structure, by introducing “addition” and
“scalar multiplication”. This is not immediate, since we cannot simply “add” curves in M (unless
M =R"H1). Consider the following map:

dpy : TyM — R
Aoz ([7]) = (¢ 07)(0).

[EXERCISE: Show that d¢, is a bijection.]
Then we define for A € R:

1] + A - 2] = (dda) ™ (do([a]) + A - do([r2]))-

3The relation ~ is an equivalence relation.




Figure 3: The tangent space T, S?.

Definition 2.4. We define the coordinate basis vectors at x € M as follows:

o
0 IR e

@ " :d¢r ((0,,0,1,0,))

[EXERCISE: Convince yourself that the vectors %
(n + 1)-dimensional vector space. ]
For example, T,R* = R* and T} (R? x §?) = R*.
If v = (y°...,y") : U — R"*"! is another choice of coordinates and v : R — M satisfies
o

» form a basis of T, M, so T, M is an

(¢ o) (0) = (0,...,0,1,0,...). Then

n x? -1 o(x” -1
(@0 0) = (@ 0™ o o) 0) = 3 o) a‘;ff’ )y oy (0) = 22207 N )
Hence, we can write
KRN
oy Oy dzv '’
where we shortened the notation by writing g—;: instead of %ﬁﬁl)

[EXERCISE: Show that T, M is independent of the choice of coordinate chart ¢ : U — R"T1]
We can think of % « as acting on functions f € C°°(M) in the following way: % (f) =
-1
8(;;;;1 )|x. This leads to an alternative, but equivalent, characterization of T, M:
TeM 2 {v: C>®(M) — R linear, such that v(fg) =v(f)g + fv(g) Vf,g € C°(M)}.

We denote Ty M = (T, M)*. Then da*|, € Th M and

dm“|$< 9 ):55,

Oxv
so {dx*|,} is the dual basis associated to the basis {3%|z}

Definition 2.5. A vector field X is a continuous map X : M — TM, with X (x) = (z, X)), where
X, € TyM and TM is the tangent bundle of M, which is defined as follows:*

TM = | {a} x TuM.
reM

4Note that the notion of continuity (and smoothness) of maps to T’M makes sense since T’M can be given the
structure of a smooth manifold (it “locally looks like R?™).



We denote the space of all vector fields by T(M). A vector field X is C* or smooth if the map X
is C* or smooth, respectively.
We can interpret X € T(M) as a map X : CY(M) — C°(M), where

Note that on the right-hand side, we are interpreting vectors in T, M as maps acting on functions.

Consider the coordinate chart (U, {z*}). By construction of the differentiable structure on
TM, it follows that the following maps are smooth vector fields on U:

0

U —=TM,
Ox+

We can express a general vector field X € T (M) as follows when restricted to the domain U of

the coordinate chart: 9

OxH v,

with X# : U — R continuous functions (or ck / smooth functions if the vector field X is C* /smooth).
To shorten notation, we will write 0, = when there is no ambiguity about the coordinate

chart under consideration.

83:“ ( P

X[y = X+r—

8/‘

Definition 2.6. The cotangent bundle of M is the set:

T*M:= | J {2} x T; M
zeM

Covector fields or 1-forms are continuous maps w : M — T* M, with w(z) = (x,w,). We denote
the space of all covector fields/1-forms by Q*(M).

We define dz* € QY (M) as the 1-forms saitsfying dz#(z) = (z,dz*|,), with {dz*|,} denoting
the dual basis in T Mcorresponding to the coordinate basis {a%|z}

Now we are ready to define tensor fields. Note that are several different but equivalent ap-
proaches to defining tensor fields and we will only present the one that is most convenient for the
purposes of this course.

Definition 2.7. An (r,s)-tensor field T is a map

T:Q (M) x ... QN M) x T(M) x ... x T(M) = CO(M)

7 times s times

that is multilinear over C°(M). This means that for all f € C°(M), wi 8 € QY (M) with i €
{1,...,r}, X;, Y € T(M) with j ={1,...,s}:

T, ..., (fw'+0),..., 0" X1,...,X,) = fT(W",...,w", X1,..., X))+ T, ...,0,..., 0", X1, ...
fr(wh, . W Xy, X)) +T(wh, . W, Xy, LY,

T W X, (FXG+Y), ., X))

We denote the space of (r, s)-tensor fields by T (%) (M).
If C°(M) above is replaced with CF(M), with k < oo, we say T is a C* tensor field.

10



Example 2.2. Note that X € T(M) can be interpreted as a (1,0)-tensor field in the following
way: for all w € Q1 (M)

(X (w)(@) = wla(X]a)-
Similarly, w € QY(M) can be interpreted as a (0,1)-tensor field in the following way: for all
XeT(M)

(W(X))(@) := we(Xo).
Example 2.3. The following maps are special cases of (r,s) tensor fields: let X; € T(M), 1 <
i <r, and w' € QY (M), 1 < j <s, then for allY; € T(M) and 6° € T (M)

(X1®...0X,@w'@...w) (@, ...,0", Y1, ..., Y) = X1 (0)X5(6%) ... X, (07w (Y1)w? (Ya) ... ws(Ys).

In the domain of a coordinate chart (U, {z"}), we can express a general tensor field T' € T (M)
as follows: let 0 < p1; <n and 0 < v; < n, then

0
L . v Vs
Ty =T Vrs Gy ®...0 Dlin Rdz" ®...dz"|y.
where T#1-#7 € CO(U) for all 0 < pi; <nand 0 < vy < n.
[EXERCISE: Let ¢ = (3°,...,y") : U — R"*! be a different coordinate chart on U. Determine
the relation between T"1--#y  —~and TH1-#r . where
~ 0
— TH1-- V. Vs
Ty =T v i ®...® oy Rdy" ®@...0dy""|v.]

A special class of tensor fields are the alternating tensor fields or differential forms.

Definition 2.8. The space of s-forms on M (or differential forms of degree s, or alternating
(0, s)-tensor fields) is denoted by Q2°(M) and is defined as follows:

(M) i= {T € TOINM) | T(Xo (1), Xo(ays - Xo() = sign(0)T(X1,..., X,) Vo € S},

with Sy the set of all permutations of the set {1,...,s} and sign(o) the sign of the permutation
o which is +1 if o can be written as an even number of transpositions (exchanges between two
elements), for example, a cyclic permutation, and —1 if it can be written as an odd number of
transpositions.
Example 2.4.
O2(M) = {T e TOD(M)|T(X,Y) = ~T(Y, X)} .

In particular, suppose w, € Q1 (M). Then w®0 or w®0+0Rw are not 2-forms, but W —HRw
is a 2-form.

With respect to a coordinate chart (U, {z*}), T € Q%(M) if and only if T}, ,, is fully anti-

s
symmetric in its indices.

Definition 2.9. The wedge product between an r-form w and an s-form 6 is defined as the
following (r + s)-form:

(WAO) X1, Xpga) o= > sign(0)(w @ 0)(Xoq), - Xo(ris))
O'EST+S

By introducing the notation

1 .
T[V1---Vs] = o Z Slgn(a)Tua(l)~“Va(s)’
" o€S,
we can write
(wAn8), = (r+s)wp,. 0,0

1---Vr4s V7‘+1~~<U7"+s]'

11



2.3 The exterior derivative

We now provide a definition of the exterior derivative d which can appear in front of a function
f: M — R to obtain a 1-form df, but also in front of a general s-form w to obtain an s 4+ 1-form
dw.

Definition 2.10. The eaterior derivative d : C1(M) — QY(M) is defined as follows: for any
X eT(M)
(df)(X) :== X(f).

With respect to a coordinate chart (U, {z*}), we therefore have that
df|lv = Oy fdx" |y = Opn fda|u.

We can extend d as a map from the space of C' elements of Q*(M) to Q*TH(M) with s > 0 by
imposing the following additional requirements:

dwAn)=dvAn+ (=1)'wAdn foral weQ"(M)and n e Q*(M),
dod=0.

For example, if w = w,dz" with respect to a coordinate chart, then
dwly = d(wy) Ndx" |y +0 = Oyw,dat AN dx” |y = (0w, — Oywy)daz! @ dr¥ |y = 20w, dz" @ dr”|y.

[EXERCISE: Show that, for a C! r-form w € Q" (M), the following identity holds in the domain
of a coordinate chart (U, {z#}):

dwly = (r +1)0p, Wy, 1d2" @ ... @ dz" |y ]

Let w € Q5(M). If dw = 0, we say w is closed. If s > 1 and w = dn for some n € Q*~1(M),
then we say w is ezact. Note that in the latter case, dw = d?n = 0, so w must be closed. The
converse need not be true: closed forms need not be exact.’

2.4 Pullbacks and pushforwards
Let v : M — N be a smooth diffeomorphism between two manifolds M and N.

Example 2.5. Let ¢ : U — R™ be a coordinate chart on an n-manifold M. Then we can use
diffeomorphisms +p : U — U to obtain a different coordinate chart ¢ = ¢ o1p.

Conversely, given two coordinate charts ¢,¢ : U — R™, the map ¢ = ¢~ o ng defines a
diffeomorphism on U. The study of diffeomorphism on a smgle manifold M is therefore closely
related to coordinate transformations. For example, let ¢ = id be a Cartesian coordinate chart on
R3 and ¢ a spherical coordinate chart on s subset of R>. Then the change of coordinates from
Cartesian to spherical corresponds to a diffeomorphism: ¥ = ¢.

There is a natural way to associate to diffecomorphism  maps that act between spaces of
tensor fields on NV and M. From the perspective of coordinate charts, this is closely related to
determining how components of a tensor field with respect to one coordinate chart are related to
its components with respect to another coordinate chart.

5When restricted to a suitably small neighbourhood of any point z € M, all closed forms are exact. Under a
topological condition on the manifold M, namely simply connectedness, all closed forms are globally exact. Simply
connectedness roughly means that any loop in M cannot be continuously contracted to a single point.

12



Definition 2.11. The pullback map ¥* : CO(N) — C°(M) is defined as follows:

V= fot,

for all f € CO(N).
The pushforward map ¢, : T(M) — T(N) is defined as follows:

(U X)(f) = X (forp) o™,

for all X € T(M) and f € CY(N).
The pullback map ¥* : QY (N) — QY (M) is defined as follows:

(Y w)(X) := w(@uX) 09,

for all X € T(M).
The pullback map 1* : T (N) — T (M) is defined as follows:

W T (W, . W' Xy, X)) =T () Wb, o (W) W 0 X, . 1 X) 0 1),

for all w® € QY(M), with i € {1,...,r} and X; € T(M), with j € {1,...,s}.

Figure 4: The pushforward and pullback maps.

The behaviour of the pullback map to linear order is determined by the Lie derivative.

Definition 2.12. e An integral curve of a vector field X € T(M) is a mapv: R DI —- M
satisfying v'(s) = Xy(s) € Ty(s)M. Here, v'(s) = [0] € Ty(syM, with 6 : R — M satisfying
0(0) = y(s) and (¢p0d)'(0) = (dov)'(s), where ¢ : U — M is a coordinate chart and vy(s) € U.

e A global flow is a map ¥ : R x M — M satisfying ¥(s,p) = v(s), with v : R — M an
integral curve of X such that v(0) = p, assuming that the domain of all integral curves 7 is
R. Denote s = 1(s,-). Then the following properties hold (EXERCISE )

Yo =1id, (2.1)
Ysrr =Ps01, forall s,7 € R.

For general X € T (M), ¢ need not be defined for all s € R. In this case, we simply refer to
Y as a flow.

e Conversely, given a C* map 1 : R x M — M satisfying (2.1) and (2.2), the map X(f) =
L —o(f oty), with f € CY(M) defines a vector field X € T (M), such that 1 is the global
flow corresponding to X (EXERCISE).

13



e The Lie derivative in the direction of X of a tensor field T € T"%) (M) is defined as follows:
d
LxT= | T,
dsls=0

with ¥ corresponding to the flow of X.
For X,Y € T(M), we can alternatively express:

d
Y = — — *Y - X, Y 5
£x ds s:O(,L/) ) [ ]
with [X,Y](f) = X(Y(f)) — Y(X(f)) the commutator.
It can be shown that the Lie derivative satisfies the following additional properties: for all
X, X; € T(M), withi € {i,...,s},w € QY (M), with j € {1,...,7}, f € C®(M), T € T (M),
SeTsI(M)

Lx(f)=X(f),
Lx(S®T)=(LxS)@T+S® (LsT),

Lx(Twh, ... ,w" X1,..., X)) = (LxT) (W', ... 0", X,..., Xy)

+T(Lxw', .. w0 X1, X))+ T Lxw”, X1, .., X))
+T(W, . W Lx Xy, X )+ AT W™, X, Lx X))

[Lx,d]f =0.

2.5 Metrics

Definition 2.13. A metric (tensor field) is a (0,2)-tensor field g € T(O? (M) that satisfies the
additional two properties:

o (symmetry) g(X,Y) = g(Y, X),

o (non-degeneracy) if g(X,Y) =0 for allY € T(M), then X = 0.

We say g is a Riemannian metric (tensor field) if moreover

o (positive-definiteness) g(X, X) > 0 with equality if and only if X = 0.

To define a Lorentzian metric (tensor field) we first make the following observation. The
following map is bilinear and non-degenerate:®

gz ToM X ToM — R,
gz(v7w) :g(‘/v W)(.’[), V|m :'UaW|I =w.

Pick a basis {e,} of T, M. Let G be the matrix with coefficients G, = g»(eu,€,). Then,
by the symmetry and non-degeneracy of g, G is invertible and symmetric. This means we can
diagonalize G and that its eigenvalues are non-zero.

We define the signature (n4,n_) of g, as follows: n is the total number of positive eigenvalues
and n_ is the total number of negative eigenvalues of G. This definition only makes sense if the
signature is a quantity that is invariant under a choice of basis. That is to say, if we define G as
the matrix with coefficients G, = g (€., €,), then we need to show that n, and n_ of G are the
same as ny and n_ of G. This follows from Sylvester’s Law of Inertia (EXERCISE).”

For a Riemannian metric g, we have that n_ = 0 for all x € M.

SEXERCISE: Convince yourself of the existence of V, W and the fact that g(V, W) only depends on V|, and
Wz =v.

"Sylvester’s Law of Inertia: if A is an n X n symmetric matrix with n4 positive eigenvalues and n_ negative
eigenvalues, then, for any n x n matrix B, the symmetric matrix BABT will also have n positive eigenvalues and
n_ negative eigenvalues.
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Definition 2.14. A metric g is Lorentzian if n_ =1 for all x € M.

Not every manifold M admits a Lorentzian metric. For example, the sphere S* does not admit
a Lorentzian metric.®

[EXERCISE: Manifolds of the form M = R x ¥ always admit a Lorentzian metric. Hint: You
may use that ¥ always admits a Riemannian metric.]

2.5.1 Basic concepts of causality

The structure of a Lorentzian metric allows us to talk about causality and make sense of whether
spacetime points are in the future or past of other spacetime points.

Definition 2.15. A vector v € T, M is:
e timelike if g, (v,v) < 0,
e null if g, (v,v) =0 and v # 0,
e spacelike if g, (v,v) > 0.

Via the isometric identification T, M = R™"1 we can identify the union of all null vectors at
x € M with a double cone in R*T1 minus the vertex:

O, = { R\ {0}]4f = ZW} .

i=1

The cone C is called the lightcone.
The union of all timelike vectors at x € M can be identified with the interior of a double cone

in R
n
I, = {v cR*"™ |0} > Z(vl)z} :

=1

The union of all spacelike vectors is the interior of the following double cone:

Sy = {v eR"M 02 < Z(vi)Z} .
i=1
A wvector field X € T (M) is timelike/spacelike/null if X, satisfies exactly one of the three above
three conditions for all x € M.
We similarly say that a curve v : R D I — M is timelike/spacelike/null if its tangent vector
v'(s) is everywhere timelike/spacelike/null, respectively. We say a curve is causal if it is timelike
or null and achronal if it is spacelike or null.

We will frequently refer to timelike curves of timelike vector fields as (idealized) observers.

Definition 2.16. A (smooth) hypersurface is a subset ¥ C M, which has the structure of an
n-dimensional manifold, such that the inclusion map ¢ : ¥ — M, 1(x) = x, is a (smooth) diffeo-
morphism onto its image (i.e. 1 : X — 1(X) is a diffeomorphism,).’

8By the so-called Hairy Ball Theorem, the sphere S* does not admit a vector field that is non-vanishing every-
where. If we could equip S* with a Lorentzian metric, then once can show that there must exist a vector field that
does not vanish everywhere, which is a contradiction. Conversely, if a manifold admits a non-vanishing vector field

b o xb

X, we can construct the following Lorentzian metric: g = —2% + h, with h a Riemannian metric on M and
where X" is a 1-form dual to X that we define below.

9More generally, a subset & C M is called a (smooth) embedded k-dimensional submanifold if it is a k-dimensional
manifold and the inclusion map ¢ : ¥ — M is a (smooth) diffecomorphism onto its image.
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T::M

Figure 5: The double lightcone C, (drawn as a subset of R”"‘l) and its interior I, and exterior S,.

o If the induced metric'” on ¥ is Riemannian, we say ¥ is a spacelike hypersurface. Equiva-
lently, there exists a timelike vector field N € T (M) such that g(N,X) =0 for all X € T (M)
with X, € T,X (i.e. N is normal to X).

o [f the induced metric is Lorentzian, we say Y is a timelike hypersurface. Equivalently, there
exists a spacelike vector field N € T (M) such that g(N,X) = 0 for all X € T (M) with
X, eT,X.

o If there exists a vector field L € T (M) that is null along 3, such that g(L, X)|s =0 for all
X € T(M) with X, € T,,2, we say X is a null hypersurface.

Definition 2.17. The arc length of a spacelike curve v between s = 0 and s = sg is defined as
follows:

o) = [\ e ds

In the case of a timelike curve -y, we define the proper time of v between s = 0 and s = sq as
follows:

rhlen) 1= [ = (P A ()

We need to equip our manifold with an additional structure to be able to define the notion of
a spacetime.

Definition 2.18. A Lorentzian manifold (M, g) is said to be time-orientable if there exists a
global timelike vector field T. We define a spacetime to be the triple

(M, g,[T]),

with [T] == {X € T(M)|g(X,T) < 0} the time orientation. We will refer to a spacetime as
(M, g) and omit [T] from the notation.

Remark 2.1. In our definition of a “spacetime”, we will also include “manifolds-with-boundary”
M. These, strictly speaking, are not “manifolds” because in a neighbourhood of points on their
boundary, they are look likes a half-space {(x',...,z") | z™ > 0} C R"! rather than R™. For
example, the set {x™ > 0} C R itself is a manifold-with-boundary, or the set [0,1].

10If , : ¥ — M is the inclusion map, which just maps z € ¥ to £ € ¥ C M, then the induced metric gy, is defined
as gs; = t*g (the pullback makes sense, even though ¢ is not a diffeomorphism!), i.e. for X, Y € 7(X) and z € %,
95(X,Y) () := g(ts X, 1+ Y)(z) for all x € X, with (¢« X)(f) = X(f ot). In practice, you may use that ¥ can locally
be expressed as the level set of a function with respect to a coordinate chart. For example z° = h(z!,... ™) along
¥, so you can use that dz0 = 9;hdx?, i = 1,...,n on ¥ to write gs = goo(d;hdz?) ® (9;hdx?) —i—gjodxj ® (9;hdx?) +
gijdxi ®dxd, with j =1,...,n.

16



A time-orientation allows us to define the future and past lightcones C; and C; :
Cf ={velulg(v,T:) <0},
Cy ={veCylg(v,T;) > 0},

with C'=CfuCy.
We similarly define:

I} ={v e L|g(v,T) < 0},

xT
I, ={vel,|g(v,T;) > 0},
with I =T UI;.
The structures of a Lorentzian metric and time orientation allow us to determine the regions

of M that can be influenced by a given subset S of M. This is a notion that is fundamentally
Lorentzian; it does not have a Riemannian analogue.

Definition 2.19. Let S C M. The causal future/past J*(S) is the following subset of M :

JE(S) = {p € M, 3 causal future-/past-directed curve 7 : [0, 1] — M, with v(0) € S and (1) = p}.
The chronological future/past I*(S) of S is the following subset of M:

I*(S) = {p € M, 3 timelike future-/past-directed curve v : [0,1] = M, with 4(0) € S and v(1) = p} .

Note that the constant curve y(s) = p for all s is not timelike, null or spacelike.
The future/past domain of dependence DT (S) of S is the following subset of M:

D*(8)

= {p € M, all causal past/future directed, past/future inextendible causal curves containing p intersect S} .

Note that automatically S C D*(S).

I+(S) | I+(S)

() 4 1-(8)

(a) The causal future and past (b) The chronological future and (c) The future/past domains of

JE(S) of a set S € R'™! with past IT(S)ofaset S C R'™ with dependence D*(S) of a set

(R'™ m) the 1+1-dimensional (R m) the 1+I1-dimensional S < R with (R'™! m)

Minkowski spacetime. Minkowski spacetime. the 141-dimensional Minkowski
spacetime. Here, p € JT(S) but
pé D*(S)UD (S).

Figure 6: Examples of chronological/causal futures/pasts and future/past domains of dependence
in the 2-dimensional Minkowski spacetime (R!*1 m).

Definition 2.20. A set S C M is achronal if IT(S)NS = 0.
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A particularly important class of spacetimes are globally hyperbolic spacetimes. As we will
later see, their relevance is motivated by the fact that they constitute the spacetimes that can be
obtained from the time evolution of initial data in the context of the initial value problem for the
Einstein equations.

Definition 2.21. A Cauchy hypersurface ¥ is an achronal hypersurface of a spacetime (M, g)
such that
DY (X)uD™ (%) = M.

If a spacetime admits a Cauchy hypersurface, we say it is globally hyperbolic.
If DT(2)U D™ (X) # M, then the future boundary of D*(X) in M,

CHT (D) := DF(D) \ (r(zﬁ(z» N D+(E)>
is called the future Cauchy horizon of ¥ and the past boundary of D~ (X) in M,
CH™ (D) =D () \ (ﬁ(pf(z)) N D*(E))

is called the past Cauchy horizon of X.

[EXERCISE: Show that CH'(X) must be achronal. Hint: Show that the boundary of S =
DT (X)U I~ (D*(X)) is achronal by using that I~ (S) C S.]

The presence of a future Cauchy horizon of a achronal hypersurface ¥ indicates the end of
predictability of the spacetime arising from initial data on X.

Lemma 2.1. If ¥ is a Cauchy hypersurface of a spacetime (M, g), then any inextendible timelike
curve in M must intersect ¥ exactly once.

Proof. Let v be an inextendible timelike curve. Suppose = intersects ¥ at times s,t € 3, with
s #t. Then v(s) € I'T(y(t)) or y(t) € I'T(y(s)), which is in contradiction with achronality. O

[EXERCISE: Explain whether any inextendible null curve needs to intersect a Cauchy hyper-
surface exactly once.]
It turns out for globally hyperbolic spacetimes M = R x 3, with 3 a Cauchy hypersurface.

Theorem 2.2 (A spacetime splitting theorem). Let (M, g) be a globally hyperbolic spacetime, with
M a smooth manifold and g a C*-metric, with 1 < k < co. Let ¥ be a Cauchy hypersurface.
Then M is diffeomorphic to R x X.

Proof. (non-examinable) By the time-orientability property, there exists a smooth timelike vector
field T. At each x € X, consider the inextendible curve 7, : I, — M satisfying 7,(0) = = and
~ = T. We can then reparametrize 5 to obtain Yz : R = M, with 7,(0) = 2 and % proportional
to T. Since M is smooth, x — 7, (t) is smooth for all ¢ € R.

Now let @ : R x 3 — M be the smooth map defined as ®(¢, ) = 7, (t). We will now show that
this map is bijective.

o “Surjectivity”: For any p € M, the timelike curve obtained by flowing along 7" must in-
tersect 3 at some x € ¥, using the Cauchy hypersurface property of ¥. After possible
reparametrization, we therefore have that p = ~,(¢) for some t € R.

o “Injectivity”: Let p = v5(t) = vy(s), with s,¢ € R and z,y € ¥. By Lemma 2.1, we must
have that x = y. Suppose s # t, then there exists a closed timelike curve emanating from
p. Suppose that this curve does not intersect ¥. Then this is in contradiction with the
Cauchy surface property of ¥. Suppose the curve intersects ¥ at two points. Then this is in
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contradiction with Lemma 2.1. Finally, suppose the curve touches X at once point. Then we
can perturb it a little bit to obtain a closed timelike curve that either does not intersect X,
which is a case that leads to a contradiction, as we have shown above.

The inverse map ®~! corresponds to flowing along the integral curves of a rescaled T and
therefore also is smooth. Hence, ® is a differemorphism between R x ¥ and M.

[EXERCISE: Suppose ¥ and ¥/ are two Cauchy hypersurfaces. Show that 3 is diffeomorphic to
] O
2.5.2 Musical isomorphisms: “raising and lowering indices”

On a manifold equipped with a metric (M, g), we can use the metric g to identify vector fields
and 1-forms.
Let X € T(M). Then we define

X’ = g(X,) € Q*(M).

The symbol b is called “flat” and is inspired by musical notation. Indeed g(X, ) : T(M) — C°(M)
is multilinear over C°(M) so it defines a 1-form. We therefore have the existence of a map:

b T(M) — QL(M)

such that b(X) = X°. Note that the associated maps b, : ToM — TIM, b, (v) = g.(v,-), with
x € M, are linear maps between two vector spaces of equal dimension. Furthermore, by the non-
degeneracy of g, b, must be injective. By the rank-nullity theorem of linear algebra, we therefore
have that:

dimkerb, + dimranb, = dim T, M

and hence dimranb, = dim 7 M, so b, must also be surjective. It therefore has a well-defined
inverse fi, : Thx M — T, M at each € M and we can make sense of the associated map:

. QL M) = T(M).

For w € QY(M), we denote w! := f(w). The maps b and § are called musical isomorphisms.
It is instructive to investigate the above maps with respect to a coordinate chart (U, {z*}). We
can then express:
g = gudz" @ dz” =: g, dxtdz”,

with g, € CO(U). Let X = X%040 € T(U) and Y = Y9, € T(U). Then we can express in U:
XP(Y) = g XHY".

hence, X” = (g, X")da" = (g,, X")dz". In particular,

9 b
() = wate”

We will denote the components of X” with an index in the subscript, i.e.
Xy = guwX”.

For this reason, it is said that the map b, “lowers indices”.
We now define g € 7% (M) in the following way: for all w,f € Q*(M),

g(w, ) := g(wﬁ,eﬁ).
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We can express in U:
g= gltuaw“ & aa:" = g“”awawu.

By the definition of g, we have that:

9w = (0w, 0zv) = 8((021)", (02+)") = Guagupa(dz®, dz”) = g,09,59°"

and hence
9u58™" =67

%

This means that the matrix with components g*” is the inverse of the matrix with components

9uv- We will therefore use the notation:
g =g
We can use g~! to “raise indices”. Let w,0 € Q'(M). We have that
W (0) = g7 (w,0) = (97" wuby.

Define w# = (g~ 1) w,.
Let T € T (M). With respect to the coordinate chart (U, {z*}), we can write:

9
T=TM b .0

v Vs
1...Vg Ot .. Qi ®d$ ®®dl‘ .

We can now create an (r — 1, s + 1) tensor field with the components

1 Hk—1 Hr+1---Hr — 1o e — 1O b1 oo fhye
T K Jl...us T gl—LkaT V1...Vs"®

Similarly, we can create a (r + 1, s — 1) tensor fields with the components:

THL---Br Vg N (g—l)vam-.~m

Vi...Vk—1 Vgg1...Vs * V1...Vg—1QVk41...Vs "

2.5.3 The Levi—Civita connection

A priori, there is no way to compare vectors in different tangent spaces on a general manifold M.
The Levi—Civita connection is a construction that provides a natural way to transport vectors from
one tangent space to the other in the setting of manifolds equipped with a metric. For the sake of
convenience, we will restrict ourselves to smooth tensor fields.

Definition 2.22. An affine connection is a bilinear (over R) map V : T(M) x T(M) = T (M)
with (X,Y) — VxY, such that for all X,Y € T(M) and f € C°(M)

1. (linearity over C*(M)) V;xY = fVxY,
2. (Leibniz rule) Vx(fY) = X(f)Y + fVxY.

A Levi-Civita connection with respect to a metric g is an affine connection that satisfies addition-
ally: for all X,Y,Z € T(M):

1. (metric-preserving) X (g(Y, Z)) = g(VxY,Z)+ g(Y,Vx Z),
2. (torsion free) VxY —Vy X = [X,Y].
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We define the corresponding covariant derivative as the map:
V:T(M) = T (M),
(VY)(X,w) :=w(VxY).
Note that VY is a well-defined tensor field because it is bilinear over C*°(M).
[EXERCISE: Verify this by considering (VY)(fX + Z, hw + «) for f,h € C®°(M), XY, Z €
T(M) and w, o € QY (M).]

We state without proof (the proof can be found in several of the suggested texts in the first
section of these notes):

Theorem 2.3. Let (M,g) be a manifold equipped with a metric. Then there exists a unique
Levi—Civita connection with respect to g.

We can express the Levi-Civita connection as follows with respect to a coordinate chart

(U, {z"}): .
(Vauau)a = 5(9_1)01) (altgup + avgup - apguv) = FZV'
The expressions I'],, are called the Christoffel symbols. Hence,
(VxY)? = (Vxup, (Y"0,))” = X"0, Y7 + T, X'Y",
(VY)?, =0, Y7 + 17, Y".
We would like to extend V to act on more general tensor fields: V : 79 (M) — T(s+1) (M

).
Definition 2.23. Define Vf := df for f € C®(M) = TOO(M). This implies that C®(M) >
Vx [ =df(X) = X(f).
Consider w € QY (M) = TON(M) and define Vw as follows:

(Vw)(X,Y) :=Vx(w()) —w(VxY)

for all X, Y € T(M). Note that linearity over C*®(M) in the first argument follows immediately,
and linearity in the second argument follows from:

(Vw)(X, fY) = Vx (w(fY))—w(Vx (fY)) = f(VO)(X, Y)+(Vx [w(Y)=(Vx flw(Y) = f(Vw)(X,Y).

This definition ensures that V is compatible with tensor contraction. With respect to a coordi-
nate chart (U, {z"}), we obtain for all0 <v <n+1

Vi (wpY?) = (Vw),, Y + w,(VY)?,.
We can therefore also express:

(Vw)yy = 0w, — T,

,uywp'

We will use the following notational conventions:
Vow, = (Vw)yu,
V,YH = (VY-
We now extend V as a map on general tensor fields: ¥V : T3/ (M) — TTs+H) (M) is defined

as
(VD) (X, wh, .. 0" Y1, Ys) o= (VT (W, .. w", Y, ..., Y,
with
(VXT)(OJl,...’wT,Yh...,YS) :X(T(wl,,,,7wT’Y'1’__,’Y;,))
—~T(Vxwh, ... ,w"Y1,...,Yy) — ... =T (Vxw',...,Vxw", Y1,...,Y5)
—T(wh, .. ., W VxY,...,Y)— ... —T(w,...,w" Y1,...,VxYy).
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[EXERCISE: Show that Vg = 0.]
With respect to a coordinate chart (U, {z*}), we obtain:

Vi...Ur — Vi...Ur _TP Vi...Ur _TP Vi...Ur _ _TP Vi...Ur
VHT P1e-pbs T a/‘T H1-efhs FwtlT peels FﬂuzT H1Ppp3.fhs  ° " FHMST M1 fhs—1pP
vy mpr...Vp V2 V1 pY3...Vr Vp V1...Vp—10
+ FHPT Hi---fos + FMPT Hi---fhs +...F FMPT H1eeps”

Proposition 2.4. Covariant derivatives and Lie derivatives are related in the following way. Let
(U, {z"}) be an arbitrary coordinate chart. Let X € T(M) and T € T"%)(M), then

V]...Vyp — (a7 V1]...Vyp V... Vy 1751 Vl...VUp_1C¢ Vy
(LxT) s = X VaT e — L prps Va Xt = =T v pie VaX
Vi...Up « Vi...Up le'
+T CW2~~~/~LSVU1X +...+T Nl-nﬂs—lavﬂsX

The Lie derivative plays an important role when considering isometries.

Definition 2.24. An isometry between manifolds equipped with metric, (M,g) and (Mv, g), is a
diffeomorphism ¢ : M — M satisfying

Vg =g.
Definition 2.25. A vector field X € T(M) is called o Killing vector field if it satisfies:
,CXg =0.

In particular, if X (f) = % |s=0(fo1s) for a 1-parameter group of diffeomorphisms 15 : M — M
that are isometries, i.e. 1*¥g = g, then X is a Killing vector field. [EXERCISE: Show that Lxg =0
implies the following equation with respect to an arbitrary coordinate chart:

V. X, +V, X, =0]

2.5.4 Geodesics

Geodesics can be defined compactly using the covariant derivative.

Definition 2.26. A curvey :R D I — R, with I an interval, is an affinely parametrized geodesic,
if for X € T(M) an extension of the tangent vectors to the curve, ¥'(s) € Ty5)M, away from the

curve y:
VxX =0.

[EXERCISE: Convince yourself that the above definition is invariant under the choice of exten-
sion X .|
With respect to a coordinate chart (U, {z*}), we can write

(Y7 +T5,4"y" =0,
where we really mean 7" (s) = (z# o 7)/(s) and (y")*(s) = (z* o 7)"(s).

[EXERCISE: 1) Show that for affinely parametrized spacelike geodesics v there exists an a € R
such that ¢[v](s) = as. This explains the term “affinely parametrized”.] 2) Show that for affinely
parametrized timelike geodesics v there exists an a € R such that 7[v](s) = as.]

It can be shown that spacelike geodesics are locally arc-length minimizing and timelike geodesics
are locally proper time mazimizing. Null geodesics do not admit such a variational interpretation.

Proposition 2.5. Let Y be a Killing vector field. Let X be a vector field such that X |5 = 7'(s),
with v : I — M an affinely parametrized geodesic. Then

X(9(X,Y))l, =0.

Hence, the “inner product” of a Killing vector field with the tangent to an affinely parametrized
geodesic constitutes a conserved quantity along the geodesic.

Proof. EXERCISE O
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2.6 The Riemann tensor, Ricci tensor and Ricci scalar

The Riemann tensor field is a geometric object that captures the “intrinsic curvature” of a manifold.
That is to say, it provides a notion of curvature that is independent of how the manifold may be
embedded inside some bigger manifold. It is the central object of study in general relativity.

Definition 2.27. We define the Riemann tensor field as the following map:
Riem[g] : T(M) x T(M) x T(M) x QH{M) = C>=(M)
Riem[g](Z,X,Y,w) =w (VxVyZ = VyVxZ — Vixy|Z) .

We will also refer to this map as the Riemann tensor and denote its components with respect to a
coordinate chart by R, 7.

[EXERCISE: Show that Riem[g] is multilinear over C°°(M) and hence, it is a smooth tensor
field: Riem[g] € T(13)(M).]
With respect to a coordinate chart (U, {z*}) we obtain:
R, = Riem[g|(9y, 0., 0,,dz?) = dx”(V,Va,0, — Vo,Va,0,)
=dx?(Va,(I'5,04) — Vo, (T7,0a))
=da”(0,1',00 — 0,1'5,00 + 15, 10,05 — T3, I 0p)

pu vor vpt po
_ o o «@ o « o
= 3VFW — 5‘pr# + FWI‘M — Fuurpa'

By acting with b, we obtain a (0, 4)-tensor field with components R, 0 = goa " We will also
refer to this tensor field as “the Riemann tensor”.

Definition 2.28. The Ricci tensor (field) is a (0,2)-tensor field Riclg] with components R, with
respect to an arbitrary coordinate chart satisfying:

R,u.l/ =R 7 = (gil)UpR/““,p.

Hov

Definition 2.29. The Ricci scalar R[g] € C*° (M) is defined as follows:
R = (gil)‘“’RlW.

The Riemann tensor and its tensor contractions (“summing over upper and lower indices”) are
natural quantities to consider on (M, g) because they are invariant under isometries ¢ : M — M.
Indeed, it can be shown that:

Riem[t*§] = ¢* (Riem[q]), (2.3)
Ric[t:*3) = " (Ric[g]), (2.4)
R[y*g] =¢*(R[g]) = R[g] o ) (2.5)

and we can apply in addition the isometry property ¥*g = g.
The Riemann tensor enjoys various symmetry properties.

Proposition 2.6. With respect to an arbitrary coordinate chart, the components of the Riemann
tensor satisfy:

@ Riuyp” =0,

() Ryp ” =0,

(111) Rul/po = Rpa,uy;
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(iv) ViaRouwp = 0 (Bianchi identity).

Here, we take the round brackets to mean a symmetrization over the indices: for example, T(,,) =
5(Tuw + Top)-

From the above symmetry properties, we can deduce symmetry properties at the level of the
Ricci tensor and Ricci scalar. We first introduce the Einstein tensor.

Definition 2.30. The Einstein tensor (field) G[g] € T2 (M) is defined as follows:

Glg] = Ric[g] — %R[g]g-

Corollary 2.7. The Ricci and Einstein tensors are symmetric and, with respect to an arbitrary
coordinate chart, Glg] satisfies the contracted Bianchi identity

V*G,, = 0.
Proof. Symmetry of G[g| follows immediately from symmetry of Ric[g]. Recall,
By = Ry = (57)7 Rgsor-
By property (iv) of Proposition 2.6, we have that
(977 Rapor = (971) 7 Rovan = Rup

To derive the contracted Bianchi identity, we combine (i) and (iii) to infer that R%,, , = R
and

U[IW]P

VaRouvp +VeRuavp + ViRaov, = 0.
Now we contract the above identity with (g=1)°%(g~1)** to obtain:
0=(3"1""(g7)""Va(Ropvp + VoRpuavp + VuRaovp)
=VoR—-VYRy, — VPR,
=V.R—-2V"R,,
— _2V'G,,. O

2.7 The Einstein equations
The Einstein equations in (M, g) (with respect to physical units in which ¢ =G = 1):
Glg] = 8nT.

Here, T € T2 (M) is the stress-energy tensor (field) or energy-momentum tensor (field), whose
expression depends on the physical matter that one is interested in studying. By the contracted
Bianchi identity V#G),, = 0, the stress-energy tensor must be divergence-free:

VAT, = 0.

The Einstein equations are coupled with appropriate equations for the matter model of interest.
Let ¢ : M — M be a diffeomorphism. By (2.4) and (2.5), G[g] = 8T if and only if

Gly*g] = 8m(4™T) = 0.

This property is sometimes also referred to as general covariance (“the laws of general relativity
take the same form when expressed with respect to a different coordinate chart).

As we will see later in the course, it will be useful to restrict to stress-energy tensors satisfying
additional energy conditions, which are supposed to describe necessary conditions on “physically
reasonable” matter.
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Definition 2.31. A stress-energy tensor T satisfies:

e the null energy condition (NEC) if for all null vector fields X € T (M)
T(X,X) > 0.

e the weak energy condition (WEC) if for all causal vector fields X € T (M)

T(X,X) > 0.
If we interpret the integral curve of X as representing an observer, this means that the energy

density measured by the observer is non-negative.

e the strong energy condition (SEC) if for all causal vector fields X € T (M)
T(X,X) — %trTg(X,X) > 0.

In the context of the Finstein equations, this means that Ric[g](X,X) > 0. By considering
the integral curves of a timelike X, it can be shown that this implies that observers get closer
together towards the future, i.e. gravity is attractive. For null curves, this is already encoded
in the null energy condition.

e the dominant energy condition (DEC) if for all future-directed timelike vector fields X €
T (M)

~T(X, .)ﬂ

is a future-directed causal vector field. We can interpret —T(X,-)* as as a momentum 4-
vector field according to the observer represented by the integral curve of X. Hence, the
“speed of matter” is less or equal to the speed of light.

[EXERCISE: Show that

DEC = WEC = NEC,
SEC = NEC|]

Despite what its name might suggest, SEC = WEC. For example, consider the following example
of a valid stress-energy tensor:
T=g!"

Then T — %tr Tg=g9g— % -4g = —2g, so the SEC is satisfied, but the WEC fails.

2.7.1 Vacuum

If T = 0, we refer to the corresponding Einstein equations as the vacuum FEinstein equations. In
that case, they reduce to
Ric[g] = 0.

Let ¢ : M — M be a diffeomorphism. By (2.4), Ric[g] = 0 iff
Ric["g] = ¢" (Ric[g]) = 0,

so Y*g is automatically also a solution to the vacuum Einstein equations. Nevertheless, we would
like to think of g and *g as the “same” solution. This becomes relevant in the context of the
initial value problem, where “uniqueness” of solutions corresponding to the same initial data can
only hold “up to diffeomorphism”.

HNote that g is symmetric and Vg = 0.
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2.7.2 Lagrangian field theories

Given a choice of matter model, how do we determine the stress-energy tensor? In the context
of matter models described by Lagrangian field theories, one can follow the prescription that we
outline below.

Suppose the equations of motion of the matter is described by a Lagrangian £ o (¢, V9¢, g),'?
with a field ¢ € T("*)(M), where V9 denotes the Levi-Civita covariant derivative with respect to
g.

For example, in the case of a Klein-Gordon scalar field ¢ € C>°(M)

1 m?
‘CKG © (¢a vg¢7 g) = Eg (vg¢7 Vg¢) =+ 7975 )

or in the case of an electromagnetic potential A € Q(M)

1
A, VIA g) = ——F,gF?
L:EM o ( ) \Y% 79) 167 B )
with F' = dA.
Then the stress energy tensor T can be defined as follows:

oL
T, 9] =2 (3(91)“” o (¢, V90, 9) — %gwﬁ o (¢, V%g)) :
Hence,

TEC16,9] = 0,000 — 50 (g7 )0 0u6036 + m26?),

1 — « 1 (03
TE‘}/VI[A’Q] = E [(9 1) BF;AaFuﬁ - ZFozﬁF Bguu] .
Note that the equation of motion for ¢ (which corresponds to the Euler-Lagrange equations)
can be expressed as follows:

1
w6 =0y6 = (97 )(V0)op = —go=0al(v/~ detglg™')*"050) = 0.
The differential operator on the very right-hand side is called the Laplace—Beltrami operator asso-
ciated to g. When m = 0, we refer to this equation as the (geometric) wave equation. Combining
it with the Einstein equations, we obtain the Einstein-scalar field system of equations.
The equations of motion for F' correspond to the Maxwell equations on a curved background
with no charges or currents:

dF =0,
VPP =0.

If M = R or if we restrict to a sufficiently small neighbourhood U of a point z € M, F is
moreover an exact 2-form, so there exist a A € Q'(M), such that dA = F.

EXERCISE: Show that the stress-energy tensors corresponding to the Klein—-Gordon equation
and the Maxwell equations satisfy the dominant energy condition. Do they satisfy the strong
energy condition?]

12The Lagrangian is a map £ : N — R, where A is manifold that can be chosen appropriately so that the
composition £ o (¢, V9, g) : M — R is a well-defined map and the partial derivatives of £ make sense.

26



2.7.3 Perfect fluids

Suppose we would like to describe the gravitational properties of fluids, modelling for example
stars. If we ignore properties of fluids like their viscosity and heat conduction, they are described
be so-called perfect fluids.

The equations of motion of perfect fluids can be obtained by starting with the following stress-
energy tensor: let U € T (M) with g(U,U) = —1 and p,p € C*°(M). Then

Tﬂl;id = (p +p)U,UfUV +pgl—“"

With respect to an orthononormal basis {e,} at x € M, such that ey = U,, we can represent T
by the following matrix with components THd(e,, e, ):

0
T

—~

0 »p
0 0 p)
0 0 0

Then it can be shown that the equation V, T, = 0 gives the relativistic Euler equations on
(M, g):
UNVap+ (p+p)Vo U™ =0,
(p+p)UVU" =~ (g7 + U U")Vup,
where p can be interpreted as the mass-energy density of a fluid, p can be interpreted as the fluid
pressure and U is the 4-velocity of the fluid.

Using that g(U,U) = —1, U has three independent components, so the relativistic Euler equa-~
tions constitute four equations for five variables, three components of U*, p and p. To obtain
a closed system of equations, one needs to prescribe an equation of state relating p and p. For
example, p can be written as a function of p and a temperature T: p(p,T).

The special case p = 0 is called dust. Note that in this case VyU = 0, so the integral curves of U

are affinely parametrized timelike geodesics. [EXERCISE: Show that the perfect fluid stress-energy
tensor satisfies:

e the null energy condition if and only if p+p > 0,
e the weak energy condition if and only if p+p > 0 and p > 0,
e the dominant energy condition if and only if p > |p|,

e the strong energy condition if and only if p+p > 0 and p+ 3p > 0.
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3 The Minkowski spacetime

Before we introduce examples of black hole spacetimes, we will first review the Minkowski spacetime
solution to the vacuum Einstein equations (MINKOWSKI 1905). This is sometimes also referred to
as the “Minkowski space”. This can be thought of as the “trivial solution” to the vacuum Einstein
equations (which, as we will see, admit highly non-trivial solutions!). The study of causal curves
on the Minkowski spacetime encompasses Einstein’s theory of special relativity.

The Minkowski spacetime (R3*! m) is defined as follows:

m = —dt® + dz® + dy® + d=?,

with (¢, z,y, z) Cartesian coordinates on R3*! which cover the spacetime globally.
In order to obtain a compact, two-dimensional representation of Minkowski, it will be useful
to switch to spherical coordinates (r, 6, p) with
x =1sinf cos @,
y =rsinfsin g,
z =rcosb,
where 6 € (0,7), ¢ € (0,27) and r € (0,00). Note that these coordinates do not cover R3*!
globally due to a degeneracy at the origin 0 € R™*!, as well as at a great circle segment on S?

connecting the north and south poles.
[EXERCISE: Show that with respect to standard spherical coordinates (¢, 7, 6, ), we can express:

m = —dt* + dr? + r*(d6? + sin? 0dp?).]

We denote:
g = d6* + sin® 0de?.

And observe that g is the induced Riemannian metric of the unit round sphere S? in R3.

t

Figure 7: A depiction of the u- and v-level sets for (R**1,m). The intersections of the level sets
are in this case round circles.

We now introduce the ingoing null coordinate u and the outgoing null coordinate v, which are
defined as follows:

u=t—r,
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v=t4r.

Then: 1
m = fg(du® dv + dv ® du) + 7"2;4 =: —dudv + 7"2&.

Note that the level sets {u = ug} and {v = vp} are outgoing and ingoing cones with vertices
at the t-axis and an opening angle of 45° or 7 rad. The ingoing null coordinate is also called the
retarded time function and the outgoing null coordinate v is called the advanced time function.

We can depict (R3T1 m) as a half plane {u — v > 0} by suppressing the spheres of intersection

of u- and v-level sets.

L

u—v=0 "y=0

Figure 8: A depiction of the u- and v-level sets in (R3*1,m) supressing the spherical directions.

v—u

Every point on away from the t-axis represents a round sphere of radius r(u,v) = *3

To be able to depict (R3*T1, m) more compactly, we introduce the following rescaled double null
coordinates.

u = arctan u,

v = arctanwv.

)

[EXERCISE: Show that the metric takes the form m = — ——=——dudv + wg]
COS“ u COsS“ v

We can represent (R371, m) by the following subset of R?:
e={@ne(-53)x(53) 1-1>0}

I:={5—a=0}

We denote

Note that I" represent the t-axis and it is a centre of spherical symmetry, i.e. it consists of all points
that stay fixed with respect to spatial rotations around the ¢-axis.

The closure Q of Q in R? is called a (Carter—)Penrose diagram of the Minkowski spacetime.
Changing the function arctan to a different function results in a different diagram. However,
lightcones emanating from the t-axis will always be represented by straight lines at a 45° angle
with the vertical. Note that I" need not not be a straight line in all Penrose diagrams! We will
give a definition of these diagrams in a more general setting later in the course.
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We label elements of the boundary 99 \ Q in the following way:

T+ = ( ; ”) x{z}’
2 2
{ } {f}
2
S ds)
i = —
2
313}
—— P X A4=r.
2 2
We refer to ZF as future/past null infinity, it as future/past timelike infinity and i® as spacelike
infinity. This nomenclature is motivated by the fact that null cones in Minkowski emanating from
the t-axis are represented by lines at 45° with T (or with the lines v —u = const.) with future/past
limit points on Z*, timelike curves with bounded acceleration are represented by curves whose
tangent is at an angle uniformly smaller than 45° with I' with future/past limit points at i* and
spacelike curves with tangents that have a norm bounded away from zero are represented by curves
whose tangent is at an angle uniformly larger than 45° with I' and which have endpoints at 7°.
Similarly, spherically symmetric null/ timelike/ spacelike hypersurfaces are represented by
curves at/below/above 45° with .

3
i

.
o
|
—

=

IS
Il
<

Figure 9: A Penrose diagram of the Minkowski spacetime.

[EXERCISE: Prove that all geodesics in Minkowski must be straight lines.]

[EXERCISE: Draw the null line {x —t =1,z =0,y = 1} in a Minkowski Penrose diagram.]

[EXERCISE: Draw the hyperboloids {t? — r2? = s?} and the hyperboloids {(t + s)? —r? = 1} in
a Minkowski Penrose diagram, for different values of s € R. |

[ExERCISE: Consider the sphere S7 = {u =uo} N {v =vo} in Minkowski, with ug,vo € R.
Draw J*(S2 ), J~(S2, ,,) in a Penrose diagram.]

[EXERCISE Let ¥ = {t =0} N{r <1} be a subset of Minkowski. Draw X, D*(X) and D~ (%)
in a Penrose diagram.|
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4 Schwarzschild black hole spacetimes

Let M € (0,00). Then the Schwarzschild spacetimes (SCHWARZSCHILD 1915) are pairs (Mext, gar),
with Mgy = R x (2M, 00) x S? and

oM oM\ ! .
gu = — <1 - ) dt* + <1 - ) dr® + 4, (4.1)
T T

where t € R, r € (0,2M) and (6, ¢) € S?. Note that this expression features the usual degeneration
of spherical coordinates at a great circle segment connecting the north and south pole and hence
multiple coordinate charts are required to fully cover the spheres of constant ¢ and r.

It can be shown that the Schwarzschild spacetimes are solutions to the vacuum Einstein equa-
tions (we will revisit this later). We will also refer to them as Schwarzschild exteriors, since we
will show in the next section that they can be extended to obtain a Schwarzschild interior.

The parameter M is called the mass of the Schwarzschild spacetime. Somewhat paradoxically,
it is sensible to assign a notion of mass or energy to spacetimes even when they solve the vacuum
FEinstein equations, i.e. matter is absent.

We will encounter the concepts of mass and energy in more generality later in the course.
Loosely speaking, you may think of this as a measure of the total energy contained in the “gravi-
tational field” at any fixed time.

It may seem like the Schwarzschild metric is singular at » = 2M. Indeed, the metric compo-
nents in (4.1) become ill-defined at » = 2M. This fact was a source of significant confusion after
Schwarzschild wrote down his metric. It was LEMAITRE who first realized in 1932 that the space-
time (Moxt, gar) can actually be extended across r = 2M and any problems at r = 2M are purely
an artefact of the particular choice of coordinates (¢,7,0, ). They can therefore be compared to
the issues at § = 0, 7 in spherical coordinates.

To see that nothing goes wrong at r = 2M, we will first introduce null coordinates (u,v) that
generalize the null coordinates that we already encounter in the Minkowski spacetime. First, we
introduce the tortoise coordinate r : (2M,00) — R, which satisfies

[EXERCISE: Show that we can write

r—2M
74 (1) :co+r+2M10g< Wi )
for an arbitrary constant ¢y € R and hence the range of r, is the full real line R.]

For the sake of convenience, we will take ¢y = 0 and define:

—2M
r*=7°+2M10g(T 501 > (4.2)

With respect to (¢, 74,0, ) coordinates, we can express:
2M .
gy = (1 — ) [—dt2 + drf] + 7’2g.
r
We now define the null functions u and v as follows:

U=1=— "y,

v=t+ 1.
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Note that u, v can take on any value in R and: [EXERCISE: Show that duf and dv* are null vector
fields.]
Then

r

2M .
gy = — (1 — > dudv + TQg,

where we view 7 as a function of u and v in the following way: r = r(r.) = r (3(v —u)). The
coordinates (u, v, 8, ) are called Eddington—Finkelstein double null coordinates.

[EXERCISE: Show that gps takes the following form with respect to (v,r) coordinates (in-
going Eddington—Finkelstein coordinates) and (u,r) coordinates (outgoing Eddington—Finkelstein
coordinates or Bondi coordinates):

2M .
gv = — (1 — r) dv? + 2dvdr + r2g,

2M 0
gy = — (1 - r) du® — 2dudr + r*¢.]

As in the Minkowski case, we can obtain a Penrose diagram of the Schwarzschild spacetime by
rescaling:

Figure 10: A Penrose diagram of the Schwarzschild exterior spacetime.

Note that, we can define, as in the Minkowski case, future/past null infinity Z*, future/past
timelike infinity i+ and spacelike infinity i°. We moreover have two additional boundary compo-
nents H* and their intersection, which we will give a name to later.

e (1) {5)
w3 (5.3)
e (3 (5D
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4.1 Maximally-extended Schwarzschild

Now we will show that we can extend the spacetime smoothly across the boundaries H+ and H~
of Q in R?, where r approaches the value 2M. We will do so by first switching from the ingoing
null coordinate u to an affine parameter of appropriate ingoing null geodesics.

Note first that 9, is a null vector field. Furthermore: [EXERCISE: Show that

Vo, 0u =T, = Q2(0,09%)0,,

with Q% (u,v) =1 — 24 ]

r(u,v)°

Consider an integral curve v : R — M of 0,, with

u

~ U
~ | Vo

u) = u) = s
e T fw=|
¥ ©o

for some vy € R, 6y € (0,7) and g € (0, 27).
To show that « is a (non-affinely parametrized) null geodesic, we rescale:

v’

2M
Tu = Q?(u,v9) =1 —

r(u,vg)’

Then along ~:
vafjallfh = VQ_Qau (Q_Q&J”V = _Q_68u92|“/au|7 + Q_4v(’)uau|w =0,

so Oyl satisfies the defining property of a tangent vector field to an affinely-parametrized null
geodesic. We will show below that U’(oo) = 0, so v reaches the boundary H* at a finite affine time.
By (4.2), we can express:

v_u T ~ (r—2M
edM — e2M — e2M ,
2M

so that

dU/ 2M 2M r(u,vg) vo—u vo w u
— =1 = T oM a7 — e M ame 1 (1 4+ Ofe” i1
du 7r(u, vg) r(umo)e © c c (1+0(e )

and therefore, as u — 00,

Note the exponential relation between U and u and U’(oc0) = 0. To simplify matters a bit, we

consider instead the following ingoing null coordinate:

u

Ulu) = —e~ 107,
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We can similarly define
av' 1 2M

dv " r(ug,v)’
to obtain
v’ = 2M (a_r(;?Ll(Vva)e%Q = e_l_%eﬁ(l + O(e™1))
dv  r(ug,v)
and therefore, as v — —o0,
1

V/(v) = mze Tl edlt (14 O(ewi)),

T AM
so V/(—o0) = 0.
Again, we consider the simplified outgoing null coordinate:

v

V(v) = em,

We refer to the coordinates (U, V, 6, p) as Kruskal-Szekeres coordinates. Note that

e amr e2M ezx 5 ( )
We can therefore express
du dv o
-1 2
=— —2M)——=dUdV +
9m r(r >dU dv g

= 16M>r~ ! (r — 2M)(UV)rdUdV + r?¢
= —32M*r~le M dUAV + 17,

with U <0 and V > 0.

Since nothing singular occurs at U = 0 or V = 0, we can extend (Mext,gnr) to obtain the
bigger spacetime (Mgyus, gar), which is called a maximally-extended Schwarzschild spacetime or
Kruskal spacetime. We proceed as follows:

e First, we will extend r(U,V) =r(U -V) to U > 0 and V < 0 by requiring (4.3) to hold, i.e.

let f:(0,00) = (—o0,1) with f(z) = —e2d Z;2M | then:

* f is smooth (in fact, analytic),
* X(z) = -5 (352 1+ 1) < 0 for all 7 € (0,00),

dx

* [ is bijective (injective by %(m) < 0 and surjective by the fact that f(z) > 1asz )0
and f(x) = —oo as £ — oo and the intermediate value theorem.

This implies that the inverse f~! : (—0o,1) — (0,00) is well-defined and, by the Inverse
Function Theorem, f~! is smooth (in fact, analytic). We can therefore extend: r(U,V) :=
f71(U - V) smoothly to the set {(U,V) € R?, 0 < UV < 1}, where it will take on values in
(0,2M].

o We will define the mazimally-extended Schwarzschild or Kruskal manifold by
Mirus = {(U, V) €R?, UV < 1} x §?
and equip it with the metric

gu = —32M°r~ e W AUV + ry.
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It is clear that (Mgyus, gar) agrees with the Schwarzschild exterior spacetime in the subset
{U < 0,V > 0} and that it remains well-defined in the region {0 < UV < 1}. We will use
the shorthand notation gy, = —Qf,. (U, V)dUdV + r*¢, with

Krus

Q%(rus(U, V) = —32M3pleom .

[EXERCISE: Show that the region {0 < UV < 1} can be covered by coordinates (¥',7,6,¢),

such that )
2M B 2M 0
g = — < - 1> dr? + ( - 1) dt” +r?g.
T r

for a suitable choice of ¢/ (U, V).]

The set UV =1 consists of two disconnected hyperbolas. Is it possible to extend the spacetime
across UV =17

One can show that the following contraction of the Riemann tensor, the so-called Kretschmann
scalar Ry, p0 R*P7 satisfies [EXCERCISE: Show this (at your own peril!).]:

48 M*?

RHVPO —
76

R;wpa

and hence R, ,-R"?? blows up at r = 0.

Proposition 4.1. The spacetime (Mgyus, gar) cannot be extended across {UV = 1} as a spacetime
with a C? metric.

Proof. Suppose such an extension did exist. Then R,,, ,-R"**?? (the Kretschmann scalar) would be
well-defined. But since R, - R"**? is a function that does not depend on the choice of coordinates
on the manifold, this is in contradiction with the fact that R, ,-R*"?? blows up at UV = 1, since
r— 0. L]

In fact, it can be shown (SBIERSKI 2016) that (Mkyus, gar) is inextendible with a CY metric
across {UV = 1}. Observers experience an “infinite tidal deformation” as they approach UV =1,
rather than merely an infinite tidal force (consistent with blow-up of the Kretschmann scalar).

We can represent the maximally-extended Schwarzschild spacetime (Mgyus, gar) via a Penrose
diagram. We redefine:

U = arctan U,

V = arctan V.

Note that UV =1 corresponds to tan U-tanV = 1. Hence (U, V) have the following range:

{(U,V) e (—g7g) X (—g, g) ,tanU -tanV < 1}.

The set {r = 0} is therefore represented by the curves:
~ 1 ~ T o~ ~ s ~ T - ™ ~
{U—arctan(tanf/>}—{U—2—V‘0<V<2}U{U——2—V -5 <V<of,

where we used that

1 cos T sin(z + %) T
arctan = arctan ( : ) = arctan | ————=_— | = arctan (— tan(z + 7))
tan sin x —cos(z + 3) 2

T
= — arctan (tan(x + 5))
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_ )+ 3) (=5 <z<0),
—(z+5-7m (O<z<3).

We can immediately see from the Penrose diagram that future-directed causal curves in the
region where {U > 0,V > 0} cannot enter the region {U < 0,V > 0}, since J-({U < 0,V >
0HN{U >0,V > 0} = 0. We refer to the region BH := {U > 0,V > 0} as the Schwarzschild black
hole region. The intersection of Hi and HE at (U, V) = (0,0) is called the bifurcation sphere.

Figure 11: A Penrose diagram of the maximally-extended Schwarzschild spacetime.

The lines S and S_ in JQ represents the Schwarzschild singularity, where r = 0. It is a
spacelike curve in R+ so we say the Schwarzschild singularity is spacelike.

[EXERCISE: 1) Construct a Penrose diagram of Schwarzschild spacetimes with M < 0. 2) Are
these spacetimes globally hyperbolic? ]

4.2 Isometries and Killing vector fields

Consider the region (Moext, gar). Since the metric coefficients of gjs do not depend on t, it follows
that
(Lath)uV - 8t(g]\/f);,w = 07

so 0y is a Killing vector field. With respect to (U, V') coordinates, we can express

0y = U0y + 0,VOy = 0ud, Udy + 00,V Oy = —-Udy + Vo).

1
aM (
We can therefore define the vector field T' = ﬁ(—U@U + V9y) in the full spacetime (Mgyus, gar)
and observe that it agrees with 0; in (Moxt, gar)-

Along H}, = {U = 0} N {V > 0}, we have that 7' = 3;V v, so T is an outgoing null vector
field that is tangent to ’HE.

Note that we can cover the region {V > 0} N Mx,us by ingoing Eddington—Finkelstein coordi-
nates (v, 7,0, ), with

2M .
am = — (1 — r) dv? + 2dvdr + r2g.

[EXERCISE: Show that g3, = (9, ® 0, + 0, ® 0,) + (1 — 21) 9, ® 0, + r*2§_1

]
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Note that in ingoing Eddington—Finkelstein coordinates, we can express along ’HE:

1 1
Tzi = —
Voy i

i V(0)(Oyv)0y = Oy.

Since gpr in (v,r) coordinates is also v-independent in the region r < 2M, we conclude that T
must remain a Killing vector field when r < 2M.

Since T is null along H};, we must have that VTT|H; = f(v)T\H; for some function f (Ex-
ERCISE). Furthermore, in (v,r) coordinates, using that g,, = 1, the Levi-Civita connection is
metric-preserving and VxY — Vy X = [X,Y] for X, Y € T(M):

f) = g(f(v)0y, 87’)|7-[; = 9(0r, Va,00) |3+ = 0u(9(0y,0r)) — 9(Va,0r, av)|7-[;
1 M 1
= _9([avvar]aav)|7-[; - g(véhavaav”y; = _iar(gvv)h-ﬁé = 7,72|7-[; = AM
In particular, VTT|H§ = k4T, where K = ﬁ is called the surface gravity of the Schwarzschild
event horizon.
The vector field J,, is clearly also a Killing vector field. In fact:
[EXERCISE: Show that the following angular momentum vector fields are all Killing vector fields

of (MKru37 gM):

L; = — sinp0y — cot 0 cos p0,,
Ly = cos 0y — cot 0sin @0,
Ly =0,

Definition 4.1. A spacetime (M, g) is static if it admits a timelike Killing vector field T, which
satisfies:
T° AdT” = 0.

This is equivalent'® to the statement that around any point p € M, there exist local coordinates
(r,2,...,2"), such that we can express:

g = —fdr? + hijdz'da?,

where T = 0, f, hi; are functions of x',...,x" and h;jdx'dx? is a Riemannian metric on the level
sets of T.

Clearly, the Schwarzschild exteriors (Mext, gar) are static.
The existence of angular momentum Killing vector fields L, Lo, L3 is a consequence of the
spherical symmetry on the (extended) Schwarzschild spacetimes.

4.3 Dynamics of geodesics

In Einstein theory of general relativity, idealized observers in a spacetime are represented by
timelike geodesics and the path of photons is represented by null geodesics. This is known as the
geodesic hypothesis.

Independently of its relation with observers, the behaviour of causal geodesics also serves as a
convenient tool for probing important geometric properties of the spacetime.

13This equivalence follows from the Frobenius theorem.
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4.3.1 Black hole exterior

Let v : I — My be an affinely parametrized causal geodesic, which is either timelike or null. In
the case of timelike geodesics, we will take the affine parameter to be the proper time along the
geodesic. Then g(¥,%) = —o, with o = 0 if v is null and ¢ = 1 if ~ is timelike.

We denote

Mexi 3 7(s) = ()-

Ny
=
W
;g\.
&=
12
S 3+

Then ¢(¥,%) = —o implies that:
OIM\ ; oM\ :
—0=— (1 - r) 2+ (1 - r) 72+ 1202 + r?sin? 0% (4.4)

We can simplify this equation a bit by redefining our spherical coordinates (0, ) so that we
are guaranteed that 0(0) = 7 and 6(0) = 0. We can now apply the transformation 6’ : 6 — 7 — 6,
which leaves the Schwarzschild metric and hence the geodesic equation invariant, and which also
leaves the geodesic initial data (v(s),~(s)) invariant. But uniqueness of solutions to the geodesic
equation, we must have that 6'(s) = 6(s) for all s € I, so that necessarily 6(s) = 7. That is to
say, the geodesic will stay restricted to the equator.

We can therefore simplify (4.4) to obtain:

M\ . oM\ !
—o——(l—)t2+<1—> 72+ 22,
T T

Now we use the Killing property of d; and d, to conclude that g.(s) (¢, ¥) and g5 (0y,7) are
conserved in s (Proposition 2.5). We define:

2M N\ .
E=- 0%, A =—(1——= |t
g'y(s)( t77)(8) < T(S)) (8)7
L = gy(5) (0, 7)(s) = 12(5)2(5)
and refer to F as the energy of the geodesic with respect to 9; and to L as the angular momentum
of the geodesic (in the z-direction). Then we obtain:

oM\ ! oM\ !
_a__(l_) E2+(1—) IERETY.
T T

Rearranging the above equation, we obtain:

E? =4% 4 (1 - 2M> (L*r 2 +0) =72 + V,(r).
r

The above equation resembles the conservation of energy property of a 1-D dynamical system,
where V,, plays the role of a potential energy term and 72 plays the role of a kinetic energy term.

By studying the qualitative properties of the potential function V,, we can determine the
qualitative properties of the dynamics of causal geodesics.
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Null geodesics We consider first the case o = 0. Then Vp(r) = L? (1 — %) r=2. If L = 0, then
Vo = 0. Suppose that L # 0.
Then we have that V5(2M) = 0 and Vy(r) — 0 as r — oo. Furthermore,

Vy(r) = —2L*~*(r — 3M)
Hence, Vj has one extremum at » = 3M, which is a maximum.
Suppose 7(0) > 3M, 7(0) < 0. Then we distinguish three cases:
e E? > V(3M): the geodesic enters the black hole region;
o B2 <V (3M): r(s) decreases until Vy(r(s)) = E? and then r(s) increases and 7(s) — oo;
e E? =V(3M): the geodesic approaches r = 3M.

The timelike hypersurface {r = 3M} is called the photon sphere or light ring and it admits solutions
31 (8) with constant radius (circular orbits):

3EM~1s

3M
V3Mm (5) o

2
éM‘QLs mod 27

1

Consider a geodesic with E? = V(3M). Since a generic small perturbation of the initial data
(7(0),4(0)) for the geodesic equation results in E? # V(3M) and therefore corresponds to a
geodesic that either enters the black hole region or escapes to infinity, we have that the (asymp-
totically) circular orbits are unstable.

)
Vo(r)

v=

r=2M

3M

1
1
1
1
1
1
r
1
1
1
1
'

Figure 12: The potential Vp(r).

Timelike geodesics Now consider the case 0 = 1. Then
2M  L*  2L*M
+ JE—

r r2 73

We can compare Vi(r) to the potential appearing in the 1-dimensional reduction of the following
problem: a test particle of mass 1 in a gravitational force field created by a body of mass M in
Newton’s theory of gravity. In that case, the distance r between the test particle and the body
satisfies %7”2 + Wewt(r) = E, with F the total energy and

2M L2
2Vewt(r) +1=1— == + 7.
r r
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Label E? = 2F + 1. Then 72 + (2Vxewt(r) + 1) = E2. The key difference with V;(r) is the term
QL;M , which becomes dominant for small r.

We have that V4 (2M) =0 and Vi (r) — 1 as r — oo. Furthermore,

2M 207  6L*M
V/(r) = STt = 2r~4(Mr? — L?r + 3L>M).

Hence, V1 (r) admits at most two extrema at radii » = Ry and r = R, with
L2
Ri=—(1++1-12M2L"2).
L= )

If L2 < 12M?, then there are no extrema. If L? = 12M?, then there is exactly one extremum at
r= % = 6M. Since
V'(r) = 2r—°(=2Mr? 4+ 3L%*r — 120> M),

one can verify that in the case L? = 12M?2:
V{'(6M) = 0.

Hence, the extremum is a saddle point.
If L? > 12M?, then there are exactly two extrema: R_ is a maximum and R, is a minimum.

A

r=2M r=2M

(a) L? < 12M? (b) L? = 12M?

r=2M

Figure 13: The potential V;(r).

As in the case of null geodesics, when E = Vj(R.), there are geodesics that stay fixed at
r = Ry. Since r = R_ is a maximum of the potential, these geodesics correspond to unstable
circular orbits. As r = Ry is a maximum, for any ¢ > 0, all sufficiently small perturbations of the
initial data (y(0),%(0)) will result in geodesics which stay in the region Ry —e <r < R + € and
therefore correspond to bounded orbits (that need not be circular).'*

141 the Newtonian two-body problem, such orbits are closed and form ellipses. In the Schwarzschild case, this
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4.3.2 Red-shift

Consider the region of the maximally-extended Schwarzschild spacetime that is spanned by ingoing
Eddington—Finkelstein coordinates (v,r,0, ¢).

A global red-shift effect There is a global red shift effect present in the Schwarzschild black
hole exterior. Consider an observer, Alice, entering the black hole and an observer Bob, who stays
outside of the black hole. Suppose Alice emits a photon at the spacetime point (u,v4, 6o, o)
moving in the radial direction, which is intercepted by Bob at the spacetime point (u,vg, 8o, @o).

Figure 14: Alice emitting a photon travelling at constant (6, ), represented by ~,, that is inter-
cepted by Bob, who stays in the black hole exterior. Bob measures a red-shift of the energy of the
photon.

We describe the photon by an outgoing null geodesic v,. As we already saw, V', defined via:

' 2M
dv r(u,v)’

defines an affine parameter along ~,. Hence,

: 1
Yu = Ovr = I—W&J.

(u,v)

Let us assume for the sake of simplicity that the timelike curve describing Alice’s spacetime
path is tangent to the vector field
N =20, —0,

in (v,7) coordinates, in a neighbourhood of the event horizon.
[EXERCISE: Show that N is timelike and that with respect to Eddington-Finkelstein double
null coordinates (u,v):

N:(1—|— )au+av= ! (3 =20077) 0+ 0,

(1 —-2Mr-1) (1—-2Mr-1

Then the energy of the photon, according to Alice is given by the expression:

. 1 -
Eya=—=9(Yu, N)(u,va) = -2y (3—2Mr~") guy

: r=r(u,v4)

is no longer the case. It can be shown that for R M~! > 1, the orbits trace to leading-order ellipses whose
periapsis (the shortest distance between the two massive bodies) precesses (rotates). Historically, this deviation
from Newtonian theory was used to explain the anomalous precession of the perihelion (the periapsis where the
larger body is the sun) of Mercury orbiting around the sun, which could not be accounted for using solely Newtonian
theory and the effects of the other planets in the solar system.
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= 2(1_121\/1) (3—2Mr") (u,va).

r(u,va)

We assume also, for the sake of simplicity that the timelike curve describing Bob’s spacetime
path is tangent to T'= 9, + 0,. Then the energy of the photon, according to Bob is:

. 1 1
E’YuvB = _g(’yuvT)(uavB) =~ o Juw ==
1-— e r=r(u,vp) 2
The ratio of the two energies is given by
EWWB — %
= sar (U, vA).
E’YuvA 3 -

Observe:

1. E’YuﬁB < FE s A
2. ?“'B — 0 as u — oo.
Yu,A
We say the energy of the photon is red-shifted and there is an infinite red-shift in the limit of the
photon emission occurring as Alice crosses the event horizon of the black hole.

This terminology is motivated by the following relation between the energy E of a photon and
its frequency w (in radians/second): F = hw, with A the reduced Planck constant. That is to say,
a decrease in energy corresponds to a lowering in frequency, which in turn means a shift to the red
part of the spectrum.

A horizon red-shift effect Recall that the Killing vector field T = 9, in (v,7) coordinates is
tangential to H*.
Recall also that, in (v, r) coordinates,

Vo, 0|3+ = K10y |3+

Since k4 # 0, Oy|y+ does not correspond to %, with v an affinely parametrized null geodesic.
However, we have that
Vo (€550, g = 0.

Hence, we can reparametrize the integral curves «y of 9, along H™ to obtain an affinely parametrized
null geodesic vy2ps with parameter s(v) = e~"+¥ — 1. More explicitly, we obtain the following null
geodesics vyaps ¢ [0,00) = Miys that are tangent to the future-event horizon H*:

—k3 " log(s +1)
2M
72]\/[(8) = 9 )
0
0
with 0y € (0,7) and ¢g € (0, 27) arbitrary.
Although the geodesics vops are “trapped” at r = 2M, it turns out their energy decays expo-
nentially with respect to v. We define energy with respect to the timelike vector field N = 9, — 0,
Note that LrN = [T, N] = 0, so N is time-translation invariant. We can think of the integral
curves of N as representing timelike observers crossing . The energy of ~o3; with respect to N
is as follows:

—Rk4v

Bt (V) = =G (s(0)) (1201 (8(V))s Noyar (s(0))) = —Grans (s(0)) (€ o lrmns (s(0)) s (O =0r) lyans (s(0))) = €

The exponential decay of the above energy is called the horizon red-shift effect and it is closely
related to the non-vanishing of the surface gravity «. We will later see that there a black hole
spacetimes which have a vanishing x4 and a non-vanishing horizon red shift effect, but, due to the
presence of an event horizon, they do have a global red-shift effect.
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Figure 15: Alice emitting a photon travelling along the event horizon, which is intercepted by Bob
as he crosses the event horizon, who measures a red-shift of the energy of the photon.

4.3.3 Black hole interior

Consider the black hole interior region, where r < 2M. With respect to (¢, 7,0, ¢) coordinates, we

can express:
oM -1 oM .
am = — ( - 1) dr® + ( - 1) dt” +r?g.
T

r
As in the black hole exterior, we obtain the following equation for timelike curves, parametrized
by their proper time s:

2M : 2M -t :
—1= ( — 1) i - ( - 1) 72 4+ 12607 + 1% sin? 0%, (4.5)
r r

[EXERCISE: Show that 9., with respect to (t,7,0,¢) coordinates is a past-directed timelike
vector field.]
Since 0, past-directed and timelike, future-directed causal curves must satisfy the following
inequality:
. oM\
0 <0036 =~ (25 1) i
and therefore, 7(s) < 0. We will now show that » = 0 is attained at a finite value of s denoted

Smax~

For 0 = 1, we have by (4.5) that

with equality if the curve is an integral curve of 9,.. Since moreover 7 < 0, we in fact have that:

2M
<oy -1
T

and therefore

r(0) dS r(0) 1 1
- Erydr < A< ————(r(0) — (5)),
i /T(S) g dr s /T(s) VM1 = RMri(0) - (0 =r(=)

r(0)

50 Smax S S

We conclude that observers, represented by timelike curves, must reach the Schwarzschild
singularity at » = 0 in finite proper time, bounded above by sp.x. No matter how much they try
to accelerate away from the singularity, they are doomed to reach the end of the spacetime in finite
time!
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4.4 Reissner—Nordstrom spacetimes

Schwarzschild spacetimes can be embedded into the larger Reissner—Nordstrom family of space-
times (REISSNER 1916, WEYL 1917, NORDSTROM 1918), which solve the Einstein—-Maxwell
equations with F' = %dt A dr 4+ Psin0df A dp, where @ € R is called the electric charge of the

spacetime and P € R is called the magnetic charge. We define e = \/@Q? + P?. Reissner-Nordstrom
spacetimes are pairs (Mext, gar.e), With Mey = R x (14, 00) x §? and

gr.e =— Ddt® + D dr? + 1?4,
oM e?
D(r)=1 . + 3
with 74 = M 4 /M2 — €2 the roots of the polynomial r2D(r) in the case M > e, otherwise
ry =0. If M =e (sory =r_) we say the spacetime is extremal, if M > e, we say the spacetime
is sub-extremal, if M > e, then we says the spacetime is super-extremal.

Just like Schwarzschild spacetimes, Reissner-Nordstrom spacetimes are static and spherically
symmetric.

In order to extend the spacetime from ry < r < oo to r— < r < 0o, we will apply the same
strategy as in Schwarzschild. First, we can introduce double null coordinates (u,v) with respect
to which:

IM,e = —Q?dudv + TZQ,

with Q2 =1 — % + f—z by defining

U =t — 1y,
U:t+r*7
dr. 1
- 2M 2
dr 1—74—7%

[EXERCISE: Verify that r, is given by the following expression (up to the addition of a constant):

2

re(r) =r +

2
Ty r—ry re r—r_ .
lo — lo if e< M,
2V M?2 — 2 g( Ty ) 2V M? — e2 g( T_ )
2

ri(r) =r — i +2Mlog(r — M) if e= M,
(2M2 - 62) arctan ( 7'2__]‘;\142)
(1) =1 + - + Mlog (r* —2Mr +¢®) if e> M]
2 _ M2

Before defining Kruskal coordinates, we first switch to ingoing Eddington—Finkelstein coordinates
(v,7,0,¢) to obtain:
gre = —Ddv® + 2dvdr + r*g.

for 0 < r < oo.
As in Schwarzschild, we define in these coordinates the null hypersurface H}, := {r = r1} and
T = 0, and we observe that VT, + = kT, +, with the surface gravity ~ taking on the values:
R R

62:2M’I‘+ —Ti

W@M —2e%r}h) = - (2rp —2M) =
+

M2 —e? rp—r_

2 = 2
2rs T 2rs

1
k4 = 7567“(9111)”’;{; =
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T —T4
2ri ’

Note in particular, the in the extremal case, Ky = 0. Defining moreover x_ = we can

rewrite 7, as follows in the sub-extremal case:

1 rT—Try 1 r—r_
«(r) = —1 —1 .
ro(r) =1+ T og( - >—|— o og( - )

As in the Schwarzschild case, we consider the null curves {v = vy, 0 = 6y, ¢ = o} and observe

that the affine parameter is given by: dd—ri/(u) = O2%(u,vg). We will now restrict ourselves to the

sub-extremal case. We can express: Furthermore,

efit (V=) _ o2647e _ oy (T ;+T+> (7‘ ; T_) i . (4.6)

oS

Hence

Cfgl (u) = Q*(u,v9) =1 2(r—ry)(r—r_) = lr2r+e“” <T ;ﬁr_ ) o (r—r-)

(u, Uo)em(vru)

T’_;'_*T’_

_ T’;QT_;,_(’I”_;_ i T_)€7H+T+ < ) B eF+HV0 TR+ 0(672m+u)'

r_

This motivates the following Krushkal coordinate:
U(u) = —e "™,

Similarly, we define V' (v) = e"+". Note that

k.

—UV =+ = TZQQ(u,v)rllrzle““ (TT—) "
r

au _ __ av. _
and 5 = -k U, 5o =k V.
We can then express:

m
du dv . ror_ r—r_\  f- .
L =—02 22T qUAV 41l = — dUdV + r2¢.
gm, (u7v) dU dV +r g 113_7’26'1‘“” r_ +r ‘g

We can extend r(U, V) analytically to U > 0 and V < 0 and therefore extend (Mext, gnr,e)
analytically to the manifold:
MKrusk = RU X RV X Sg#"

Rescaling U = arctanU and V = arctanV, we obtain a Penrose diagram. Compared to the
Schwarzschild diagram, we have the following additional boundary components:

CHE ={U = ig,iU > 01,

CHE =V = ﬁ:g, +V > 0}
Note that C’HiE and C’Hﬁ are the Cauchy horizons corresponding to the Cauchy hypersurface
Y ={U +V = 0}. The spacetime (Mxyusk, gn,e) is therefore globally hyperbolic. Furthermore,

since they correspond to U — oo and constant V' or £V — oo and constant U, we can apply
(4.6) to conclude that r — r_ as we approach the Cauchy horizons.
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Figure 17: A Penrose diagram of the analytic extension of the Reissner—Nordstrom spacetime.

In (v, 7,0, ) coordinates, we were able to consider also 0 < r < r_. Indeed, in these coordinates
CH} = {r =r_} is a smooth (in fact analytic) hypersurface of an extended manifold. Similarly, in
(u, 7,0, ) coordinates CH}, = {r = r_} is a smooth (in fact analytic) hypersurface of an extended
manifold obtained by considering (u, v, r, 8, ¢) coordinates in the region r < r.

We can similarly draw the Penrose diagram for the analytic extensions of Mg,us across CH%
and C'Hﬁ.

We will later see that a globally hyperbolic spacetime, like (Mxkrusk, gar,e), arises uniquely
from the time evolution of appropriate initial data posed along a Cauchy hypersurface, like X.
Extensions across the Cauchy horizons are independent of the initial data are therefore highly
non-unique.'® Uniqueness can be obtained by restricting the analytic extensions, but this is a very

15Note that in the particular case of Reissner-Nordstréom imposing the additional restriction of spherical sym-

46



unphysical regularity class to restrict to as it is incompatible with the finite speed of propagation
property embedded in the Einstein equations. Indeed, knowledge of the metric on a open subset
S C M, would completely determine the spacetime globally, rather than only affect the part of
the spacetime in the causal future JT(S).

[EXERCISE: Consider the null hypersurface H = {v = v,0 < r < oo} in (v, 7,0, ¢) coordinates.
Determine the globally hyperbolic spacetime region in the analytic extension of Mg,usk which has
H as a Cauchy hypersurface and draw this region in a Penrose diagram.|

[EXERCISE: Construct the analytic extension of extremal Reissner—-Nordstrom exterior space-
times (Mext, gar,e) across {r = r4}. Construct a Penrose diagram of this extended spacetime and
discuss the singularity properties at the boundary of the Penrose diagram.]

[EXERCISE: Construct a Penrose diagram of super-extremal Reissner—Nordstrom exterior space-
time (Mext, gam.e). Describe the properties of possible analytic extensions of these spacetimes.]

metry of smooth extensions actually singles out the unique analytic extension as the only possibility satisfying the
Einstein—-Maxwell equations. We will encounter a similar “rigidity” property in vacuum in the context of Birkhoff’s
theorem. When allowing for extensions that are not spherically symmetric, however, we can construct infinitely
many extensions.
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5 Spherically symmetric spacetimes

In this section, we will focus on spherically symmetric spacetimes. We will see that the vacuum
Einstein equations have a strong rigidity property in spherical symmetry, i.e. the only possible
spherically symmetric vacuum spacetimes are isometric to a subset of the Schwarzschild spacetime
family or the Minkowski spacetime.

Via the inclusion of suitable matter, however, we can nevertheless see many of the interesting
phenomena characteristic to dynamical black holes spacetimes.

We will give a precise definition of what we mean by a “spherically symmetric” spacetime.
First, we need to introduce some notation.

Consider the manifold R? x S? and the associated canonical projection maps:

7 :R? x §? = R?,

m(z,y) =z,
ms2 :R? x §? — §?,
T2 (2,y) =y

Now consider the manifold R; x R3. Then we define 7 : R, x R® — R x [0,00) as the map that
sends all points in the spheres Sf,m of area radius r = /22 +y? + 22 in {¢t = '}, to the point
(t',7) € Rx(0,00) and 7(#',0) = (#,0). We also define mgz : R; x (R3\ {0}) — S? as the projection
map to the unit round sphere Sf,l.

Definition 5.1. Let (M,g) be a spacetime and assume that there exists a diffeomorphism: A)
v M—=R2xS?or B)¢p: M — R xR3,
In case B) we denote

I'=¢"'(Rx {0}).

We will refer to I' as the centre of spherical symmetry.
We say (M, g) is a spherically symmetric spacetime if 1 and g satisfy the following properties:

1. The metric g on M\T can be decomposed as follows:
g=(mow)g+(r*om)-(ms 0v)y, (5-1)
where g is a C? Lorentzian metric on A) R? or B) R x [0,00) and where A) r : R? — (0, 0)
is C?, or B) r : R x [0,00) — [0, 00) is C? with r(t,0) = 0.1°
2. T is a timelike curve in (M, g).

We will denote by Q the 2-dimensional manifolds: A) R? and B) R x (0,00). In case B), 0Q =
R x {0} C R? # 0, with respect to R?.

In slight abuse of notation we will also denote by T' the curve 9Q in case B). To simplify the
notation, we write the requirement (5.1) as follows:

g=g+r’g.

Lemma 5.1. There exists global coordinates u,v : Q — R and a C? function Q% : Q@ — (0,00),
such that
7= —Q%dudv.
16 A metric of the above form is called a warped product metric. We write A) M\ T = R? x, S2 or B) M =

R x O, oo X S2. The re ularity requirements on g and r can be relaxed, but we will assume 02 for the sake of
g
convenience.
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Proof. (non-examinable) Let p € Q be arbitrary. Let L, and L, be null tangent vectors at p,
such that g,(L,,L,) = —1 and consider corresponding affinely parametrized null geodesics vz
(“ingoing”™’) and v, (“outgoing”) emanating from p, where the respective affine parameters u and
v are fixed by taking: 41 (p) = L, and 1 (p) = L, and setting (u,v) = 0 at p.

Denote by V the covariant derivative associated to g. We extend L, to the curve v by defining
L =4, or VL = 0. Similarly, we extend L, to v¢ by demanding VL = 0. We also uniquely
extend L to v by demanding VL = 0 along 7, and we extend L to 71 by demanding VL =0
along vr,. This guarantees that g(L, L) = —1 along vz U~r.

Now consider the points vz (u). Then we can consider affinely parametrized null geodesics 4,
with initial tangent vector L emanating from the point 7 (u). This provides a further extension of
L that we will denote by L/, with L' = 7, along %,. We can carry out an analogous procedure for
affinely parametrized null geodesics emanating from v, (v) with initial tangent vector L to obtain
a vector field L.

Denote Q=2 := —g(L', L). Note that Q2 > 0, since L' and L’ cannot be proportional anywhere.
In order to define double null coordinates © and v we rescale the vector fields L’ and L’ to obtain
the following alternative extensions of L, and L, to a neighbourhood of p:

L=0%L" and L=0L.

[EXERCISE: Show that g([L, L],L) = g([L, L], L) = 0 and hence [L,L] = 0. Hint: Show first
that g([L', L], L") = Q~*L'(Q?).]

We now extend u and v away from 7z U~z as functions defined on a neighbourhood of p,
by requiring L(u) = 0 and L(v) = 0. Since [L,L] = 0, it follows that (u,v) must be well-
defined coordinates in a neighbourhood of p and that L = 9, and L = 8,.!” Furthermore, since
g(L, L) = —Q?, we can write

7= —Q%(u,v) dudv.

Figure 18: The set Q (with possible centre T') and the global foliation by ingoing and outgoing
null geodesic.

In dimensions greater than 2, two ingoing (or two outgoing) null geodesic could in principle
intersect. This happens, for example, at the vertex of a lightcone in Minkowski, so the correspond-
ing double null coordinates would be ill-defined past the intersection point. In two dimensions,

170n a general n-manifold M, if X1,...,X, are n linearly independent smooth vector fields in a neighbourhood
of p € M, such that [X;,X;] = 0 for all 4,j € {1,...,n}, then there exists a coordinate chart (y!,...,y™) in a
neighbourhood of p such that X; = aiyl The idea of the proof is to use that the local flows corresponding to these
vector fields commute.
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this cannot happen, since at each point x € Q the subspace of T, Q spanned by either ingoing or
outgoing null geodesics is 1-dimensional.

We provide below a precise argument for concluding that the domain of the coordinates (u,v)
constructed above in a neighbourhood of p € @ is the full Q. Consider the subset

D = {q € Q] there exists a neighbourhood of ¢ covered by the (u,v) coordinates}.

~
~/ q1
[ )

Figure 19: Showing that D is closed.

e Since p € D, D # 0.

e Furthermore, if ¢ € A, then we automatically get the existence of an open neighbourhood of
q that is also contained in A by the way we defined A, so A is open.

e Let ¢, € A, such that ¢, — ¢ (convergence with respect to the R? topology). We can repeat
the above local construction of double null coordinates around ¢ to obtain a neighbourhood
U of g covered by different double null coordinates (u,?), such that ¢, € U for n suitably
large. Since the tangent spaces T, Q are 2-dimensional, the ingoing null geodesics in U with
respect to (@,7) must agree with the null geodesics in a neighbourhood of ¢, associated to
(u,v) coordinates, and similarly, the outgoing null geodesics must agree. So (@, ) and (u,v)
are related by a rescaling in v and v and a shift of the origin (#,9) = 0. Therefore the
coordinates (u,v) can be extended to also cover ¢, so ¢ € D. The set D is therefore also
closed in Q.

Since D is a non-empty, open and closed subset of the connected set Q, it must be the whole

Q. O

The u-level sets and v-level sets in a spherically symmetric spacetime constitute a global double
null foliation of the spacetime.

Remark 5.1. The statement g = —Q2dudv implies that the Lorentzian spacetime (Q,g) is confor-
mally isometric to the 1+1-dimensional Minkowski metric.'® This is a Lorentzian analogue of the
Uniformization Theorem from Riemannian geometry, which can be stated as follows: let (Q,q) be
an orientable compact 2-dimensional Riemannian manifold. Then (Q,q) is conformally isometric
to a surface of constant Gauss curvature equation to 1, 0 or -1, i.e. a quotient of the unit round
sphere S?, the Euclidean plane E2 or the hyperbolic plane H?.

18 A conformal isometry between (M, g) and (N, §) is a diffeomorphism v : M — A such that ¢¥*§ = Q2g for
some (smooth) function Q2 : M — (0, c0).
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5.1 Penrose diagrams

We now use the existence of global double null coordinates on spherically symmetric spacetimes
to represent the spacetimes as bounded subsets of R? via Penrose diagrams. As we will later
see, Penrose diagrams remain an invaluable (schematic) tool even when considering more general
spacetimes that are not spherically symmetric. The special property of spherically symmetric
spacetimes is that they always admits global double null coordinates and it is this property that
underlies the definition of Penrose diagrams, as we already saw in the examples of Minkowski,
Schwarzschild and Reissner—Nordstrom.

Definition 5.2. A (Carter—)Penrose diagram of a spherically symmetric spacetime (M,g) is a
map O together with a bounded subset PD C R?, such that

1.
d:Q9—PD

is a C? diffeomorphism.

2. Null curves in Q are mapped to null curves in (PD, —dudv) with —dudv the 1+1-dimensional
Minkowski metric in standard double null coordinates.

______

Figure 20: Example of a Penrose diagram of a spherically symmetric spacetime.

Corollary 5.2. Let ¢ : Q — ¢(Q) C R? be a global double null coordinate chart. Define (® o
¢~ 1) (u,v) = (arctanu, arctanv). Then (®,®(Q)) is a Penrose diagram of (M, g).

e We will now fix the time orientation on (M, g) so that the vector field 9, + 9, is future-directed!

o We will also refer to 0, (and its integral curves) as “outgoing” and 9, (and its integral curves)
as “ingoing”.

A main advantage of Penrose diagrams is that they depict causal curves in (M, g) by causal
curves in (PD, —dudv).

Proposition 5.3. 1. Timelike curves in (M, g) are represented by timelike curves in (PD, —dudv).

2. Null curves in (M, g) are represented by causal curves in (PD, —dudv). Radial null curves
are represented by null curves in PD.

3. T is represented by a timelike curve in (R?, —dudv).
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4. A null curves in (M, g) that intersects with T at a single point p € T is represented by two
causal curve segments in (PD, —dudv), such that one segment is tangent to line of constant
v at p and the other segment is tangent to a line of constant u at p (see Figure 21).

Proof. Let v be a timelike curve. Then we can express in (u, v, 6, ¢) coordinates:

o | )

@

v(s)

1%
=222

and by the timelike property, we have that

0> g(3,9) = =0%"3" +7%((3")” + sin® 0(79)%).

7= (1) @

must also satisfy —Q%y%4¥ < 0, so —y%y* < 0, which means that ¥ is timelike with respect to
(Q, —dudv) so also with respect to (PD, —dudv) (after appropriately rescaling v and v).

Similarly, if v is null, then by the above argument —Q2y%~¥ < 0, so we can only say that 7 is
causal with respect to (R?, —dudv), unless 4% = 4% = 0, in which case 7 is null.

[EXERCISE: Show that T' is represented by a timelike curve in (R?, —dudv). Hint: Suppose
that T' C PD has a spacelike or null segment and use that for any p,q € T', g € I (p) or p € I (q)
to reach a contradiction.]

Now let v : I — M, with 0 5 I C R open, be a future-directed null curve in M, such that
p=~(0) € T'. Let 7 represent v for s < 0 and 4 represent « for s > 0.

By the null property of v, we have that g,(¥(0),4(0)) = 0. Furthermore, without loss of
generality, we can rescale our null coordinates, so that at Q%(uy,v,) = 1, with (up, v,) the limiting
value of the (u,v) coordinates at p. Then, using moreover that r|p = 0,

7" (0)7" (0) = g,(5(0)3(0) = =3"(0)3" (0.

Hence, 7 (0) = 0 or 5 (0) = 0, and 7%(0) = 0 or 7°(0) = 0.

Since 7 is future-directed and by 3. we can assume WLOG that I bounds Q to the left. Suppose
that 7 (0) = 0. Then 7" (0) > 0, which means that 0 < v, —5"(s) = O(s) and u, —5°(s) = O(s?),
which is in contradiction with the fact that I' is a left-boundary. Hence, 4¥(0) = 0. Similarly, it
follows that 4%(0) = 0. This concludes that ¥ must be ingoing null at p and 4 must be outgoing
null at p. O

Hence, the associated curve in Q:

[EXERCISE: Show that spacelike curves in (M, g) need not be represented by spacelike curves
in (PD, —dudv).]

An important role will be played by the boundary OPD = PD\ PD with respect to the ambient
space R?. The boundary OPD includes I, but it will also have additional components. Since they
are represented by curves in (R?, —dudv), we can also investigate the spacelike, timelike or null
nature of the boundary segments.

Remark 5.2. Note that a change in the map ® : Q@ — PD can lead to a change in the shape
of timelike and spacelike segments of PD, but the null segments stay the same, up to a rescaling.
When we talk about “the” Penrose diagram, we really mean a particular choice of PD, where we do
not care about the precise size of PD and the precise shape of the timelike and spacelike segments

of OPD.
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Figure 21: Representation of null curves intersecting I at p € T".

An important type of Penrose diagram boundary segment is “null infinity”, Z (also called
“scri”), which we already encountered in Minkowski, Schwarzschild and Reissner—Nordstrom.

Definition 5.3. Let p € 9PD. Choose coordinates (u,v) such that p = (0,0). We say p € T if the
following holds: let (0,v) and (0,u) denote points in Q, then

limsupr(0,v) := lim | sup r(0,v)| =oc0 or limsupr(u,0):= lim | sup r(u,0)| = occ.
v—0 V=0 | |y|<v u—0 U=0 | |u<U

We refer to the boundary subset Z C OPD as null infinity. Suppose that T is achronal. Then we
say:
epcItCTif
limsupr(0,v) =00 or limsupr(u,0)=0.
v10 u10
We refer to the subset T+ as future null infinity.
e pcl- CTif
limsupr(0,v) =00 or limsupr(u,0)=0.
v]0 ul0

We refer to the subset T~ C I as past null infinity.

Penrose diagrams are very convenient tools for representing causal properties of hypersurfaces
and open subsets of the manifold. Let S € QU TI. Then S represents the set M O ¥ =
(SNQ)xS2U(I'NS). If S is a finite union of smooth curves (with boundaries), then ¥ is a smooth
hypersurface(-with-boundary) of M.

For such sets we can characterize the causal/chronological future/past and the future/past
domain of dependence on the Penrose diagram PD. Indeed,

e J*(X) is represented by J*(S) with respect to (PDUT, —dudv).
e [*(X) is represented by I*(S) with respect to (PD UT, —dudv).

Furthermore, since radial null geodesics in (M, g) are represented by lines in Q that are reflected
at [', we have to be a little more careful when discussing the domain of dependence. We have that:

e If SNT =, then D*(X) is simply represented by D*(S) with respect to (PD, —dudv).
e If SNT # 0, then D*(X) is represented by D*(S UT') with respect to (PD UT, —dudv).
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Figure 22: The representation of the domain of dependence of a hypersurface-with-boundary ¥ in
a spherically symmetric spacetime with I' # (). The line 7 represents a radial null curve passing
through the centre of spherical symmetry I' in M.

In slight abuse of notation, we will use the notations J*(X) and J*(S), or D¥(X) and D*(S)
interchangeably.

The Penrose diagram allows us to consider also the sets J*(S), when SN (OPD\T) # (). Here,
we interpret J*(S) as a subset of R2. For example, we can consider J~(Z1).

We can now define what we mean by a “black hole” region in spherical symmetry.

Definition. Let (M,g) be a spherically symmetric spacetime with T+ # (. Then we define the
black hole region of (M, g) to be the subset of M represented by:

BH:=PD\J (I").

5.2 Einstein equations in spherical symmetry

Consider the Christoffel symbols:

1L e )
Denote by:
. fzb, a,b,c € {0,1} the Christoffel symbols of (Q,7),
. FZB, A, B € {2,3}, the Christoffel symbols of (S, ¢).

We will use the small Latin indices a,b,¢, ... to denote elements in {0,1} and the capital Latin
indices A, B, ... to denote components in {2,3}. In view of the fact that g = g+ 7“2g, the remaining
Christoffel symbols take the following form:

gC =0,

. 1 1. .
BC = — 5(9 D (067%) g s
s =o,

1
Fgc = §r_280(r2)6§ = (0. log r)ég.
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We denote with Rgpeq the Riemann tensor associated to g. Since Q is 2-dimensional, the sym-
metries of the Riemann tensor imply that the space of all Riemann tensors on Q is 1-dimensional
(see Problem Sheet 3), and we can therefore write:

Rade = K(gacybd - ?ad§b0)7
with K the Gaussian curvature of (Q,g). Similarly, let R4pcp be the Riemann tensor associated
to ¢. Then:
Rapep = JucIep ~Iapdse
since the Gaussian curvature of the unit round sphere is equal to 1.
The corresponding Ricci tensors take the following form:

Ry = (gil)bdﬁabcd = Kgaca

o—1 o
Rac=(¢§ )°PRapcp = ¢ 40
Now we will relate the Ricci tensor components Ry, to Rqp. Recall first that

R, =017, -0, +1717, -y I,

Hence,

Rae = Ryp” = 0,10 — 0Ly, + TG0, — T3,
= Rae + 0aTh, — 0T 4 + Toldy — Thold + T AR — Tl 4 + Tiuloa — Tiulls
= KGae = 0l 4q + Ty — Tl
= KT — 2(0.04 logr) + 2T, (9 log ) — 2(0, log ) (9. log )
=Kg,, —2r 'V.V,r,

with V the Levi-Civita connection with respect to g.

Similarly,

Rac =Rp,6 =0,T¢0a — 0clya + TEA 0 = T0AT G,
= Rac + 0T — 0cTan + TéuTap =TT, + Tealay — Tialt, + TEalBe — ThalC,
= &AC +0ul%0 = THaT 80 + Tealiy + TEAT S, — THATE,
= 4c — 0allg™)r0r)g 1o + (97 1) (0r)(0ar)g 1o + Tan (g™ r(01)g 4

= 2(97 )07 (0ar)g 4 + (97 (0) (Bar)d 4

= (1= 8a((g7 ") r(9yr) + Tap(g™ 1) *r(8or))
= (1—- (@ H*Va(rVyr))

Jac
ac

[EXERCISE: Show that R,4 = 0.]

From the Einstein equations:

1
R, — §Rglw =8nT,.,

it follows that —R = 87 tr T and hence

1
R, =8nr ('IFH,, —3 tr Tgu,,> .
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Note also that tr T = (g7 1) Ty, + r‘Q(éfl)AB']T - It therefore follows immediately that

1
87T ap = Rap — iRgAb =0, (5.2)
. . 1 N o
(1= (@ H?Va(rVer)) Jap=PRap=38m(Tap — §tr’]Tr2gAB) = rzSgAB, (5.3)
o 1
KGy, — 2r 'V Vr = 87(Tep — 3 tr Tg,;) (5.4)

Equation (5.3) is equivalent to:
rilmgr =r 2 -85 — (g H% 20,10,
and, taking the trace of the right-hand side of (5.3) with respect to fy, we obtain:
S = 747r(§71)ab'11‘ab.
Now we can take the trace of (5.4) with respect to g to obtain:
K=r"'05 -8 —drtrT =r"2 —r=2(G 1 )®0urdyr + 8m(g1)**Tsp — 4 tr T. (5.5)

Then we can rearrange (5.4) to obtain:

- — 1
r iV, Vyr = 53 [1— (@ 1) 0crdar] Gap — 4m(Tap — (T 1) ““TeaGap)- (5.6)

Now consider double null coordinates (u,v), so that g,, = —3Q? and g,, = g,, = 0. Further-

2
more, (g-H)" = —2Q72 and (g~ 1)"* = (g~1)*"” = 0. Then
1
T = 5@ )" (OuFu + 0ubuw = 00Tun) = 2720407,
e, =072%0,0%
I T S

Hence,
1 _
_iKQ2 = Ruv = abFZu - avrgu + Fgurga - gurga = _60(9_281192) = _a’vau log QQ'

From (5.5), it therefore follows that
Q2
Dy0y log 0% = %7 [1+4Q7%(0ur)(9yr) — Amr? tr T — 32mr°Q Ty, | - (5.7)
T

From (5.6) we conclude the following equations:

QQ
0y 0y = — g [1 + 49_2(8u7°)(8vr)] +47rTyw, (5.8)
020,(Q720,1r) = —47rTu, (5.9)
020,(Q720,r) = —4nrT,,. (5.10)

We refer to (5.9) and (5.10) as the Raychaudhuri equations.
We define the Hawking mass m : @ — R as follows:

m = 5L+ (@ur) (0,r)) = 5 (1= )" (@ur)(@hr)) = 5 (1~ 7' (dr.dr)).
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We will later see, when discussing self-gravitating fluids, why the quantity m is compatible with a
notion of mass typically attributed to matter.
Note that in the Schwarzschild case g = gps, m = M is constant. In general,

Oum = — 81r?Q 2 (0yr Ty — OurTus), (5.11)
Oym = 81202 (=0yrTyy + 0y Tu). (5.12)

[EXERCISE: Derive (5.11) and (5.12).]

Note that these equations imply immediately that in the case of vacuum (T = 0), the Hawking
mass is constant on Q. Note also that the metric tensor g can be reconstructed from the pairs
(r,92) or (r,m). The Einstein equations are equivalent to (5.7)—(5.10).

Lemma 5.4. If the stress-energy tensor T satisfies the null energy condition, then
Tuu, Tow > 0.
If the stress-energy tensor T satisfies the dominant energy condition, then additionally:
Tuw > 0.
Proof. EXERCISE O
[EXERCISE: Show that the Schwarzschild family of metrics are solutions to the vacuum Einstein
equations. Hint: Show that gps corresponds to a solution to (5.7)—(5.10).]

5.3 The Einstein-scalar field system

In the case of the Einstein-scalar field system with m = 0, we recall that

1 -1\«
T = 04000 = 59w (97") " 0a0p0

We can express the wave equation (¢ = 0 for a spherically symmetric ¢ as follows:

1
0= Dg¢ = \/?etgaa( V _detg(gil)aﬂaﬂqs) = _2T72972[8u(7’28v¢) + 8@(T28u¢)]

Hence,

040y = =17 10,10y — 110Dy .
Furthermore, Ty, = (04®)?, Tyy = (0y¢)?, Ty = 0 and

trT = 2(g )" Ty + 172G ) PTap = —(¢71)*0uddsd = 42720,00,¢.

The Einstein—scalar field system of equations is therefore equivalent to the following coupled
system of equations for r,Q?: Q -+ R, and ¢: Q — R:

0y, 1og Q? = %QQT_Q + 207 2(0u1) (0y1) — 8Dy POy b, (5.13)
QQ
00y = I [1 + 49_2(8u7“)(8v7“)] ,
D20,(Q720,1r) = —4mr(0u0)?,
QQ&J(Q_Qﬁvr) = —47Tr(8v¢)2,

0u,0pd = —1 10,10y — r 10T,
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Remark 5.3. The equations (5.13), (5.14) and (5.17) are called propagation equations and they
form a system of 14+1-dimensional semilinear'® wave equations. Note that the products of two
derivative terms never feature two w or two v derivatives. This is called the null structure of the
Einstein-scalar field equations and it is a very important structural property that also holds outside
of spherical symmetry and is important for addressing global dynamics of small perturbations of
spacetimes as well as the nature of singularities.

This kind of structure does not apply, for example, to the relativistic (or non-relativistic and
compressible) Euler fluid equations, where “singular” behaviour, in the form of shocks, can occur
even if one considers initial data corresponding to a small perturbation of the constant state.

Remark 5.4. The equations (5.15) and (5.16) are constraint equations.
We moreover have that

Oum = — 81r?Q20,7(0,0)?, (5.18)
Dym = 812 Q™2 (=0, 1) (Dyh)?. (5.19)

5.4 Local existence and uniqueness of the characteristic initial value

problem for the Einstein-scalar field system

We will now show that we can sensibly study dynamics for the spherically symmetric Einstein—
scalar field problem. First we will state a local existence and uniqueness statement for general
systems of 14+1-dimensional wave equations.

forwards evolution

H, Hy

sideways evolution sideways evolution

backwards evolution

Figure 23: The evolution problem for systems of 141-dimensional wave equations spherical sym-
metry.

Theorem 5.5 (Local existence and uniqueness characteristic initial value problem for 1+1-dimensional
wave equations (with null structure)). Consider the following system of semilinear 1+ 1-dimensional
wave equations: let K € N and ¥ : R?2 D U — RX, with 0 € U and

K K
0,0,9% = > Npc(9)0,¥50,9 + > [Lp(¥)0,¥” + Rp(0)0,¥7] + f4(¥),  (5.20)
B,C=1 B=1

with Ngc, L, Rp, f* : RE — R smooth functions.
Consider the union of line segments Ho and H, in R?, with:

Hy := {0}y x [0,€)n, Hy:=10,€)y x {0},

9Semilinear PDE are nonlinear PDE that are linear in the highest derivative terms (second-order in this case).
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and prescribe the following characteristic initial data:
Ty € RE  on Hyn H,y,
v, Hy —RX  on H,,
U} : Hy — RX  on H,.

(i) (Forwards and backwards evolution) Then, for € > 0 suitably small depending on o, ¥y, Wl
there exists a unique smooth solution W : [0,¢€) x [0,¢) — RE to (5.20), such that

V| onm, = Yo,
au\mﬂo = gga
0¥\, = Yy,
The same statement holds with € replaced by —e in the definitions of Hy and H,.

(ii) (Sideways evolution) The above statement also holds for ¥ : (—¢,0] x [0,€) — RE with the
following choices for Hy and H:

Hy:= {0}, x [0,€)y, Hgy:=(—¢,0]y x {0},.
and also with € replace by —e.

We can also compare two global solutions in the following way:

Theorem 5.6. (i) (Cauchy stability) Let Uy, Vo € (0,00) and let W : [0,Up) x [0, Vp) — RE be
a smooth solution to (5.20). Then, for any € > 0 and N > 0, there exists a § > 0 such that
for any initial data

o e RX  on Hyn H,,
Ty Hy - RX  on Hy,
Ul : Hy—RX  on H.
with |Ug — VY| ynm,| < 0 and for all k < N, sup, |8’7j(i:) = 0u¥g,)| < 0, sup, |8{f(\56 -
¥\, )| < 6, we have that the corresponding solution U [0,Up) x [0, V) = RE is CN and

sup |01 9F2 (U — ¥)| < e.

uU,v

(ii) (Global uniqueness) Solutions corresponding to the same initial data agree.

Remark 5.5. In higher dimensions, systems of nonlinear wave equations do mot satisfy local
well-posedness for “sideways evolution”, only for “forwards” and “backwards” evolution!

We can apply the above lemma to obtain local well-posedness (existence, uniqueness, Cauchy
stability) for the spherically symmetric Einstein-scalar field equations.

Theorem 5.7 (Local well-posedness of the characteristic initial value problem for the spherically
symmetric Einstein-scalar field system). Let € > 0. Consider Hy U H, C R?, with

Hp:={0}, x[0,€)y, Hjy:=1[0,€)y x {0},.
Prescribe the following numbers and smooth functions:

(ro, (r1Q%)g, do, 74, 75) € Ry x Ry x R®  on HyN Hy,
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QE:EO%R on Hy,
(b(/) :Hy—R on I’I()7
(r7'Q%4: Hy— R on H,,
(r'Q2),: Ho— R on Hy.
Then, for € > 0 suitably small, there exists a unique solution (r,Q? ¢) : [0,€) X [0,€) = RZ x R to
(5.13)—(5.17), such that
(r, 7‘71927 ¢, 0ur, 0yr)(0,0) = (ro, (Tﬁle)Oa ¢07E67 T(I))v
/
8u¢|£0 = 907
v Pl, = 0,
0u(r™1Q?)| g, = (r~'Q%),
Au(r1 )|, = (r 1%
The above statement also holds with any of the following alternative choices for Hy and H (with
appropriately modified domain of (r, 2, ¢):
Hy := {0}y x (—€,0]y, Hy:=(—¢,0]y, x {0},.

Proof. Strategy: We will show that the prescribed initial data determines the values of r, Q2, ¢
on Hy U H, via the Raychaudhuri equations. The statement of the theorem then follows from a
direct application of (5.20) together with a verification that the Raychaudhuri equations remain
valid away from the initial null lines.

Note that if ¢(0,0) = ¢g, then we need

00.0) =6n+ [ dhiea
o0 =00 + [ dhfur)
Similarly, if r=10Q2(0,0) = (r71Q?)g, then we need
rI0%(0,0) = (r1Q%) + /OU(TIQQ)B(U') dv’,
102 (u,0) = (r102)y + /Ou(rlm)g(u') du.
Note that for € > 0 suitably small, depending on the choice (r~'Q?)5 and (r~'Q?)), we have that
r~102(0,v) > 0 and r~1Q%(u,0) > 0.
Let r(0,0) = rg, 0,7(0,0) = r{, and 9,7(0,0) = 1. We can rewrite (5.15) and (5.16) as follows:
Ou (g7 0ur) = = 4m 55(0u0)%

T _ T
o, <@r l&,r) = — dr (9,9

The left-hand sides we can further rewrite as 0, (gz 9, logr) and 9, (gz0, logr).
Then integrating (5.15) and (5.16) gives for € > 0 suitably small:

r 1 _ “ 1
@(U,O)&J logr(u,0) :mro 1£6 — 47r/0 7”1927(1#,0)@6)2(1”) du’,
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T 1 _ Y 1
@(0, 'U)av log 7'(0, ’U) :mro 17'/0 — 4’]'["/0 7“_1927(01)/)(¢/0)2(U/) d'U/

and determines 9, log r(u,0) and 9, logr(0,v). Integrating these then gives:
v
log 7(u,0)(0,v) = logrg —|—/ Oy logr(0,v") dv’,
0
log 7(u,0)(u,0) = logrg —I—/ Oy logr(u’,0) du’.
0

We take r(u,0) and r(0,v) to be the corresponding exponentials.
[EXERCISE: Show that, the solution (1,22, ¢) to (5.13), (5.14) and (5.17) corresponding to the
prescribed initial data satisfies also (5.15) and (5.16).] O

Corollary 5.8. Two solutions (r1,Q3,¢1) and (12,93, ¢2) to (5.13)~(5.17) corresponding to the
same initial data on Hy and H, must agree on the intersection of their domains.

[EXERCISE: Show that any spherically symmetric spacetime obtained from solutions (r, %) to
the characteristic initial value problem for (5.13)—(5.17) can also be constructed with the following
restricted initial data: (r~10Q2)g =1, (r~'Q%)) = 0 and (r—'Q?)} = 0. Hint: Given a spherically
symmetric spacetime with metric ¢ = —Q2dudv + r2§, what happens to (r,Q2, ¢) along Ho U H,,
under a rescaling of the v and v coordinates? ]

5.5 Birkhoff’s theorem

Using the uniqueness property from Corollary 5.8, we can show that all spherically symmetric
spacetimes in vacuum must be isometric to a subset of a Schwarzschild or Minkowski spacetime.
This result is called Birkhoff’s theorem and it goes back to JEBSEN 1921, BIRKHOFF 1923.

Theorem 5.9 (Birkhoff’s theorem). A spherically symmetric spacetime solution (M, g) to
Ric(g) = 0 is isometric to a spacetime region inside a (mazimally-extended) Schwarzschild space-
time with M € R or to a spacetime region inside the Minkowski spacetime.

Remark 5.6. Note that the region {r > 0} of the Minkowski spacetime is isometric to the Schwarz-
schild spacetimes with M = 0.

Proof. Strategy: Let p € Q and let Hy and H, be null lines in Q of constant u and v, respectively,
that intersect at p. For solutions to the system (5.13)—(5.17) with ¢ = 0, we can treat the values
r(p), Q%(p), Our(p), Dur(p) and 9,Q%|g,, 0. |k, as characteristic initial data. We want to show
that there exist double null coordinates in Schwarzschild with mass M € R or Minkowski, such that
Hy U H,, are contained in Schwarzschild/Minkowski, such that r(p), Q%(p), 9ur(p), 07 (p), 02| 1,
and 0,02 H, agree with the characteristic initial data in our general spacetime.

Then, by the global uniqueness part of Corollary 5.8, (r,€22) must take on the corresponding
Schwarzschild or Minkowski values everywhere in the region obtained by evolving the data on
Hy U H, forwards, backwards and sideways. Since the full manifold M can be covered by regions
arising from the evolution of characteristic data, the spacetime (M, g) must be isometric to a
region in Schwarzschild or Minkowski.

Without loss of generality, we can take p = (0,0) and we consider Hy and H,, in a general
solution to (5.13)—(5.17) with ¢ =0, as in Theorem 5.7. We will fix ro = r(0,0) and M = m(0,0)
and rescale our u and v coordinates u — f(u), v — h(v), so that Q?|y, =1 and Q%{D =1, for the
sake of convenience.

As we already observed, m(u,v) = M for some constant M € R. By the definition of m, we

therefore have that Y
49_2(81”")(6’07") = T — 1.
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In particular, this means that at (0,0):

2M
4(9,1)(0,0)(8,7)(0,0) = B 1.
0
This means that, given M, 9,7(0,0) is determined by 9,7(0,0) # 0 (or the other way around) and
the sign of % — 1 determines the relative sign of 9,7(0,0) and 9,r(0,0).
By integrating the Raychaudhuri equations (5.15) and (5.16) , we have that 9,r = 9,7(0,0) on
H, and 0,7 = 9,7(0,0) on Hp.

Case I : Suppose first that 9,7(0,0) # 0 or 9,7(0,0) # 0. Without loss of generality, we
may assume that 0,7(0,0) < 0. Otherwise, we rescale: u +— —u and v — —v and use that
(u,v) = —(u,v) is an isometry, or we simply interchange the roles of u and v in the argument.

Let u,v be Eddington—Finkelstein double null coordinates on Schwarzschild such that the
Schwarzschild radius function rg(a,d) satisfies rg(0,0) = rg. Then gs = —(1 — %)dadﬁ + r%g
Now let u(@) and v(9) be defined as follows. u(0) =0, v(0) = 0 and

A

dii= ———_du,
T (g0
_2M 0,0
~:—ZSM( ~) dv.
A1 = 35(0,0))
_ 2 2 ° . 2 _ (17%(71(“)’5(1’)))(1*272{ (070)) 2 _
Then g = —Q%(u,v)dudv + rig, with Qg (u,v) = T w02 (0aw) Hence Q%(u,0) =
rs ’ rs ’
0%(0,v) = 1, as required. Furthermore,
du A
auTS(Oa O) - %(O)(aﬁTS)((),O) - 757
0urs(0,0) = 2 (0)Bur) 0,0 = 22
vl S\Y, - dv o1 S 5 - 2\

Now we simply take A = —20,7(0,0).

Case II : Suppose now that 9,r(0,0) = 8,7(0,0) = 0. Then ry = 2M. Let (U, V) be Kruskal
coordinates on the maximally-extended Schwarzschild spacetimes with mass M, such that (U , f/) =
(0,0) is the bifurcation sphere. Then 9y 7s(0,0) = 0575(0,0) = 0. After a suitable rescaling, we
obtain null coordinates U and V such that Q%(U,0) = Q%(0,V) = 1. O

5.6 Global properties of general spherically symmetric spacetimes

It turns out that even with minimal information about the matter model under consideration, it
is possible to make statements about global features of the spacetime.

Definition 5.4. Let (M,g) be a spherically symmetric spacetime.
1. A sphere at p € Q is trapped if (0,7)(p), (Opr)(p) < 0.
2. A sphere at p € Q is marginally trapped if (9,7)(p) < 0 and (9,7)(p) > 0.

3. A sphere at p € Q is anti-trapped if (9,7)(p), (Our)(p) > 0 and marginally anti-trapped if
(0yur)(p) = 0 and (9y7)(p) > 0.
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[EXERCISE: Determine which spheres in the maximally-extended Schwarzschild spacetime (ex-
pressed in Kruskal coordinates) are trapped, marginally trapped, anti-trapped and marginally
anti-trapped.]

The existence of a trapped sphere is a local property in the spacetime. The Penrose incom-
pleteness theorem shows that this nevertheless has global consequences: the spacetime must have
future-directed and future-inextendible null geodesics whose affine parameters are bounded from
above (“future-directed null geodesics that do not live forever”). A spacetime with such a property
is said to be future-null-geodesically incomplete.

Proposition 5.10 (Spherically symmetric Penrose incompleteness theorem). Let (M,g) be a
spherically symmetric spacetime, such that Ric[g](X, X) > 0 for any null vector field X. Assume
that (M, g) has a trapped sphere. Then (M, g) is future-null-geodesically incomplete.

Remark 5.7. If we define the stress energy tensor corresponding to (M, g) via 87T = Ric[g] —
%R[g]g, then we require T to satisfy the null energy condition. Since this theorem does not involve
the equations satisfied by matter coupled to the Einstein equations, it is really a result in Lorentzian
geometry. We do not need to appeal to the Einstein equations!

Proof. There exists a p € Q such that 9,7(p) < 0 and 9,r(p) < 0. Let p = (0,0) and consider the
outgoing null line £ = {(0,v) € Q}. By rescaling v so that Q2|, = 1, we have that

Vo,0y =T,0, = Q20,0 =0,

VU

so ¢ must represent an affinely parametrized null geodesic v in (M,g). We will show that v is
bounded along ¢, which implies that 7 is future-geodesically incomplete or reaches T'.

OPD

S~ <

p

Figure 24: Null lines emanating from a trapped sphere at p € Q.

The key equation in this argument is the Raychaudhuri equation (5.10), which implies that
027r(0,v) = —87T,, (0, v),

where T, = R, — %Rg,“,. Hence, T,, = Ry, = Ric[g](0y, D) > 0, by assumption. Hence
92r(0,v) <0, so 9,7(0,v) < 9,7(0,0) < 0.
We can now integrate 9,r(0,v) to obtain:

r(0,v) = r(0,0) + /Ov 8,r(0,v") dv’ < 1(0,0) — v(—=9,7)(0,0).

Since r(0,v) > 0, this means that
r(0,0)
(—0,7)(0,0)"
We can repeat the same argument with v replaced by u to show that the future-directed ingoing
line emanating from (0,0) must also either each 9PD\T in finite affine time or reach I'. Since the

v <
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future-directed ingoing and outgoing lines cannot both reach I', we conclude that the spacetime
admits a future geodesically incomplete O

[EXERCISE: Explain why in the case of spherically symmetric spacetimes satisfying the null
energy condition, which contain an anti-trapped sphere, there are null geodesics did not exist for
infinite affine time in the past.]

We already encountered future-directed null geodesics which did not exist for ever in the Schwarz-
schild spacetime, where such geodesics were hidden behind a black hole event horizon. We will now
show that, this remains true in very general spherical symmetric spacetimes that have a non-empty
future null infinity ZT.

We will show that a trapped sphere implies the existence of a black hole.?"

Definition 5.5. We define the regular set R C Q, the trapped set 7 C Q and the apparent
horizon A C Q as follows:

R = {(u,v) € Q Oyr(u,v) <0, Oyr(u,v) > 0},
T = {(u,v) € Q Oyr(u,v) <0, dyr(u,v) <0},
A=A

(u,v) € Q Oyr(u,v) <0, Oyr(u,v) =0}.

Figure 25: The regions R, T and A in a maximally-extended Schwarzschild spacetime.

We consider the following to set-ups:

Set-up 1: Suppose I' # ). Let ¥ = Hy be an outgoing line emanating from I'. Assume that the
future limit point on Hy is an element of Z and that 9,7 < 0 on Hy.

Set-up 2: Suppose I' = (. Consider two intersecting null lines Hy (outgoing) and H,, (ingoing)
in Q. Let ¥ = HyU H,. Assume that the future limit point on Hj is an element of Z and that
Our <0 on X.

In both cases, we define QT = DT (X UT) (with respect to (PD, —dudv)). We will choose (u,v)
coordinates such that Hy C {u = 0} and H, C {v = 0}. We will take v to have bounded range so
that the future limit point of Hy is given by (0, vz).

Lemma 5.11. Assume that T = Ric[g] — %Rg satisfies the null energy condition. Then
QF =(RUTUANQT.

20This is a sufficient condition, but not a necessary one. EXERCISE: Show this by considering the extremal
Reissner—Nordstrom black hole spacetimes.
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(0, UI)

Hy

(a) Set-up 1 (b) Set-up 2

Figure 26: Penrose diagrams illustrating Q7 for the two different set-ups.

Proof. By construction, Hy C (RUT U.A) N Q*". Since any point in Q" can be connected to
Hy via an ingoing null line and by the Raychaudhuri equation (5.9) 92r < 0 along that null line.
Hence 9,7 < 0 everywhere in QF. O

Proposition 5.12. Null infinity T of QT satisfies either T = (0,vz), or it is an ingoing null
segment T = {(u,vz) € R?|u < uz}, for some ur > 0. In the latter case, T =T1+.

Proof. Consider the line segments ¢, = {(u,v) € R? |u > 0} with v < vz that emanate from Hy.
Since 9,7 < 0 in Q*, we have that r|,,no+ < 7(0,v). Hence, the lines ¢, do not intersect Z for
v < vz and we conclude that Z C ¢,,. Suppose that there exists a ug > 0 such that (ug,vz) € Z.
Then, by 9,7 < 0, we must have that (u,vz) € Z) for all 0 < u < ug. Let uz denote the supremum
of such wug. Since Z is an ingoing future boundary of QF, it follows immediately that Z = Z7.

If there exist no such ug, then Z counsists of the single point (0, v7). O

We will now assume that Z consists of more than one point, so by the above proposition,
It =7 = {(u,vr) € R?|u < uz}. We denote i := (uz,vz). Then it is the future limit point of
It in R2.

Recall that a black hole region in Q7 is the set:

BH := Q" \J(I7)

which can be empty. If BH # (), then the future event horizon H* is the future boundary of
J=(ZT) in QF.
The set J~(Z7) is called the domain of outer communications.

We will now show that the presence of a (marginally) trapped surface implies the non-emptyness
of BH.

Proposition 5.13. Assume that 87T = Ric[g] — %Rg satisfies the null energy condition. Suppose
that T UA # (. Then:

i) TUAC BH. In particular, the black hole region of Q% is non-empty.
(

)
(ii) HT is an outgoing null line with future limit point i™ and H C R U A.
(i) Let (ux,vs) € TUA. Then (u.,v) € TN A for all v > v,.
(iv) On A, we have that 1 — 22 =
Proof. “(iii)” Let p = (us,vs) € QF, such that d,r(p) < 0. Since the null energy condition is
satisfied, we have that 92r(u.,v) < 0 after rescaling v, so 9,7 (u.,v) < 0.
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“(i)”: Suppose additionally that p € J~(Z%). Then the line {(u.,v), v > v,} in R? must
intersect ZT. By definition of ZT, this means that lim SUP,>,, 7(Us,v) = 0o. From the above, it
also follows that limsup, s, 7(u«,v) < r(u.,vs) < 0o, which is a contradiction. We conclude that

P& I (T, 50 Q7 \J- (1) £ 0.

“(ii)”: By definition, H™T is the future boundary of J~(Z1), which is an outgoing null line
with limit point 7. Suppose HT N'T # (. Then there would exist a p € HT NT and a ¢ in
neighbourhood of p such that ¢ € J=(ZT) and 9,r(q) < 0. But this is a contradiction by (i).
Hence HT C RU A.

“(iv)”: This is immediate from the definition of m and the fact that 9,7 = 0 on A. O

[EXERCISE: Suppose HT N A # (). Show that then T,, =0 on H* N A
We immediately obtain the following corollary.

Corollary 5.14 (Hawking’s area theorem in spherical symmetry). 9, (47r?) >0 on HT.

This statement is known as the second law of black hole mechanics.
By imposing the dominant energy condition, we can obtain the following monotonicity proper-
ties for the Hawking mass.

Proposition 5.15. Assume that 87T = Riclg] — %Rg satisfies the dominant energy condition.
Then:

(i) In(RUA)NQT:

(ii) Assume that m is uniformly bounded from above along Hy. Then m can be continuously
extended to T, i.e.
Mponai(u) = UILIEI m(u,v)

u<uz

is well-defined. Furthermore,
Mgongi(u2) < Mpondi(u1)-
for 0 <wuy <wug < uz.

iii) Assume that m is bounded from below on Hy N {u < uz}. Then the following limit is well-
(iii) 0 g
deﬁned Mf = limuTuI Mgondi(u).

(iv) If T #0, thenm|r =0 and m >0 in RU A.

Proof. “(i)”: The monotonicity properties follow directly from (5.11) and (5.12), using that
Tuus Tow, Tyw > 0 by Lemma 5.4. Since 9,m < 0 and m is uniformly bounded along H,, we
must have that m is uniformly bounded in R.

“(ii)”: Let (us,vs) € J7(ZT). Then (u,v) € R for all v > v, and u < u, by Proposition 5.13.
Since d,m < 0 in R, this implies that m(u.,v) < m(0,v), which is uniformly bounded from above
by assumption. Since moreover 9,m(u,v) > 0, m(u, v) is monotonically non-decreasing and must
attain a finite limit as v 1 vz.2!. Hence, Mponai(u) is well-defined and using that the limit respects
inequalities:

0> lim [m(ug,v) —m(u1,v)] = Mpondi(u2) — MBonai(u1)
V—VT

21This follows from the following fact from real analysis: bounded monotone sequences converge.
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and we conclude (ii).
“(iv)?: Consider p € T'. We can write:

m(p) = 5(1~g " (dr,dr)(p).

Since 7 is certainly a C! function on R x [0cc) and § is certainly continuous on R x [0cc), the
expression g *(dr,dr)(p) must be finite. Since 7(p) = 0, we must therefore have that m(p) = 0.

Let p = (us,v.) € RUANQT. Then p € J*(T). By (iii) of Proposition 5.13, (us,v) € RU A
for all v < w,. Since 9,m > 0 in R U A, we have that m > 0 at p.

“(iii)”: To conclude (iii) we use that Mpongi(u) non-increasing and, if we can show that it
is uniformly bounded from below, we can conclude that it must attain a limit as u 1 uz via the
argument in the proof of (ii). When T" # ), we have that m > 0 by (iv), so Mpengi(u) > 0 which is a
uniform bound from below. When I" = ), we use that assumption that m is uniformly bounded from
below on Hy N {u < uz} together with d,m > 0 in R U A to conclude that Mpongi(v) > inf m|ﬁ0.

O

We refer to My as the final Bondi mass of the spacetime and M; := Mpondi(0) as the initial
Bondi mass.

Proposition 5.16 (Positive Mass Theorem in spherical symmetry). Assume that
87T = Ric[g] — 1 Rlglg satisfies the dominant energy condition and that T # (. Then M; > 0, with
equality if and only if (M, g) is isometric to a region of the Minkowski spacetime.

Proof. Let T' # (), then it follows from Proposition 5.15 (iv) that Mpepai(z) > 0, so in particular
M; > 0. If M; =0, then Mpongi(u) = 0, so by d,m > 0 in R U A, we must have that m = 0 in
R U A. Suppose that 7 U A # (. Then A # 0, so along A, 0 = m = %, which is a contradiction,
since r > 0 in Q1. Therefore O = R.

By (5.11) and (5.12), together with the fact that 9,7 < 0, 9,7 > 0in R and Ty, Tuy, Tyy > 0,
we must have that Ty, = Ty, = Typ = 0. Now it follows from Birkhoff’s theorem (Theorem 5.9)
that (M, g) must be isometric to a region of the Minkowski spacetime. O

[EXERCISE: 1) Drop the assumption that 9,7 < 0 along Hy. Assume that I' = 0 and m|g, <0
and derive 9yr|g, < 0. 2) Explain why H, must be future-null-geodesically incomplete.]

Figure 27: Example of a spherically symmetric spacetime with a complicated apparent horizon.
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Definition 5.6. The outermost apparent horizon A’ is the following subset of A:
A= {(u,v) € A| (v/,v) € R for all v’ < u such that (u',v) € QT}.
Proposition 5.17 (Penrose inequality in spherical symmetry). r < 2M; along A’.

Proof. EXERCISE. Hint: Use that r(u,v) = 2m(u,v) for (u,v) € A" and connect (u,v) to ZT via
ingoing and outgoing null segments. O

Note finally that the apparent horizon A can have a very complicated structure (even in spheri-
cal symmetry!). Unlike the future event horizon H*, it does not need to be connected, for example.

5.7 Cold static stars and collapsing dust clouds

We consider spherically symmetric spacetimes, with metrics that are solutions to the Einstein—
Euler equations with the perfect fluid stress-energy tensor:

T := (p+p)UU" +p(g~ )"

We moreover assume that U is spherically symmetric, which we take to mean that U is independent
of 0, and U4 = 0, where for A € {0, p}.?
Therefore,
~1=g(U,U) = -Q*U"U"

Furthermore U, = —%QQU“ and U, = —%QQU".
Let X be another spherically symmetric vector field such that ¢(X,U) = 0 and X(r) = 1
(which fixes X uniquely). Then

1

X=—
UvO,r — U%0,r

(U*d, — U d,).

[EXERCISE: Check that ¢(X,U) =0 and X(r) = 1.]
We therefore obtain:

T = (o4 P)(U) = 3 (0 + D)UY

To = (p + D)) = 5(p+ (U™’

1 1
Tuw = (p+ PV — 590 = (p — ).

Recall that the Hawking mass satisfies:

Oum = — 87TTQQ*2(8UT']I‘W — O0urTys)
Oym = 8112 Q™ 2(=0u 1Ty + 0y Toy).

Note that therefore

8rr2Q)—2

X(m) = SWTQQ_QTU/U — m

(U?0yrTyy — U 0prTyu)

=2mr2(p —p) + 2712 (p + p) = 4nr’p.  (5.21)

22This is equivalent to: Lp,U =0, where L;, i € {1,2,3} are the angular momentum vector fields.
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5.7.1 Cold static stars

We will first investigate static solutions describing “stars” of some fixed radius r = R at zero
temperature. That is to say. We make the following assumptions on our spherically symmetric
spacetime solutions to the Euler equations:

e M =R xR3,

e (M, g) is static. This means that there exists a timelike Killing vector field K, such that we
can decompose:
g= —e®dt? + gs

with K = %, g is a Riemannian metric on ¥ = {t = 0} and ® : ¥ — R. Together with the
spherical symmetry assumption, this means that we can write:

g=—e®dt®> + e Vdr? + 7“252,
with ®, ¥ : [0,00), — R. We will assume that K is future-directed.

e The fluid is at rest in (¢, 7,0, ¢) coordinates, so U points in the 9; direction and p,p do not
1

depend on t. By the condition g(U,U) = —1, this means that U = e~ 2%9;.
e p,p >0 and in the region {r > R}, p(r) = p(r) = 0.

e We will assume that p is a function of p. This is called a barotropic equation of state. For
general equations of state, p would be a function of p and the temperature T'. The barotropic
assumption may be motivated by the assumption that the temperature in zero; the star is
“cold” and no longer radiating.

e We assume that % >0. If % < 0 at some point z € M, then the static solution (u,p,p) =
(0,p, p) to the Euler equations would be unstable in the following heuristic sense: a small
increase in p at  would lead to a decrease in pressure, which would cause more fluid to flow
to x, which will cause p to increase further, etc. .

By Birkhoft’s theorem, the region > R must be isometric to a region in a Schwarzschild spacetime
with mass M, so ®(r) = ¥(r) = log (1 — QTM) for r > R. Furthermore, by (5.21), we obtain

R
M =m(R) = 47T/ p(r)r?dr > 0.
0

Furthermore, using that g(U,U) = —1, we must have that U = e 3%9,.
We can write the metric in double null coordinates by introducing u =t —r, and v =t + 7,
(t=3(u+v) and 7, = (v —u)), with

Indeed, then
g =e®(—dt? +dr?) + rzg = —ePdudv + rzg.

We have the following identities:
02 =e?

Oy = %(K + e%(q)"'\lj)X),
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Oy = %(K — e2(PH) x)

U=e 2%, +0,),

X =e 2(®tV) (9, — ,),
Opr = — Oyr = 16%({)_‘_\1’)

By definition of m, we therefore have that

m = 2(1 F4Q72(0,r) (D)) = = (1—€Y).

N3

Rearranging the above, we have that

eV =1-"—.
T

This implies in particular that m(r) < 5. This means that R > 2M. There can therefore exist no
static stars with radius R < 2M. We will see below that this lower bound can be sharpened.
[EXERCISE: We define E, the total energy of the fluid by integrating the matter energy density
Tgo, i.e. E = f{t:O} Too vV — det hdfdpdr, with h the induced metric on {¢ = 0}. Show that
M < E. Hence, the total energy of the star, M, is smaller than the energy of the matter, £. One
can interpret the difference E — M as the gravitational binding energy of the star.]
The Raychaudhuri equations (5.9) and (5.10), together with the above equations then give

(EXERCISE):
3 3
(1 _ 2m> ol ((1_ 2m> -
r dr r

We apply the Leibniz rule for differentiation to obtain:

d /m 1 2m\ d®

r

|

) = —dnr(p +p).

SO

The Euler equations give:
(p+p)UVU" = ~((g~ )" + U*U")V.p.
Using that U = e_%q)K, with K a Killing vector field and (Lxg)apy = VoK, + VKo =0, so
X(p) = (g7 XuVup = (g7 )" +UPUY) X, Vop = =(p+p)U° X"Vl = —(p+p)e” T KO X'V o(e 27 K),
=—(p+pe *K*X'V,K, = (p+pe *K*X"'V K,

— e X (g K) = Lo+ e Lie?)

2 2 dr
1 dd m + 4nr3p
= —§(P+p)% = —(P+p)m-
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The equations:

dm
dr
e m + 4mr3p
dr " r(r—2m)’
dp

%——(P‘HD)

= 471?p,

m —+ 4mrdp
r(r —2m)
are called the Tolman—Oppenheimer—Volkoff (TOV) equations of hydrostatic equilibrium.
Suppose now that the star has uniform density, so p(r) = po in » < R. Then m(r) = 4?’Tpor?’
and M = 4%poR:”7 SO
1
3P0 TP
r(r — 5 por)

dp
dr

We can solve this ODE as follows:

= —4m1"(po + p) (5.22)

/P(O) 1 R r
dp = 471'/ ——dr,
0 (po +p) (%Po er) o (1- S%Poﬂ)

which is equivalent to:

3 p(0) + & ) 3 ( 1 ) 3 3
log | ——3 ) — ——1log | = ) = ———log(3 — 8mpyR?) + — log 3,
200 (P(O) + po 200 °\3 4po 4 PoF") dpo 8

which we can rearrange to obtain:

00y = (1= Sm0) 0+ ) = (1-20) 7 )

1 oM\ 2
P(O):m <<1R) +1) Po-

Note that p(0) blows up if

SO

1
oM\ "2
3=(1-
(1-%)
or
1_,_2M
9 R’

which is satisfied if R = %M . Hence, the static solution is only well defined if R > %M : there can
be no static, cold, spherically symmetric stars with radius less or equal to %M . This is called the
Buchdahl inequality. There is no such upper bound in the Newtonian setting!

More generally, even if p is not constant in {r < R}, we can use the assumption that 3—7; >0,

together with the inequality ?T]: < 0 that follows from the TOV equations, to obtain % < 0 and
this can then be used to derive the following inequality:

) < 2 (1 mrtp(r) + T 5700

Evaluating the above inequality at » = R, where p(R) = 0, we similarly obtain R > %M .
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Figure 28: The Penrose diagram of a spherically symmetric static star.

5.7.2 Collapsing dust clouds

Now consider the spherically symmetric Einstein-dust model by taking p = 0 in Euler equations.
Let M = R x R3. Furthermore, assume that there exists a timelike curve v in Q, such that
r = r,(v) along v, with p(r) = po for r < ry(v), p(r) = 0 for r > r(v). We can think of r,(v)
as describing the boundary of a star. The region r > r,(v) must be isometric to a region in
Schwarzschild with mass some mass M > 0, by Birkhoff’s theorem. Since p is discontinuous, g will
not be a C? solution to the Einstein equations at the boundary of the star, but can nevertheless be
interpreted as a solution in a “weak sense” (multiplying the Einstein equations with a test function
and integrating over a spacetime region).

As our boundary condition, we will assume that «y is a spherically symmetric timelike geodesic in
Schwarzschild, since the Euler equations for dust imply that VU = 0 in the region of non-zero p,
so the integral curves of U are timelike geodesics. We will assume that 7,(0) = 0. Then must have
that 7. (7) — 0 in finite affine time 7.?* That is to say, there is no pressure to hold off gravitational
collapse of the dust cloud. Hence, the spacetime contains a subset of the Schwarzschild black hole
interior and therefore the black hole region BH = Q\ J~(ZT) # 0 is non-empty.

These spacetimes are called the Oppenheimer—Snyder spacetimes (OPPENHEIMER—SNYDER
1939).

Figure 29: The Penrose diagram of an Oppenheimer—Snyder spacetime with initial hypersurface
3.

Within the spherically symmetric dust model, the behaviour of spherically symmetric, homo-
geneous collapsing dust clouds is special. By considering instead a more general class of initial

23This follows from the timelike geodesic equation in Schwarzschild and the consideration of the potential V4 ()
with total angular momentum L = 0.
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data including inhomogeneous spherically symmetric dust (of compact support), Christodoulou
proved in 1984 that within this model, for an open subset of initial data (within spherical sym-
metry), T UA = 0 and BH = (. Nevertheless, the boundary dPD has a singular point O that
can be reached in finite affine time, where moreover p — co. Furthermore, observers moving along
{r = ro} exist for only finite time and outgoing null geodesics emanating from the centre I" get
infinitely red-shifted when they are intercepted by the observer at their final time of existence.
The singularity can be “seen” from far-away, in contrast with the singularity inside a black hole
region, which is hidden behind an event horizon. These types of spacetimes are therefore called
“naked singularities”.

Figure 30: The Christodoulou Einstein-dust naked singularities. The radius r has a non-zero limit
on CHF

It is fortuitous that the naked singularities of Christodoulou were only discovered decades after
the discovery of the Oppenheimer—Snyder spacetimes, since the later played a fundamental role in
developing intuition regarding black hole formation and trapped surfaces.

The existence of naked singularities in the spherically symmetric dust model can be attributed
to the highly idealized nature of the model and the singular nature of the Einstein—Euler equations
without pressure. Indeed, since p — oo, the assumption of p = 0 becomes questionable. One might
therefore hope that these kind of spacetimes will be entirely excluded by considering less singular
matter models. In this next section, we will see that this is, however, not the case.

5.8 The cosmic censorship conjectures

Christodolou’s naked singularities can be characterized from future null infinity as follows: consider
a sequence of ingoing, future-directed, affinely parametrized radial null geodesics ~,,, such that

'Yn(o) = (u07 Un),
FYn(O) = au|(uo,vn)7

with v, = 0o as n — oco. Let s}'P denote the supremum of the affine parameter s, along v,. In
the naked singularity spacetimes, there exists an S < oo such that s < S for all n. You can
interpreted this as the statement that “Z7" is future-null-geodesically incomplete”.

If we think of the corresponding spacetimes as arising from initial data on some Cauchy hyper-
surface X, there is no global existence in time of solutions to the Einstein—Euler equations. From
the perspective ZT, we cannot use the equations to predict what happens “for all times”.

In 1994, Christodoulou proved that naked singularities also exist for the spherically symmetric
Einstein—scalar field system, arising from initial data that are not smooth, but still sufficiently
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regular to have a well-posed initial value problem for the equations.?* The singular behaviour

at O, on the other hand, is too strong to extend the metric across it. In 2019, it was shown by
Shlapentokh-Rothman and Rodnianski that (non-spherically symmetric) naked singularities even
exist in vacuum.

Sometimes, the M < 0 Schwarzschild spacetimes or the M < e super-extremal Reissner—
Nordstrom spacetimes are called “naked singularities”. In these cases, however, the singularity
is already present at the level of initial data and does not form in the evolution of more regular
initial data.

N A
CHr .* Sr . N
. N .
. N .

. .
. N .
o . o
N

~o ~o

Dy W)

(a) A naked singularity solution to the spherically (b) A naked singularity solution to the spherically
symmetric Einstein-scalar field system with a null symmetric Einstein-scalar field system with a null
boundary CHr emanating from a singular point O boundary Sr emanating from a singular point O at
across which the metric can be extended in a suit- which » = 0 and the metric cannot be extended in a
ably regular manner. suitably regular manner.

Figure 31: Penrose diagrams of naked singularity solutions to the spherically symmetric Einstein-
scalar field system.

The weak cosmic censorship conjecture asserts that naked singularities are nevertheless “spe-
cial”.

Conjecture 5.18 (The weak cosmic censorship conjecture). Spacetimes arising from “generic”,
asymptotically flat, geodesically complete initial data to the Finstein equations coupled to a “reason-
able” matter model have a future-complete future null infinity (i.e. there are no naked singularities).

[EXERCISE: Find spacetimes arising from geodesically incomplete (characteristic) initial data
with a null infinity that is not future-null-geodesically complete. Hint: consider spacetime regions
in Minkowski arising from appropriate characteristic initial data to the spherically symmetric
Einstein-scalar field equations with a vanishing scalar field.|

We already encountered another failure in the predictability of the Einstein equations, namely
the lack of “global uniqueness” in the case of Reissner—Nordstrom spacetimes, which could be
thought of as arising from geodesically complete initial data, but nevertheless had Cauchy horizons
across which the spacetime could be extended smoothly in a highly non-unique manner. The strong
cosmic censorship conjecture asserts that there should generically be global uniqueness of solutions:

Conjecture 5.19 (The strong cosmic censorship conjecture). Spacetimes arising from “generic”,
geodesically complete initial data to the Einstein equations coupled to a “reasonable” matter model
are inextendible as “suitably reqular” solutions to the equations.

Despite what the naming suggests, the strong cosmic censorship conjecture does not imply the
weak cosmic censorship conjecture. Indeed, this is the case in the Einstein—scalar field singularities
of Christodoulou; see the Penrose diagrams in Figure 31.

24The existence of naked singularties arising from smooth initial data remains an open problem and the time of
writing of these notes.
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6 Kerr black hole spacetimes

We will now consider our first non-spherically symmetric black hole spacetimes: the Kerr black
holes spacetimes (KERR 1963). Just like in the Schwarzschild case, we start by defining the exterior
of the spacetimes, before extending into the black hole interior. In contrast with Schwarzschild, we
will not construct a global double null foliation (this is considerably harder on Kerr spacetimes!).
Since the existence of a global double null foliation is directly connected to the construction of a
Penrose diagram, we will, strictly speaking, not be able to draw the corresponding Penrose diagram.
Nevertheless, we will use “Penrose-like” diagrams to draw boundaries of different spacetime regions
schematically.

6.1 Kerr exterior

The Kerr exterior is the spacetime (Mext, gar,q). Here, Mexy = R X (r4,00) x S2. When a? < M?,
0 < r_ < ry are the roots of of the following polynomial:

A(r) == 1% = 2Mr + a?,

More explicitly,
re =M E/ M2 — a2

When a? > M?, we can take 7, := 0.

We take M > 0 and interpreted this parameter as the mass or energy of the spacetime and
a=J/M € R, with J the “angular momentum of the spacetime”.?> We will assume for now that
la] < M. Note that when a = 0, we recover the Schwarzschild metric.

The Kerr metric gy, is defined as follows:?°

sin? 0
2

r
A

A
IMa = — —5(dt — asin? 0dp)? + “—dr? + p*do* + (adt — (r* 4 a®)dy)?,
p

p*(r,0) := 1 4 a® cos? 0.

[EXERCISE: Check that the Kerr metric does not fit the definition of a spherically symmetric or
static spacetime.]

We say a Kerr spacetime is extremal if |a| = M, sub-extremal if |a| < M and super-extremal if
la| > M. Note that for |a| =M, ry =r_ = M.

Since (gar,a)uv are independent of ¢ and ¢, the vector fields T' := 0; and ® := J,, are Killing
vector fields. The vector field ® can be interpreted as the angular momentum vector field in the
z-direction. The Kerr metric is therefore said to be azisymmetric. The coordinates (¢,r,0, ) are
called Boyer—Lindquist coordinates.

Consider T" and note that
A a®sin’6 r2 —2Mr + a® — a®sin® 0 r2 —2Mr + a® cos? §

9,0 (T, T) = (9M,a)ee = —— =
(G81.0) p? p? p? p?

The above expression is non-negative when

ry <r <M+ M?—a?cos?6

25The notion of mass and angular momentum of a spacetime can be defined precisely in a very general setting at
the level of asymptotically flat initial data.

26Technically, we also have to complement (6, ¢) with another spherical coordinate chart to extend the metric to
the full sphere S2. Tt is a nice exercise to convince yourself that this is indeed the case, using the form of the metric
on {t = const.} N {r = const.}.
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The region {ry <r < M ++/M? — a?cos? 6} is called the ergoregion. Outside the ergoregion T is
timelike. The Kerr spacetime is said to be stationary since it admits a Killing vector field that is
timelike outside a bounded region in r. We will fix the time orientation by demanding T outside
the ergoregion to be timelike.

[EXERCISE: 1) Show that the vector field dt* is timelike everywhere and hence the level sets
{t = const.} are spacelike. 2) Show that ® is everywhere spacelike . 3) Show that the Killing vector
fields K and ® evaluated at any p € My span a timelike hyperplane in T, M and explain why
around every point p € My there exists a Killing vector field that is timelike in a neighbourhood

of p. ]

Figure 32: The ergoregion in a Kerr exterior spacetime restricted to a t-level set.

6.2 Kerr black hole interior

In this section, we will restrict to |a| < M.

Recall that in Schwarzschild, we could extend the spacetime across r = r, = 2M, into the black
hole exterior. One way doing this, was to consider ingoing (or outgoing) Eddington—Finkelstein
coordinates (v,r,0,¢). We then obtained:

A .
am = ——de2 + 2dvdr + r2g.
r
Note that Y = 0, is null so the integral curve to —Y is a null curve that points in the direction of

decreasing r.>"
[EXERCISE: Show that with respect to (¢,7) coordinates on Schwarzschild, we can express:

7,2
Y - —Zat + &»]

We would like to consider similar coordinates to ingoing Eddington—Finkelstein coordinates
(v,r) in Kerr with a # 0. The above choice of Y will no longer be null. However, we can consider
the following modification (which agrees with the Schwarzschild choice if a = 0):

7"2—|—a2 a
0+ 0r — {0

27 And the curve can be reparametrized to obtain an affinely parametrized null geodesic, which reaches r = r at
finite affine time.

Y =—
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Then

PPA%G(Y,Y) = p*[(r* + a®)?gu + 2a(r? + a®)grp + aPgpy] + p° A%gn
= (r?+a?)?(~A+a2sin2 0)+2a(r* +a?) (asin? A —a sin’ Ta%))+a?(—Aa*sin® 0+ (r2 a2 *sin 0)
+ (r* 4+ a® cos? 0)2A
= —A[(r* 4+ a®)? — 2a®sin? 0(r® 4 a®) 4 a*sin® 6 — (12 + a® cos? §)?]
= —A[(r? + a®)(r® 4 a® cos® ) — a®sin? O(r2 + a®(1 — sin? 0)) — (r® + a® cos? 0)?]
= —Ap*[r* +a® — a*sin® 0 — (r* + a® cos® 0)] = 0.

Since Y has a ¢-component, we need to change (t,7,¢) to (v,r, @) for an appropriate choice of v
and .. To ensure Y = 0, in these new coordinates, we moreover need Y (v) = Y (p,) = 0.

Define the tortoise coordinate r, as follows: r, : (ri,00) — R, with ddLT* = Tz% and define
v =1t+r,.%® Then clearly Y (v) = 0.
Similarly, let

oo a ,
* = -_ 2 .
%) % /T AG) dr’ mod 27

Then also Y (¢.) = 0. We refer to the coordinates (v,r, 0, p,) as Kerr-star coordinates or ingoing
Kerr coordinates. With respect to these coordinates, the Kerr metric takes the following form
(EXERCISE):

I = —p 2 (A — a®sin® @) dv® + 2dvdr — 4Marp~? sin® Odvdep, — 2asin’® Odrdyp, + p>d6?
+p 2((r* + a®)* — a®Asin® 0) sin® 0dep?.

[EXERCISE: Show that the inverse metric is given by:

Inte = a°p ?sin® 00, © 0, + p~*(r + a®)[0y @ Oy + 0, ® 0] + Ap~?0, © 0,
+ap 2[(Dy + 0r) ® Dy, + 0, @ (By + 0r)] + p 209 @ O + (sin?0) 710, @ 9y, ].

Hint: Put the matrix corresponding to gar, in (¢,7,6,¢) coordinates in block-diagonal form by
grouping (r,0) and (t, ¢) together.]

From the above expression, it follows in particular that the level sets {v = const.} are not null
hypersurfaces when a # 0.

Since the metric is not singular when 0 < r < r,, we can extend the manifold Mgy =
Ry X (r4,00), X Sz#,* to obtain M =R, x (0,00), X 837% and extend gy, analytically to M.

We denote

M= {r =2},

C";'-LJLr ={r=r_}

These level sets are null hypersurfaces. We will refer to ’H; as the right future event horizon and
C’Hz as the left future inner horizon.

281t can be shown that r. takes the following form:

M? r—r_
e =17 — 0 10g(T—T+)+M10gA+CO la] < M,
202

r—M

Ty =T —

+ MlogA+cy |al=M

with ¢g € R a constant.
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In the region {r_ < r < r;}, we moreover can revert “back” to Boyer—Lindquist-like coordi-
nates, by defining t =v —r, and ¢ = p, + f:o ﬁ dr’ mod 2.
Since the Kerr metric is invariant under the reflection map (¢, ¢) — (—t, —p), we can carry out

similar procedure in the region {r_ < r < r;} with the following null vector field:

~ r2 -+ a2 a
Y = Oy + 0r + —0,,
A t + + A ©
which motivates the coordinate changes u =t — r, and @, = ¢ + f:o A‘Zi,) dr’ mod 2. This
allows us to further extend the manifold to obtain M = R, x (0,00), x Sg)@. We define Mvcxt =
M n {'I" > T+}.
In analogy with before, the following level sets are null hypersurfaces:
HZ = {T = ’I“+},
CHL={r=r_},

which we will call the left future event horizon and right inner horizon, respectively. When |a| = M,
ry =7_,s0 H} and CH}, coincide.

Note that we can also introduce (u,r, 6, @,) coordinates in Myt to define the left/right past
event horizons Hy p and the right/left past inner horizons CHpy, .

Figure 33: The integral curves of —Y and —Y and the extensions of Mex;.

We denote
BH =M \ Mext-

and refer to it as the black hole region. Since we do not have a Penrose diagram and we have not
defined Z7, it is not immediate that that BH N J ™ (Mexs) = 0.

Our choice of time-orientation implies that —Y is future directed. Indeed, this guarantees that
—g(T,Y) = —2 < 0, which is consistent with 7" being a future-directed, timelike vector field outside
the ergoregion, as we imposed.

Proposition 6.1. H; is a null hypersurface, with the null tangent vector field K = 0, + w40,,,
where wy = —z4—. The vector field K is called the Hawking vector field and the constant w. is
+

called the angular velocity of the black hole.

Proof. First since K does not have an r-component, it is tangent to 7—[;. Note furthermore that

g(K, K)|H; = Guo + 204 Gop. + W2 Go. . gt = p?sin®0 [a® — dMariw, + (17 + a®)*w?].

R
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So, using that 2Mr, = ri + a?, we have that g(K, K) = 0 if and only if

_ _ _1\2
0=w? —2a(r] +a®) 'wy +a*(rl +a*)7% = (wy —a(ri +a°)7 ).

Hence g(K, K) = 0 if we take wy = a(r? + a?)~!.

To conclude that HE is a null hypersurface, we need to show that g(K, X) for every vector
field X tangent to H ;. We immediately have that g(K,d) = 0. Furthermore,

g(K7 a@* )

Hh = Gup. + a(r? +a®) ' gp.p. = p~?sin® O[-2Mary + a(r? + a2)]|H; =0.

O
[EXERCISE: Show that CH] is a null hypersurface and find a null vector field that is tangent

to CH} ]
[EXERCISE: Show that ¢y := ¢ — w,t is constant along the integral curves of K and is

well-defined on H},.]
T4 —T—

[EXERCISE: Show that VKK|H§ = /§+K|H;, with ki = F55=]

Proposition 6.2. BH N J (M) = 0.

Proof. Suppose that BH N J ™ (Meyxt) # 0. Then there exist a future-directed causal curve 7 :
[0,2] — M, such that v(0) € BH \ HE, 7(2) € Mex and p = (1) € HE.
Denote w = 4(1). It will be useful to expand:

w=w"Y, + w K, + w0, + 0?9, |,

Since v is future-directed, 0 < g, (Y}, w). By causality of v we moreover have that:

0> g(w,w) = gy(w"Y, + (w = w"Y,),w" Yy + (w - w"Y))

= (W Pg5t75, V) +2w" gp(Vy, w)— (wDgstYe ) + (W) 990 (p) + (WP ) gp. . (p) > 2 gp(Vp, w) w .
>0

Hence, we need w¥ < 0, which implies that 7(1) < 0. However, since 7y is entering Moy from
BH, we need to have (1) > 0, which is a contradiction.
We conclude that BH N J~ (M) = 0. O

An observer in the black hole region BH can therefore not travel to Meyg, or send signals to
Mext~

[EXERCISE: Show that for |a| < M, there exists an € > 0 such that K is timelike in the
region {ry < r < (1+ €)ry}. Is this also true for |a| = M? Show that integral curves of K in
{r < (1+4¢€)r;} rotate at an angular velocity w_ with respect to observers represented by integral
curves of T outside the ergoregion. Since K is tangent to HE, the boundary of the black hole
region, we say that the black hole itself rotates at an angular velocity w .]
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6.3 Kruskal-like coordinates and global hyperbolicity

We will show that null hypersurfaces HJPE and H}f actually intersect. This will result in a global
understanding of the Kerr geometry in terms of Kruskal-like coordinates (U, V). In contrast with
Schwarzschild and Reissner—Nordstrom, U- and V-level sets are not going to be null hypersurfaces.

Recall, v =t + 7. and u = ¢t —r,. We restrict to sub-extremal Kerr (|a| < M) and we introduce
Kruskal-like rescaled coordinates:

U:=—e "t
V= et
with k4 the surface gravity of HJIQ, in analogy with the Kruskal-like coordinates on Reissner—

Nordstrom.
We recall moreover the modified azimuthal angular coordinate ¢ :

a
Yr =@ — w4t monW:gp—mt mod 27,

which is conserved along the integral curves of the Hawking vector field K.

Proposition 6.3. Let |a| < M. The coordinates (U,V,0, ¢4 cover® (MN{r > r_})UMn{r >
r_}) and the components of g, are analytic in U,V, 8, . Furthermore:
My ={U <0,V > 0},
Mn{r>r_}={U >0,V >0},
Mex = {U >0,V <0},
Mn{r>r_}={U<0,V <0},

We can extend garq further to {U < 0,V < 0}, including the bifurcation sphere {U =0, V = 0}
and we denote the extension by Mirs = {(U,V,0,04) | (U, V) € R?, (0, ¢) € S*}.

Proof. (Sketch) The proof relies on two main observations.
1. With respect to (u,v,0,¢4):
(gM,a)uu = (g]\/[,a)vv = G,2A2h1(’f‘, Sin2 9),
(gM,a)w+ = (9M7a>ugo+ = azAhQ(r, sin” 0),

(gM,a)uv - Ahfﬁ(r; SiH2 9)3

with hq, ho, hs analytic functions that are well-defined for r € (r_,c0) and hs is non-
vanishing.

2. We can express:
—UV =207 = e = Ak(r),

with & a non-vanishing, analytic function on (r_, co).

Then we can analytically extend the function (U, V') and the components of g, from the region
Mexi = {U <0,V > 0} to the extensions of Mey. Since analytic extensions are unique, gas,q in
Mxrus \ {U =0, V = 0} must agree with the analytically extended gps obtained by switching to
Kerr-star coordinates.

29 At least away from the usual breakdown of spherical coordinates at a meridian connecting the north and south
poles of the sphere S2.
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To extend across ”Hf p after changing coordinates, the factor A in guy, gup, and gy, is
important. Similarly, the factor A2 in g,, and g, is important.
To determine the range of U and V, we observe that we can express in the region r_ < r < ry:

U= _e—n+(v—2r*)

and r, € R, so as we approach C"HJLF, U — oo. Similarly, as we approach C?—[;, V — co. We
similarly have U,V — —oo as we approach the time inverses CHy and CH |, respectively. O

Proposition 6.4. The hypersurface & = {U +V = 0} is spacelike and is a Cauchy hypersurface
f07" (MKrusng,a)-

Proof. EXERCISE. Hint: To prove the Cauchy surface property, you could consider a past-directed
and past-inextendible causal curve ¥(s), with s the proper time, and investigate the sign of %(U—I—

V)(v(s))- N

6.4 Dynamics of null geodesics

We will investigate the behaviour of future-directed null geodesics on Kerr black hole exteriors
(Mext, grm,a). We proceed as in Schwarzschild by writing out the equation g(¥,%) = 0:

2 .
0=gma(¥,79) = —Ap~2(t — asin? 0p)% + sin? 0p2(at — (r* + a®)p)% + % 2 4 202, (6.1)

Using the Killing property of T' = 0, and ® = 0, we identify the following conserved quantities
along ~:

E=—gmo¥T) = —gut — GroP = p2 [A — a?sin® 9] i +asin?9p2 [T2 +a® — A} &,

L =g01,0(5, ®) = gppp + gipl = sin® Op~2 [(r* +a%)? —a® sin? OA] o — asin? §p~2 [r? +a® — A] L.
We interpret E as the energy of v according to integral curves of T' and L as the z-component of
the angular momentum of . Note that FE can in principle be non-positive if =y is restricted to the

ergoregion (and integral curves of T' are not timelike).
We can write these equations as the following single matrix equation:

oA p 2
<L> =4 (p2 sin? 9@,)

with A a 222 matrix that is defined as follows:

Ao A — a?sin? 6 a(r? +a? — A) ( p*—2Mr 2Mra
T \—asin? (2 +a® - A) (12 +a?)? —a?sin?0A) — \—2Marsin?0  (r? +a?)p? + 2Mra®sin®0)

Then
det A = p*(r? 4+ a®) + 2Mra? sin® 0p* — 2Mr(r® 4 a?)p* = p*(r® 4+ a® — 2M7r) = p*A.
Therefore
A1 p~H(r* + a?)2A~ —a?sin?0) —p~ta((r® + a®)ATT - 1)

— \ ptasin? O((r?> + a®) A~ = 1) p~ 41 —a?sin? A1)

and
p*t =a(L — Easin®0) + A~1(r? + a®)(E(r* 4+ a®) — aL),
p’sin?p = — Easin® 0 + L + A asin? 0(E(r? + a?) — aL).

In contrast with the Schwarzschild case, we cannot simply assume without loss of generality
that 0 = 7. Instead, we will make use of the existence of an additional, hidden, conserved quantity:
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Lemma 6.5. Let v be an affinely parametrized null geodesic and define

Q= p492 + - — a’E? cos? 6.
sin“ 6
Then
2 Q(s) =0
ds -
Furthermore,
Q+d*E? > I°.

The quantity @ is called Carter’s constant.

The existence of the conserved quantity @ is related to the existence of a Killing tensor K €
T2 (M), which is a symmetric tensor field that satisfies the following generalization of the
equation satisfied by a Killing vector field: V(, K, ) = 0.

[EXERCISE: Show that for v an affinely parametrized geodesic, < (IC,,(v(s))7" (s)¥7(s)) = 0.]

Using the above lemma, we obtain the following additional equation:

L2 I — E.Qoz
P S S 2.

40'2
)
sin” 6 sin“ 0

0
We plug the equations for i, ¢ and p*0? in terms of E, L, Q, into (6.1) to obtain:

0= p*i? — A%(f — asin® 0p)? + sin 0A(af — (12 4 a?)@)? + p* Ah?
= p'* = p H(E(? + a®) — aL)p?)?
+sin?0Ap~*(a*(L — Easin®6) — Ea(r? + a®) + L(r? + a?)(sin? §) 71)?
(L — aFEsin®#)? >
sin? @
= M2 — (B(r? + d®) — aL)? + Ap~*sin? 0((L — Easin?0)(r? + a*)p*(sin? ) 1)?
(L — aFEsin®#)? >

+A <Q+a2E2 —2aFL —

sin”
— p%2 — (BE(r® + a®) —aL)® + A (Q + a®E® — 2¢EL)
= p'i? = B2 (r* + a®)® + AMaELr — o®L* + A(Q + a®E?),

+ A <Q+a2E2 — 2aEL —

Hence,
p* 2 2
(T2 + a2)27.“ =FE" - ‘/O(T;E7LaQ)7
1
Vo(r; E,L,Q) := CEwaR [AMaELr — a*L* + A(Q + o®E?)]

Now we can analyze the dynamics of null geodesics by determining the existence and location
of maxima/minima of the potential Vj, just like in Schwarzschild. Recall that in Schwarzschild,
for = Z, we obtain Q = L? and we can write Vo(r; L) = r—*L?A.

Proposition 6.6. The potential function Vg : (ry,00) — R either:
® iS5 NON-INCreasing,

e has a unique critical point r4 < ryax that corresponds to a global mazimum, or
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e has exactly two critical points ry < rypin < rmax that correspond to a local minimum at ryin
and a local mazimum at rpax.

Proof. To determine the critical points of Vj, we compute:

d 1

[— e [ _ 272 2 2 2 2 N 2 2
dTVo(r) R [—4r(A4MarEL — o®L* + A(Q 4 a®E®)) + (r* + a®)(4MaEL + 2(r — M)(Q + a*E?))]
1 2, 2 272 272\/,.3 2, 2 2
:m [AMaEL(—3r* + a*) + 4ra®L* — 2(Q + a*E®)(r® — 3Mr® + a’r + Ma?)] .

We will investigate first the critical points of (r? + a2)3ddlr°(r). We have that:

di((r2 + a2)3%(r)) = —24MaELr + 4a*L* — 2(Q + a*E?)(3r* — 6M7r + a?)
r r

= —6(Q + a’E?) [7‘2 —2M(1 —26)r + %2(1 —2p)

where we introduced the variables ¢ = FL(Q + a?E?)~! and u = L?(Q + a?E?)~. The critical
points of (r? + a®)*42(r) correspond to the roots of the above quadratic polynomial:

a?

r2=M(1-2§)F \/MQl—Qf) (1—2M)

We now distinguish two cases:

Case I: £ >0 Since 1 < M(1—2¢) < M < ry (with equality iff |a] = M), we have that the
only possible critical point in (ry,00) is 7.

Case II: ¢ <0 In this case, we can express:

B a2 1-2u
rlM(12§)[1\/l ven 26)]

a®> 1-2u < a
3M?2 (1 -2£)2 ~ 3M?
where we used that £ <0, 4 >0 and |a] < M.
Let 0 <z < % Then we use that

2
T 4 2
l—-z>1—-2—=(1— = =(1-—=
T T 3( 33c> ( 3:5),

to obtain /1 —x >1— %x and therefore

Note that

2 a> 1-2u 2021 —2u ﬁ
33M2( —2¢)? 9M1—2§

< M(1—26)2 <§

So in Case II, we also conclude that (r? 4 a?)* 4 Vo (r)

Since Q + a?E? > 0, we have that

has at most one critical point, rs, in (14, c0).

lim (2 + aQ)B%(T) = — 0.

r—00

This implies the following properties.
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Vo(r) has at most two critical points. Indeed, suppose there are > 3 critical points. Then
(r? + a?)* 9% (r) must have at least 3 zeroes and hence, at least two critical point, which is
in contradiction with the existence of at most one critical point, 7.

Suppose that Vo(r) has no critical points. Then (r? + a2)3%(r) must have a constant sign.

By lim, o0 (r? + a?)3 42 (r) = —oo, this sign must be negative.

Suppose that Vy(r) has exactly one critical point. By the limiting property of (r?+a )3 Vo (),
it must be a maximum.

Suppose that Vy(r) has exactly two critical points. By the limiting property of (r? +
0L2)3%(r)7 the critical point with the largest r-value must be a local maximum. The other
critical point cannot be a maximum, since then there would have to be a third critical point
in between, which would contradict the existence of exactly two critical points. Similarly,
the other critical point cannot be a saddle point, because then it would be a critical point
and a zero of (r? +a?)3 4/ 4% - However, since (12 +a )3 4x 4% must also be zero at the maximum
of Vp, it would have another critical point between the maximum and saddle points of Vj,
which contradicts the existence of at most one critical point for (r? + a )3 Do Hence, V, in
this case has a local minimum and a local maximum. O

The possible existence of a minimum for Vp(r) might suggest the existence of trapped null
geodesics that are stable under small perturbations of their initial data in phase space. The
proposition below demonstrates that this is not the case: trapped null geodesics are also unstable
in Kerr.

The following conserved quantity will play an important role:

a a a
FE = — a.7k = — a '7T — | =F— ——L=F— L=F— L.
K 9Ma(Y; K) IM, (’Y + 12 +a? ) r? + a2 @

At ‘HT, where K is causal and future-directed, we must have that Fx > 0 and we can interpret
Ex as the energy of 4 as measured by observers rotating with the black hole.

Proposition 6.7. We have that
E2 2 %(Tmin)

with equality if and only if Ex = 0 and ryy, = r4, which can only occur when the Kerr black hole
is extremal. In particular, if Ex # 0 or rmim # 14, then there are no trapped null geodesics at
T = Tmin-

If aEx L < 0, then %(m.) > 0 and Vo(r) has exactly one critical point: a mazimum at rmax-

Proof. We first compute, using that r3 + a® — 2Mr, = 0:

1
+
E*(r? +a?)? — 4MaELry +a®L?>  (2MEr, —aL\” 2
- GRS “\Uare ) T

Hence, if Ex # 0, then
E% > Vo(ry) > Vo(rmin)-

If Pmin # 74, then E2 > Vo(ry) > Vo(rmin)-
Note moreover that
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2 dV{ dA
(r2 + a2)3d7°(r+) = —4ry (r2 +a®)Vo(ry) + (r2 4 a®)(4MaEL + - (@+ a’E?))

= —4r, (4Mar,EL — a®L?) + 8MaELr, +2(Q + aQEQ)(m_ +a?®)(ry — M)
= —8MriaExL+2(Q + a®E?)(r} + a®)(ry — M).
Hence, we can only have r; = 7y, and E? — Vo(ry) = 0 if Q + a®?E? = 0 or . = M, the latter
which is equivalent to |a| = M. Note however that since Q* + a?E? > L2, the first case implies

that L2 = Q? + a?E? =0, so Vp = 0 and there does not exist a rmin
The above computation implies moreover that in the case aEx L < 0:

dV;
d: (ry) >2(Q+d®E*)(r2 +a*)%(ry — M) > 0.
We cannot have the existence of rpy;,, since that would require %(m) <0. O

Remark 6.1. The above argument also excludes the existence of trapped null geodesics with non-

constant (oscillating) r-values (r bounded below and above). [EXERCISE: Convince yourself of
this.]

[EXERCISE: Suppose that E < 0. Show that a future-directed affinely parametrized null
geodesic 7 in Meyy must intersect the future event horizon ’H+ Hint: Use that v must remain in
the ergoregion. Then suppose there exists a future-directed null geodesic with £ < 0 approaching
T = rmax asymptotically. Use that the geodesic can be perturbed by slightly changing (E, L, Q) to
obtain £ < 0 and E? > Vj(rmax) or E? > Vy(rmax) and use this to reach a contradiction. ]

The presence of an ergoregion allows one to “extract energy” from a black hole. We will first
explore this in a heuristic setting. Let v be a future-directed causal geodesic with energy F
and angular momentum L that enters a Kerr black hole with mass M; and angular momentum
J; = a;M;. We will assume that this dynamical process leads to a black hole that settles down
to another Kerr black hole with mass M; and angular momentum J¢, where My = M; + F and
Jy = J;+L. Since E can be negative, the energy or mass of the black hole can decrease. Extracting
this energy difference is known as the Penrose process.
Since « intersects H', we must have that Exr = E — w, L > 0. This implies that:

1 1 1 M7, 1
Jp—Ji=L=—(E—Ex)=—(M;—M;)— —E M;— M)~ —E
f w+( K) w+( f ) o, Pk = (M ) o, K
— ( 7 +J 7 J?, ) (Mf _ Ml) _ EK,

% w4

where we plugged in the expression for wy and ry with respect to M; and J;, assuming that
E <« M; and L <« J;. We can use this inequality to derive properties of the so-called irreducible
mass M., which is defined as follows:

My (M, J) = \/;(M2 + /M= J2).

By applying Taylor’s theorem, we can obtain

2 2 a]\4121r1r 8‘]\4i2rr 2 2
(Mig,) s — (M, )i = WIM:Afi,J:Ji(Mf—Mi)+ 57 |M=n1;,0=0,(My—M;)(Jp—Ji)+O(E7)+O(L7)
J; 2M;(M? + —J?)

— _ A _ 2 —272
RN, Ji (My = M;) = (Jy = Ji) | + O(E") + O(M;"L7)
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i M?
J Ex + O(E?) + O(M;?L?) = i+ = Ex + O(E?) + O(M; L?).

> 2 B s S
T 2yM— Jlwy 2/ MY —J;

Since EM; ' < 1 and LM, ? < 1, the right hand side above is positive if M; ' Ex > M;?E? +
M{4L2. In this case, M;,, is increasing as consequence of this dynamical process.
The name “irreducible mass” comes from the following inequality:
Mi%r:%(MQ_F M4_‘]2)SM27
so the mass M must be bounded below by M;,,. The Penrose process cannot lead to a decrease in
black hole mass below M, (M;, J;).

The concept of irreducible mass was introduced by Christodoulou in his PhD thesis and it
played an important role in the development of black hole thermodynamics, where M?2_ can be
interpreted as a non-decreasing entropy of the Kerr black hole.

[EXERCISE: Show that the area A of the spheres of intersection of T and {v = const.} satisfies
A=16mM2 ]

The phenomenon of superradiance is also related to the ability to extract energy from a black
hole. Consider solutions ¢ to the wave equation on a (sub)-extremal Kerr background O,,, . ¢ =0,
such that that ¢ vanishes at the past event horizon H; and has energy equal to 1 at 7. The energy
at I;g (that does not escape to the black hole) can then be bigger than 1: there can be an energy
amplification caused by the presence of a black hole. If we study this process in frequency space by
taking a Fourier transform of the solution to the wave equation and decomposing ® = 3", ¢,
where ®(¢,,) = imao,,, we will see that only the following frequency range can lead to an energy
increase:

0 < amw < awym?.

These are called superradiant frequencies.
The phenomenon of superradiance is intimately connected to the behaviour of null geodesics.
At the level of null geodesics, the superradiance frequency regime corresponds to the condition:

a?l?

L-FE
0<a <2Mr+

= a(,U+L2.

We will refer to null geodesics satisfying this condition as “superradiant null geodesics”. For null
geodesics with £ > 0, this amounts to the condition that the geodesic is rotating in the same
direction as the black hole and Ex < 0. This implies in particular that the geodesic cannot cross
”HE, where necessarily Ex > 0, since K and  are causal and future-directed at 7—[;.

The following proposition shows that superadiant null geodesics cannot be (unstably) trapped in
sub-extremal black hole exteriors. At the level of the wave equation, this is crucial for establishing
decay of waves on Kerr black hole backgrounds and, ultimately, the conjectured (as of the writing
of these notes) stability of all sub-extremal Kerr black holes under suitably small initial data
perturbations.

Proposition 6.8. Let v be a superradiant null geodesic on a sub-extremal Kerr black hole. Then
7 cannot be trapped, i.e. Vo(rmax) — E? > 0.

Proof. We may assume without loss of generality that a > 0, so a < M. We have that aExL < 0

so by the previous proposition, V has exactly one critical point, a maximum rp,. Denote A :=
Q + a>E?. We will consider three cases: 1) Ex < VA, 1) E? < €A and I1I) Ex > evA and
E? > €A, for some suitably small € > 0.
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Case I: Ex < ey/A By the proof of the above proposition
E? —Vy(ry) = F% < A,

We also showed that
0

dr
Hence, there exists a 0 < €2 < § such that
Vo(ry (14 6)) — E? > (26 — é})A.

so in particular, Vo (rmax) — E? > (20 — €?)A.

(ry) > 2A(r% +a®) 2 (rp — M) > 4r]'A

Case II: E? < eA Asr — oo, we have in this case (using that L? < A and E? < eA):
Vo(r) — E* = Ar~? — E> + AO(r%).
Hence, there exists a R > r suitably large and an € > 0 suitably small such that
1 1
Vo(R) — E? > iAR*Q - E?> (5 —e)ARZ

We conclude also in this case that Vo(rmax) — B2 > Vo(R) — B2 > (% — e) ARZ.

Case IIT: By > ev/A and B2 > €A Let ro = 524 Since 0 < BL < 53— L2(1 — &|L|~1V/A),
we can estimate

To (1 - 62)_1T+ > T4.

1
>ry— 2>
i —er WA~
Furthermore, it can be shown that (EXERCISE):

A(rg) a’L? _ - A(ro)

— E? = A— 1+ 2Mrt 2p2 >~ (M —a)A

Vo(ro) 2 + a2)2 4M2( +2Mry" +a’rg”) | = 4M(r%+a2)2( a)

where we used that L? < A and 14+2Mr~'+a?r=2 < 14+2Ma ' +aa™? =2(1+ &) = 4282
Hence, Vo (Tmax) — E? > Vo(rg) — E? > bA, for some b > 0. O
EXERCISES:

1. Show that trapped null geodesics that are orthogonal to the integral curves of ® must lie
outside the ergoregion. [Hint: Show that % > 0 in the ergoregion.]

2. Show that in the extremal case, these null geodesics are located at r = (1 4 v/2)M. The
hypersurface {r = (1 + v/2)M} therefore serves as an effective photon sphere in this case.

3. (x) Let b = % be the impact parameter associated to an untrapped null geodesic that

does not cross the event horizon. Show that b, = infg g %l is larger when aL. < 0 than
when aL > 0. [Hint: Show and use that E? < Vj(rmax), with Vg attaining its maximum
at Tmax > 74.] Explain why a far-away observer on the equatorial plane (6 = %) will see a
shadow that “bulges outwards” in one direction when looking at a rotating black hole with
a uniformly distributed shell of stars surrounding both the observer and black hole, when
compared to a round spherical shadow. On which side of the black hole will the shadow
bulge outwards? You may use that, as in the Schwarzschild case, b, can be related to the

size of the shadow in the equatorial plane .

We will not discuss in detail the dynamics of timelike geodesics, but it can be shown that,
just like in Schwarzschild, there exist stable orbits around Kerr black holes. In contrast with

Schwarzschild, these can occur at r-values arbitrarily close to » = for 1 — % suitably small.
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7 Asymptotic flatness

Throughout the lectures, we have used the term “asymptotically flat” in a rather vague sense. In
particular, we referred to the Kerr and Reissner-Nordstrom spacetime families as being asymp-
totically flat. We will now give a precise definition of asymptotic flatness at the level of spacelike
hypersurfaces that we can also interpret as “initial data hypersurfaces”. We will then use this to
state some important propositions and theorems without proof.

First, we need to define the notion of extrinsic curvature:

Definition 7.1. Let (M, g) be a spacetime with a spacelike hypersurface .. Let N € T (M) be (an
extension) of the future-directed normal vector field to . The extrinsic curvature or the second
fundamental form of ¥ is the tensor field k € T2 (X) defined as follows: let X,Y € T(X), then

E(X,Y):=g(VxN,Y)|s.

[EXERCISE: 1) Show that k is symmetric. 2) Show that we can express k(X,Y) = 2(Lng)(X,Y)
for X,Y € T(%).]

Definition 7.2. Let (M, g) be an 4-dimensional spacetime with a spacelike hypersurface ¥ and
corresponding induced metric g. The hypersurface ¥ is said to have an asymptotically flat end if
there exists an open subset Yoy C X, such that:

1. Yex is diffeomorphic to R? \ Br(0), with Br(0) the closed ball of radius R centred around

0 € R3.
2. There exists a coordinate chart (z1, 2%, %) on Yex, such that with respect to this coordinate
chart:
Gij = 0ij +02(r™),
k‘,‘j = 01(’[‘70‘71),
forR> a > %, with 0;; the Kronecker delta. Here the “Little-o” notation og(r—®) groups

functions f : Yexs — R that satisfy for I € N3, |I| = k:

. I1 a2 oI
Jim sup 100303 flos, 0] =0

for 1 i= /@ P+ @P + @)

We say ¥ is a one-ended asymptotically flat hypersurface (-with-boundary) if ¥\ Zext is compact.

7.1 Conservation of the total energy-momentum

With the notion of asymptotic flatness, we can define the following notions of total energy, linear
momentum and angular momentum associated to a one-ended asymptotically flat hypersurface:

Proposition 7.1. Let X be one-ended asymptotically flat hypersurface, with induced metric g and
second fundamental form k. Let (z*,2%,23) be a global coordinate chart with respect tot which
asymptotic flatness is defined.

(i) Then the ADM energy®’ E € R and ADM linear momentum P € R? are defined as follows:
3

1
E:=— lim (905G jm — OmG,;;)n™ r’do,
167 r—oo 0B..(0) j,;l J93 JJ

30The acronym “ADM?” stands for Arnowitt—Deser—Misner.
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1 ;
P = - 3r Tg&l) Z ij — Gij trk)n’ r2do,

with r? = 22 + y% + 22, do = sin0dOdy the standard volume form on the unit round sphere
in R, n= (22,222 )T the outward unit normal to OB,.(0) in R3.

The quantities E and P; are finite and independent of the choice of coordinate chart (z!, 22, 23)
corresponding to asymptotic flatness.

(ii) If we make the stronger assumptions:

2M
Gij = (1 + T) 8ij + Oa(r=17°),
k‘ij = 01(7”_2_6),

for some € > 0,°! then P =0, E = M and the ADM angular momentum J € R? associated
to X is determined by the following well-defined expressions:

3
1 )
J; == —— lim / g €ijm(Kmn — Gn trk)z/n" r2do,
9B,.(0 !

” )jmn 1

with e”k the Levi-Civita symbol. The quantity J is independent of the choice of coordinate
2

chart (xz', 22, 23) corresponding to asymptotic flatness
By considering appropriate coordinates in the Kerr black hole exterior, it can be shown that
E =M and J = aM(0,0,1)T, with M,a the Kerr parameters. Furthermore, by making the
following global assumption: there exists a coordinate chart (¢, 2!, 2%, x3) such that

uv = Myy + 02(7"70[)7

with a > % and my, the Minkowski metric components with respect to Cartesian coordinates, it
can be shown that the quantities E and P are also independent of the precise choice of hypersurface
3:: they are conserved quantities. With respect to a suitable choice of time function, the same can
be shown for J.

7.2 Black hole uniqueness theorems

In this section, we will state the black hole uniqueness theorems, which roughly state that asymp-
totically flat, stationary black hole spacetimes must be isometric to members of the Kerr family.
To state these theorems more precisely, we first need a suitable notion of stationarity.

Definition 7.3. A spacetime (M, g) with a one-ended asymptotically flat hypersurface ¥ is sta-
tionary if there exists a Killing vector field T, which is timelike on Yexy and complete (i.e. the
domain of its integral curves is R).

Let R X Yy € M be the spacetime region obtained by flowing along the integral curves of
T, starting from Yey. We will use this definition (in place of future null infinity), to define the
domain of outer commutations and the black hole region.

31Here we apphed the “Big-O notation” Og(r~%), to group functions f : 3ext — R satisfying
rothk SUPy B, (0) |o” 169528 3 flaB, (0] < Ck for some constant Cj, > 0 and I € N3, |I| = k.
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Definition 7.4. We define the domain of outer communications My as follows:
Mgt = TT(R X Zeyt) N T (R X Bet)-

Then the black hole region BH,? the future event horizon Ht and the past event horizon H ™~ as
defined as follows:

BH = I+(R X Vext) \ Mext,
HE = OMexe NTE(R X Beyy).

It can be shown that H* are null hypersurfaces, so they are foliated by non-intersecting null
geodesics, the “null generators” of H™T.

It (R X Zext)

BH

I™(R X Zext)

Figure 34: An picture of the objects introduced in Definition 7.4 in a Penrose diagram of sub-
extremal Reissner—Nordstrom.

Finally, we define the notion of azisymmetry of a spacetime.

Definition 7.5. A spacetime (M, g) is axisymmetric if there exists a Killing vector field ® with
periodic integral curves and an axis of rotation, which is a two-dimensional, totally geodesic sub-
manifold*® of M at which ® vanishes.

Now we obtain the following rigidity theorem for stationary, axisymmetric vacuum spacetimes:

Theorem 7.2 (CARTER 1971, CHRUSCIEL-C0STA 2008, CHRUSCIEL-NGUYEN 2010). Let (M, g)
be a stationary and azxisymmetric spacetime solution to Ric[g] = 0 with a one-ended asymptotically
flat hypersurface 3. Assume additionally that

o My is globally hyperbolic,
e HT is connected,

o If HT #0, then 0¥ C HT and 0% intersects each null generator of H' exactly once,

32The white hole region can be defined analogously as I~ (R X Zext) \ Mext-
33This means: every geodesic that is initially tangent to the submanifold, stays tangent to the submanifold.

90



Then Myt is isometric to the domain of outer communications of a Kerr spacetime with |a|] < M
(if HT #0) or to the Minkowski spacetime (if HT =0).

One can remove the axisymmetry assumption, but this comes at a high cost: the restriction to
analytic spacetimes.

Theorem 7.3 (HAWKING 1972, CHRUSCIEL-CosTA 2008, CHRUSCIEL-NGUYEN 2010). Let
(M, g) be a stationary and analytic spacetime solution to Ric[g] = 0 with a one-ended asymptot-
ically flat hypersurface . Assume additionally that

o My is globally hyperbolic,
e HT is connected,
o IfHT #0, then 0¥ C HT and 0% intersects each null generator of H' exactly once,

Then Moy, is isometric to the domain of outer communications of a Kerr spacetime with |a| < M

(if HT # 0) or to the Minkowski spacetime (if Ht =0).

It remains an open problem whether the analyticity assumption can be removed in the above
problem!
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