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Abstract

We derive population dynamics from finite cooperative games with trans-

ferable utility, where the players are interpreted as types of individuals. We

show that any asymptotically stable population profile is characterized by

a coalition: while the types in the coalition have the same positive share,

the other types vanish. The average productivity of such a stable coalition

must be greater than the average productivity of any proper sub- or super-

coalition. In simple monotonic games, this means that exactly the minimal

winning coalitions are stable. Possible applications are the analysis of the

organizational structure of businesses or the population constitution of eu-

social species.
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1 Introduction

For a long time, non-cooperative game theory has employed the evolution-

ary approach to model the behavior of boundedly rational agents and to

analyze the relation between the stable outcomes of the dynamical process

generated by their repeated interaction and the common static solution

concept of Nash equilibrium (see, e.g., Mailath, 1998 or Samuelson, 2002

for discussions). In contrast to non-cooperative game theory, cooperative

game theory shifts the focus from modeling strategic interactions and the

agents’ strategic reasoning to payoffs: it asks questions about which pay-

off distribution among the players of a given cooperative game can, for

instance, be considered as fair or stable (see, e.g., McLean, 2015).

The non-cooperative concept of the Nash equilibrium has taken a cen-

tral role in the study of game theory in a rather literary sense. On the one

hand, the idea of the Nash program, starting with Nash (1953), is to pro-

vide non-cooperative foundations for cooperative solution concepts based

on the Nash equilibrium. On the other hand, as mentioned above, Smith

and Price (1973) and many other researchers started to think about evolu-

tionary foundations of the Nash equilibrium about two decades later. Our

modeling approach skips the Nash equilibrium in the chain of reasoning

and directly connects cooperative and evolutionary game theory. We in-

troduce the evolutionary methodology to cooperative game theory in order

to answer questions on the relation between the properties of the underly-

ing cooperative game and the stable outcomes of a dynamical evolutionary

process.

In non-cooperative game theory, evolutionary pressures work against

strategies, for instance, dominated strategies may die out (see, e.g., Hof-

bauer and Weibull, 1996). In our setup, evolution takes place over types

of individuals and not over strategies. In this way, pressures work against
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certain coalitions, for example, non-minimal winning coalitions (see Corol-

lary 2). We can thus analyze the relation between asymptotically stable

population profiles and the underlying transferable utility (TU) game.

The interpretation of the evolutionary dynamics in our model is il-

lustrated with an economic example in Section 2 and can be outlined as

follows. We consider a society that consists of infinitely many individuals

of finitely many different types. The types correspond to the players of a

cooperative game. They are (economic) entities characterized by distinct

productive capabilities, such as specific business departments in an organi-

zation or specific casts of a eusocial species1. The individuals, e.g., members

of a specific business department or cast, are programed to perform cer-

tain tasks according to their type and contribute to the organization’s or

the society’s total reproductive success or fitness, i.e., its growth in time.

This is modelled by the Lovász extension of a finite TU game (see Lovász,

1983 and Algaba et al., 2004), which embodies a particular Leontief-type

technology for the production of fitness. Eventually, the total fitness has to

be distributed among the different types. This is modelled by the Lovász-

Shapley value (see Casajus and Wiese, 2016) that rewards only the scarce

types, which is in line with the Leontief-type technology. Given this dis-

tribution, the composition of the society evolves in time according to the

replicator dynamic, which is the most commonly used imitative dynamic in

the literature (see Sandholm, 2010, Section 5.3) and which is most suitable

to capture the idea of individuals reproducing according to their fitness

1A common “criterion for eusociality is the presence of castes, which are groups of

individuals that become irreversibly behaviorally distinct at some point prior to repro-

ductive maturity. Eusocial societies are characterized by two traits: (1) helping by

individuals of the less-reproductive caste, and (2) either behavioral totipotency of only

the more reproductive caste (facultative eusociality) or totipotency of neither caste (ob-

ligate eusociality)” (Crespi and Yanega, 1995, p. 109). Examples are the European

hornet (Vespa crabro) or the naked mole rat (Heterocephalus glaber).
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derived from the cooperative game. Now, one can study the prolifera-

tion of the types and, in particular, stable compositions of the society for

the resulting replicator dynamic under the Filippov solution (see Filippov,

1988).

To our knowledge, we are the first to derive an evolutionary dynamic

from a cooperative game in a similar fashion as it is done in non-cooperative

evolutionary game theory without incorporating non-cooperative aspects.

This cooperative approach has particular appeal when types represent orga-

nizational departments of a collaborative enterprise, such as a large business

corporation, or casts of a eusocial species.

Usually, it is considered that “[o]n general grounds of methodological

individualism, noncooperative games are prior to cooperative games” (see

Elster, 1982, p. 466). We do not contest this conventional approach of

economic theory (or its value) to analyze aggregate phenomena by exam-

ining the actions and incentives of individual entities. Rather, our aim is

to provide a complementary view on the “links between aggregate analy-

sis and the study of individual behavior” (see Elster, 1982, p. 477). Some

researchers have pushed forward that methodological individualism alone

cannot explain all aspects of socio-economic interactions and thus that so-

cial context and institutions need to be included in the analysis (see New-

ton, 2019 and Hodgson, 2007). Furthermore, the debate on the evolution

of eusociality2 emphasizes that it might be insightful to provide theories

2The evolution of eusociality is debated controversially among evolutionary biologists.

It has challenged the predominant idea of the inclusive fitness theory (in this case, kin

selection; see, e.g., Hamilton, 1964), which postulates that evolution takes place at

the level of individuals and thus is loosely related to the non-cooperative approach

in game theory. In contrast, some researchers advance the idea of group selection to

explain eusociality (see Wilson and Hölldobler, 2005 and Nowak et al., 2010), which is an

approach similar to cooperative game theory, since it assumes that evolution takes place

at the level of groups. In view of this debate, skipping the non-cooperative approach of

3



v({1}) = 3 v({1, 2}) = 4 v(N) = 8

v({2}) = 2 v({1, 3}) = 5 v(∅) = 0

v({3}) = 1 v({2, 3}) = 7

Table 1: A three-player cooperative game with transferable utility

which take the opposite route, assuming that individual behavior (at least

partly) emerges from the properties of a business department, or, in the

biological context, of a cast. Our approach adds evolutionary pressures to

this perspective, which gives an alternative foundation of the emergence of

group properties, such as an evolutionary stable constitution of business

units in an entrepreneurial organization.

Our goal is to characterize evolutionary stable population profiles in a

setting in which the evolutionary process is determined by an underlying

transferable utility game. Consider, for instance, the cooperative game

with the player set N = {1, 2, 3} defined by the coalition function v as in

Table 1, which determines the worth generated by any specific coalition.

We derive a simple criterion to characterize stable population profiles even

in games as asymmetric and rather complex as the one defined in Table

1. Our results imply that the profiles corresponding to the coalitions {1}

and {2, 3} are evolutionary stable in that game, since the latter generate

a higher average worth than any of their proper supercoalitions or proper

subcoalitions.

Our work is related to the so-called evolutionary Nash program, which

is the “study of connections between evolutionary game theory and co-

operative game theory” (see Newton, 2018 for an overview). For instance,

Nax and Pradelski (2015, 2016), Klaus and Newton (2016), and Leshno and

the Nash equilibrium in the chain of reasoning, as indicated above, might have additional

advantages. Gowdy and Seidl (2004) advocate the use of group selection as a mechanism

to explain economic behavior.
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Pradelski (2019) apply evolutionary mechanisms to questions of cooperative

game theory such as core selection and core stability in finite population

matching models, mainly to transferable-utility assignment games. Newton

(2012) shows that, in a finite-population evolutionary dynamic generated

by repeated recontracting, i.e., a non-cooperative representation of the un-

derlying cooperative game, stochastically stable states are characterized by

maximizing the utility of the poorest individual in a Rawlsian manner. In a

non-transferable utility setting and for a large class of perturbed dynamics,

Newton and Sawa (2015, p. 1) show that “all stochastically stable match-

ings are [...] contained in the set of matchings which are most robust to

one-shot deviation”. In this literature, the evolutionary dynamics involve

randomly matching two individuals which then play a cooperative game.

Furthermore, there is usually a non-cooperative flavor to these dynamics,

since players can, for instance, individually make bids or break ties with

former partners. This is fundamentally different from our model of the

generation of worth, which occurs according to the Lovász extension in a

purely cooperative game with an infinite population, and it is different from

the evolutionary dynamic we have in mind, which discribes how generated

worth is translated into population growth of a certain type represented by

a player.

Nash (2008) also adresses the idea of a “cooperative evolutionary game

theory”. He models the formation of cooperative coalitions by allowing

non-cooperative players to decide repeatedly whether or not to completely

follow another players agency, i.e., to be cooperative.

Filar and Petrosjan (2000) analyze dynamic cooperative games and de-

fine a sequence of games so that one TU game is determined by the previous

one and by the payoffs achieved under some solution concept. The players

obtain the sum of payoffs for this sequence of coalition functions and the

problem of whether the payoffs satisfy a consistency criterion is discussed.
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The rest of this paper is structured as follows. The example in Section

2 illustrates the main ideas of our approach. In Section 3, we build up the

framework in which coalitions of players generate worth, and in Section

4, we introduce the evolutionary model. Section 5 contains results on the

asymptotic stability. Section 6 finally concludes.

2 Illustrative Example

An economic perspective on our approach is to interpret the types, i.e., the

players of the cooperative game in Table 1, as business departments, for

example, each having a certain endowment of workforce, which determines

the amount of time (e.g., working hours per day) a business department can

spend on specific projects, i.e., work in certain coalitions. For illustrative

purposes, let the initial endowment with workers be given by the vector

s =
(

2
6
, 1

6
, 3

6

)
, where the first entry denotes the (absolute) amount of time

of the first business department, and so on.

The Leontief-type technology for the production of fitness induced by

the Lovász extension of the finite TU game implies that each business

department can invest one sixth of a working hour per day into the project

“grand coalition” to generate worth. Business units 1 and 3 have enough

time left to form a coalition, i.e., to cooperate in a project consisting only

of them both, and finally one sixth of a working hour is left for business

department 3 to produce worth alone. Thus, for the initial population

state s and the coalition function v defined by Table 1, the overall worth

generated by the society is v̄(s) = 1
6
· 7 + 1

6
· 5 + 1

6
· 1.3

The Lovász-Shapley value, which satisfies desirable properties for the

setting at hand, determines how the business departments distribute the

3The term v̄ stands for the Lovász-extension of the game v. Details on this will follow

below.
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worth among each other: each business department is paid according to

its marginal contribution to the coalition in which players are ordered

with respect to their population sizes, starting with the largest population,

i.e., here they are ordered according to ρ(s) = (3, 1, 2).4 The calculated

marginal productivity is then multiplied with the initial endowment of the

department. Thus, we obtain Lovász-Shapley payoffs LS(v, s) =
(

8
6
, 2

6
, 3

6

)
.

If we assume that, in a replicator dynamic, the Lovász-Shapley pay-

offs determine the growth of the business departments’ disposable working

hours in each state (e.g., they might hire new employees with the income

generated by the executed projects), then we obtain the dynamic in Figure

1 depicting the evolution of the business departments’ relative shares in

the population of workers.

3

2

1

Figure 1: Vector field for the game described in Table 1. Each point in

the simplex depicts the relative population shares of the three different

business units.

4Intuitively, department 2’s time is most scarce in the initial state s and thus its

investment is in some way “most crucial” to form the grand coalition, so that it

should obtain a payoff proportional to his marginal contribution to the grand coali-

tion, MCv
2 (3, 1, 2) = 2. Next, department 1’s time is most crucial to form the coalition

of departments 1 and 3, so it should obtain a payoff proportional to MCv
1 (3, 1, 2) = 4.
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In Figure 1, the solid dot indicates the initial population profile
(

2
6
, 1

6
, 3

6

)
.

The trajectory starting at this point converges to the asymptotically stable

profile (1, 0, 0). In contrast, the trajectories starting in the upper-left part

of the simplex converge to the second asymptotically stable profile
(
0, 1

2
, 1

2

)
.

In this paper, we focus on the analysis of asymptotically stable population

profiles.

3 Populations of Players Generating Worth

In this section, we first provide the foundation of cooperative game theory

needed for what follows. Then, we present the Lovász-Shapley value, which

will be used to derive the fitness of type populations from cooperative

games.

3.1 Basic Definitions and Notation

A (finite) cooperative game with transferable utility (TU game) for a non-

empty and finite set of players N is given by a coalition function

v ∈ V :=
{
f | f : 2N → R, f (∅) = 0

}
.

The latter describes the worths v (S) that can be generated by players who

cooperate within coalitions S ⊆ N . A solution is a mapping ϕ : V→ RN ,

which assigns a payoff ϕi (v) to any player i ∈ N for any game v ∈ V.

For v, w ∈ V, α ∈ R, the coalition functions v + w ∈ V and α · v ∈ V

are given by (v + w) (S) = v (S) + w (S) and (α · v) (S) = α · v (S) for

all S ⊆ N. For T ⊆ N, T 6= ∅, the game uT ∈ V, uT (S) = 1 if T ⊆ S

and uT (S) = 0 otherwise, is called an unanimity game. Any v ∈ V can

uniquely be represented by unanimity games,

v =
∑

T⊆N :T 6=∅

λT (v) · uT ,
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where the coefficients λT (v) , the so-called Harsanyi dividends (Harsanyi,

1959), can be determined recursively via

v (S) =
∑

T⊆S:T 6=∅

λT (v) S ⊆ N. (1)

A rank order of a set N is a bijection ρ : N → {1, . . . , |N |} with the

interpretation that i is the ρ (i)th player in ρ. The set of rank orders of

N is denoted by R. The marginal contribution of i to S ⊆ N \ {i} is

denoted by

MCv
i (S) := v (S ∪ {i})− v (S)

(1)
=

∑
T⊆S\{i}

λT∪{i} (v) ,

and the marginal contribution of i under ρ is denoted by

MCv
i (ρ) := MCv

i ({j ∈ N | ρ(j) < ρ(i)}) . (2)

The Shapley value (Shapley, 1953), Sh, is given by

Shi (v) := |R|−1 ·
∑
ρ∈R

MCv
i (ρ) =

∑
T⊆N :i∈T

|T |−1 · λT (v) , v ∈ V, i ∈ N.

Game v is a simple game if for all S ⊆ N we have v(S) ∈ {0, 1}

and v(N) = 1, and it is a monotonic game if for all S, T ⊆ N such

that S ⊆ T , we have v(S) ≤ v(T ). Coalition T is a minimal winning

coalition in a simple game v if we have v(T ) = 1 and v(S) = 0 for all

S ( T .

3.2 The Lovász-Shapley Value and the Fitness of Pop-

ulations

Casajus and Wiese (2016) suggest to interpret the players in a TU game as

types of individuals. The population sizes of the types are given by a

vector s ∈ RN
+ of non-negative weights, which need not sum up to one and

where si denotes the size of the population (of individuals) of type i ∈ N.
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We address pairs (v, s) ∈ V × RN
+ as population games. A population

solution is a mapping ϕ : V × RN
+ → RN , which assigns a payoff ϕi (v, s)

to population of any type i for any population game (v, s). Casajus and

Wiese (2016, Equation 13) introduce a specific population solution, the

Lovász-Shapley value, LS, given by

LSi (v, s) := si ·
∑

T⊆N :i∈argminT (s)

λT (v)

|argminT (s)|
(3)

for all v ∈ V, s ∈ RN
+ , and i ∈ N, where

minT (x) := min
i∈T

xi and argminT (x) := {i ∈ T | xi = minT (x)}

for all x ∈ RN .

The Harsanyi dividends (Harsanyi, 1959) λT (v) can be interpreted as

the gain from cooperation that can be ascribed to coalition T in a TU game

v. The Shapley value distributes this gain equally among the players in T.

Formula (3) indicates (i) how the population sizes affect the gains from

cooperation and (ii) how these gains are distributed among players under

the Lovász-Shapley value. For an axiomatic characterization and a detailed

motivation of the Lovász-Shapley value, we refer the reader to Casajus and

Wiese (2016).

The gain from cooperation generated by a coalition T in the population

game (v, s) is given by si · λT (v), where si is the smallest population size

of players from T. That is, the scarcest type in a coalition determines the

gain from cooperation. This indicates that a Leontief-type “technology”

underlies the Lovász-Shapley value. Moreover, the payoffs sum up to the

worth generated by s in the Lovász extension v̄ : RN
+ → R of v (Lovász,

1983; Algaba et al., 2004),

v̄ (s) =
∑

T⊆N :T 6=∅

minT (s) · λT (v) =
∑
i∈N

LSi (v, s) for all s ∈ RN
+ ,

where the first equation is due to Algaba et al. (2004, Theorem 5) and the

second one is immediate from (3).
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The gain from cooperation si · λT (v) is distributed equally among the

scarcest types from T. Since the scarcest types determine the gains from

cooperation, this indicates that the Lovász-Shapley value assigns a com-

petitive remuneration to the individuals in a population according to

their marginal productivity.

Casajus and Wiese (2016, Equation 12) also provide a formula for the

Lovász-Shapley value in terms of the players’ marginal contributions. We

have

LSi (v, s) = |R (s)|−1 ·
∑
ρ∈R(s)

si ·MCv
i (ρ) (4)

for all v ∈ V, s ∈ RN
+ , and i ∈ N, where

R (s) := {ρ ∈ R | ρ (i) < ρ (j) for all i, j ∈ N with si > sj} . (5)

Compare this with the corresponding formula for the Shapley value. The

marginal contributions are multiplied by the population sizes, indicating

how the latter determine the generation of worth. Summation runs only

over those rank orders where players with a larger population size precede

those with a smaller population size.

If the population sizes are pairwise different, si 6= sj for all i, j ∈ N,

i 6= j, then the set R (s) becomes a singleton and the Lovász-Shapley value

can be expressed in a particularly simple way (Casajus and Wiese, 2016,

Remark 5). For all ρ ∈ R, v ∈ V, and i ∈ N, we have

LSi (v, s) = si ·MCv
i (ρ) for all s ∈ RN

+ (ρ) , (6)

where

RN
+ (ρ) :=

{
s ∈ RN

+ | for all i, j ∈ N, ρ (i) < ρ (j) implies si > sj
}
.

Note that s ∈ RN
+ (ρ) implies R (s) = {ρ} . Equation (6) has important

implications. We interpret the term si ·MCv
i (ρ) as the fitness of the pop-

ulation of type i. It is obtained by multiplying the fitness of an individual,
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MCv
i (ρ) , by the population size si. Now observe that the fitness of an

individual does not depend on the populations sizes s ∈ RN
+ (ρ) but only

on the rank order ρ. This fact will prove to be very useful when we study

the stability of population states.

4 A Framework for Evolutionary Coopera-

tive Game Theory

The general idea is to establish an evolutionary setup in which the pop-

ulation dynamics are determined by an underlying TU game v. There is

an (infinite) continuum of individuals (members) of a population (society).

These individuals are of different types, where the types correspond to the

players in the TU game. Whenever this does not cause confusion, we write

“type i” instead of “type corresponding to i” for i ∈ N . The sizes of the

(sub)populations of individuals of the different types are given by a pop-

ulation state s ∈ RN
+ , where si stands for the size of the population of

individuals of type i. As the population dynamic evolves in the continuous

space of the types’ population sizes, we use the Lovász-Shapley value as a

plausible concept to determine the fitness of a type’s population in each

population state s ∈ RN
+ from the underlying TU game.

4.1 The Lovász-Shapley Replicator Dynamics

If in total a society in population state s generates worth according to the

Lovász extension v̄ of TU game v, one may view v̄(s) as the total additional

fitness of the society to be distributed among its members. We can thus

interpret LSi(s) as the growth of type i’s (absolute) population size in state

s, that is, the population dynamic is generally described by

ṡi = LSi(v, s), for all s ∈ RN
+ , (7)
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where throughout we use the notation ḟ := ∂f/∂t for the first derivative

of function f with respect to (continuous) time t. We can reformulate

these dynamics in relative terms, as the vector field of the population size

dynamics of s is positively homogeneous in s:5

ẋi = gi(x), for all x ∈ ∆N
+ , (8)

where xi := si/
∑

j∈N sj is the population share of type i, that is x ∈

∆N
+ :=

{
x ∈ RN

+ |
∑

i∈N xi = 1
}

. The real valued, measurable and bounded

function gi(x) in Equation (8) is implicitly defined by Equation (7) and

will be discussed explicitly further below. Note that the right-hand side

of Equation (7) is discontinuous (indicated by the minimum operator in

Equation (3)), which implies that also gi(x) is discontinuous.

Equation (7) implies that for generic population states, i.e., s ∈ RN
+ (ρ),

using Equation (6), we obtain the population dynamics in absolute terms

for some given ρ ∈ R by

ṡi = si ·MCv
i (ρ), for all s ∈ RN

+ (ρ) , i ∈ N. (9)

Therefore, the growth rate of type i’s population size is ṡi/si = MCv
i (ρ) for

ρ ∈ R(s). Equation (9) defines an autonomous, linear and homogeneous

dynamical system and the local solution ξ : I → RN
+ to the initial value

problem ṡ = s ·MCv(ρ) with the initial value condition s(0) = s0 ∈ RN
+ (ρ)

is given by ξ(t) = exp[MCv(ρ) · t] · s0, where exp[·] denotes the matrix

exponential, MCv(ρ) denotes the vector whose entries are the marginal

contributions of all types under ρ in the game v, and I := [0, T ] denotes

the (time) interval of definition.

Looking at this setup in relative terms, yields the common replica-

tor dynamics (see, e.g., Taylor and Jonker, 1978), which we focus on in

5See Remark 3 in Casajus and Wiese (2016) on the positive homogeneity of the

Lovász-Shapley value in the population states.
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the following. Define the weighted average of the population fitness by

MC
v
(ρ, x) :=

∑
j∈N xj · MCv

j (ρ), and let ∆N
+ (ρ) := ∆N

+ ∩ RN
+ (ρ). For

ρ ∈ R and x ∈ ∆N
+ (ρ), it follows from Equation (9) and (8) that

ẋi = gi(x) := xi ·
(
MCv

i (ρ)−MC
v
(ρ, x)

)
, for all i ∈ N. (10)

Hence, the growth rate of type i’s population share, ẋi/xi, is given by the

difference of its marginal contribution and the weighted average marginal

contribution in population state x. Note that ∆N
+ (ρ) is a region in ∆N

+ in

which population shares are strictly ordered according to ρ ∈ R.

4.2 The Dynamics as a Differential Inclusion and Its

Filippov Solution

As mentioned above, Equation (8) generally describes a system with a

discontinuous right-hand side, so that we use specific techniques for the

analysis of such setups. Fixing ρ ∈ R, from the definition of MCv
i (ρ) in

Equation (2) we can see that this fitness indicator is constant on ∆N
+ (ρ) for

each type i ∈ N . This simplifies the behavior of the solution to Equation (8)

for x ∈ ∆N
+ (ρ) , ρ ∈ R, which is described by Equation (10): the function

gi(x) is Lipschitz continuous in each region ∆N
+ (ρ), which guarantees the

existence and uniqueness of the solution according to the Picard-Lindelöf

theorem, when “looking at each region ∆N
+ (ρ) , ρ ∈ R separately”.

For J ⊆ N with |J | ≥ 2, let

ΣJ := {x ∈ ∆N
+ | xi = xj, for all i, j ∈ J ⊆ N} ⊂ ∆N

+

be the set of population shares, where all players j ∈ J have the same

population share. For |J | > 1, the set

D := ∪J⊆NΣJ ,
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which is closed relative to ∆N
+ , then is a union of a finite number (of sub-

sets) of hyperplanes between the (open) regions ∆N
+ (ρ) , ρ ∈ R and it is of

measure zero relative to ∆N
+ .6 While the replicator dynamic is Lipschitz

continuous on

C := ∆N
+\D =

⋃
ρ∈R

∆N
+ (ρ) ,

the Lovázs-Shapley value, which determines the behavior of Equation (8),

has discontinuity points on D, so that below we describe the dynamics on

the complete simplex ∆N
+ = C ∪D as a differential inclusion.

A system of differential equations with a discontinuous right-hand side

as in Equation (8) can be adequately dealt with using a differential inclu-

sion, which in our case yields the set valued vector field G : ∆N
+ ⇒ RN , so

that for all i ∈ N, ρ ∈ R(x),

ẋi ∈ Gi(x) := con

 lim
(xk)∈∆N

+ (ρ):

(xk)→x

gi(xk)

 =


{gi(x)} if x ∈ C,

con

 lim
(xk)∈∆N

+ (ρ):

(xk)→x

gi(xk)

 if x ∈ D,

(11)

where con{p} is defined as the convex hull of vectors in the set p and (xk)→

x means that the sequence (xk) converges to x.7 The above differential

inclusion depicts a crucial insight, which we further elaborate on below:

the collection of hyperplanes, D, being of measure zero can be interpreted

as being “too small to matter for the overall vector field”. This is reflected

by the fact that in Equation (11) the vector field on D is determined by

the points lying close to it in the adjacent regions. The Filippov solution

6For the case where |N | = 2, we define D := (∪J⊆NΣJ) ∪ {x ∈ ∆N
+ |xi =

1 for some i ∈ N}.
7Note that all points x ∈ ∆N

+ are regular, i.e.,
∑

i ẋi = 0, even if x ∈ D, as the vector

field Gi(x) is determined by a convex combination of regular points.
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(Filippov, 1988) uses this insight:8

Definition 1 (Filippov Solution). A Filippov solution at x∗ of the differ-

ential equation (8) with a discontinuous right-hand side is an absolutely

continuous function ξ : I → ∆N
+ for which ξ(0) = x∗ and with respect to

the differential inclusion (11) it satisfies ξ(t) ∈ G(x) almost everywhere on

some interval I := [0, T ] ⊆ R.

Note that, in the region C, the trajectory of the Filippov solution to (8)

is equal to that of the “usual” solution, where the vector field is Lipschitz

continuous.

5 Stability Analysis

Due to the possibility of the non-uniqueness of the Filippov solution, we

need to use the accordingly adapted definition of asymptotic stability.

Definition 2 (Asymptotic Stability). A population profile x∗ ∈ ∆N
+ is

asymptotically stable in (11), if both of the following properties hold:

1. For any ε > 0 there is some δ > 0 such that for any solution ξ to

(11) and any x0 ∈ ∆N
+ such that ||x∗− x0|| < δ and ξ(x0, 0) = x0, we

have ||ξ(x0, t)− x∗|| < ε for all t ∈ [0,∞), and

2. lim
t→∞
||ξ(x0, t) − x∗|| = 0 for any solution ξ to (11) and any x0 ∈ ∆N

+

such that ||x∗ − x0|| < δ.9

8These techniques have been applied to economic theory, for instance, by Honkapohja

and Ito (1983), Ito (1979) and Mohlin (2012), while other solution concepts such as the

Caratheodory solution to differential inclusions have been applied in economics, for

instance, by Lahkar and Sandholm (2008).
9In difference to the usual definition of stability, the properties have to hold for any

solution to (DI) and the definition employs absolute continuity.
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Equation (10) describes a system of non-linear, coupled first order ordi-

nary differential equations in the region C. Therefore, an exact solution is

difficult to determine for the general case and we use the insights from Lya-

punov theory to analyze the stability of the system.10 Note that x ∈ ∆N
+ is

an asymptotically stable point if and only if it is a strict local maximizer of

a Lyapunov function. Thus, we introduce the following common definition.

Definition 3 (Lyapunov function). The C1-function L : RN → R is an

(increasing) strict Lyapunov function for the differential inclusion ẋ ∈ G(x)

if L̇(x) ≥ 0 for all x ∈ ∆N
+ , with equality only at stationary points of g(x).

As it is commonly known, the definition implies that L increases along all

solutions and is positive semi-definite (see Sydsaeter et al., 2008, pp. 273).

Remember that D is a set of hyperplanes of measure zero, and thus the

dynamics in this region are determined by the dynamics in the adjacent

regions of continuity.

Lemma 1. A Lyapunov function of the dynamical system (11) is given by

L(x) :=
∑
i∈N

MCv
i (ρ)xi for ρ ∈ R(x).

Proof. Using vector notation, due to the chain rule we have

L̇(x) = ∇L(x) · ẋ =
∑
i∈N

MCv
i (ρ)ẋi.

Hence, we have L̇ (x) = 0 if ẋ = 0, i.e., if x is a stationary point of g. Now,

take some state x, where ẋ 6= 0. We can always divide the types into the

10For the case where |N | = 2 the dynamics in a region ∆N
+ (ρ) can be broken down

to a Bernoulli differential equation and an exact solution can be found according to

the common procedure used for such equations. For |N | = 3 the system resembles a

competitive Lotka-Volterra equation for two species (due to ẋ1+ẋ2+ẋ3 = 0, we have one

degree of freedom). Abdelkader (1974) shows that an exact solution can be determined

for a model equivalent to the three-type-case at hand (his “Case 3”).
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two sets N+(x) := {i ∈ N |ẋi > 0} and N−(x) := {i ∈ N |ẋi < 0} according

to their growth rate in state x. Rewriting the above expression yields∑
i∈N

MCv
i (ρ)ẋi =

∑
i∈N+(x)

MCv
i (ρ)ẋi +

∑
i∈N−(x)

MCv
i (ρ)ẋi

≥
[
min

i∈N+(x)
MCv

i (ρ)

] ∑
j∈N+(x)

ẋj +

[
max
i∈N−(x)

MCv
i (ρ)

] ∑
j∈N−(x)

ẋj

=

(
min

i∈N+(x)
MCv

i (ρ)− max
i∈N−(x)

MCv
i (ρ)

)
︸ ︷︷ ︸

>0

∑
j∈N+(x)

ẋj︸ ︷︷ ︸
>0

> 0,

using −
∑

i∈N+(x) ẋi =
∑

i∈N−(x) ẋi in the last step, which holds, as the pop-

ulation states have to lie in the simplex. This implies that L increases along

all Filippov solutions to ẋ = g(x) with the starting condition x0 ∈ ∆N
+ (ρ).

Define 0 ∈ R|N | to be a vector with all entries being zeros. Obviously,

L̇(x) = 0 if ẋ = 0.

Note, that L is single-valued, even if R(x) is not a singleton. This can

be seen in Equation (11) in Casajus and Wiese (2016).

The Lyapunov function is a piecewise linear function on ∆N
+ , it is non-

differentiable (but continuous) at x ∈ D, and it is an indicator of the

fitness of the whole population, as it coincides with the Lovász extension.

Intuitively, the evolutionary process will drive the population to states with

larger attainable fitness for a given starting point.

The following result shows that “inefficient” coalitions will not persist

in the replicator dynamics derived from TU games. It allows us to relate

the asymptotically stable profiles to the structure of the underlying TU

game. The result says that a coalition of player types is stable if and

only if it implies a higher average productivity than any of its super- or

subcoalitions. This reflects the idea, that starting from a population profile,

those types with the highest marginal productivity in that profile proliferate

with the largest growth rate, and as the population as a whole strives for the

18



maximum fitness, the dynamics end up in asymptotically stable population

profiles as characterized in the Theorem 1 below. For S ⊆ N , S 6= ∅, let

1S ∈ ∆N
+ be given by

(1S)i =


1
|S| if i ∈ S,

0 if i /∈ S,

that is, in population state 1S only types i ∈ S have a positive (and equally

split) population share.

Theorem 1. If x is asymptotically stable, then there exists some S ⊆

N , S 6= ∅ such that x = 1S. Furthermore, for S ⊆ N,S 6= ∅, 1S is

asymptotically stable if and only if v(S)
|S| > v(T )

|T | for all T ⊆ N such that

T ( S or T ) S.

Proof. The proof follows from the following three observations.

1) No population profile x ∈ C is asymptotically stable.

The linear functional form of L does not allow for strict local maxima lying

in the region C.

2) If x is asymptotically stable, then there exists some S ⊆ N , S 6= ∅ such

that x = 1S ∈ D.

Let x be stable. We know that asymptotically stable profiles can only

lie in areas of (potential) discontinuity, i.e., x ∈ D. We know x ∈ D

is an asymptotically stable point, if and only if the different parts of the

piecewise defined Lyapunov function in each adjacent region attain a strict

local maximum in x. Remember that we have shown that L(x) is single-

valued even if x ∈ D. The set

∆N
+ (y) :=

⋃
ρ∈R(y)

∆N
+ (ρ)
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is the set of all regions ∆N
+ (ρ) which are adjacent to some point y ∈ ∆N

+ .

Obviously, ∆N
+ (y) is equivalent to ∆N

+ (ρ) if y ∈ ∆N
+ (ρ), i.e., if R(y) is a

singleton. Thus, by stability,

L(x) > L(y) for all y ∈ ∆N
+ (x).

As the Lyapunov function is piecewise linear and non-constant in the non-

trivial cases, i.e., whenever L̇ vanishes on the whole domain, this implies

for some S ⊆ N , S 6= ∅ that x = 1S.

3) Characterization in terms of average contributions

We know that we only have to consider points x ∈ ∆N
+ for which there exists

a coalition S such that x = 1S. A population profile 1S, S ⊆ N,S 6= ∅ is

a strict local maximum of L if and only if for all T ⊆ N with T ( S or

T ) S and ρ ∈ R such that ∆N
+ (ρ) ⊆ ∆N

+ (x) we have

L(1S) > L(xT )⇔
∑
i∈S

MCi(ρ)(1S)i >
∑
i∈T

MCi(ρ)xTi

⇔
∑
i∈S

MCi(ρ)

|S|
>
∑
i∈T

MCi(ρ)

|T |
⇔ v(S)

|S|
>
v(T )

|T |
.

The next statements on the general properties of the stable population

profiles follow immediately from Theorem 1.

Corollary 1 (Existence and Robustness of Asymptotically Stable Popula-

tion Profiles).

• An asymptotically stable population profile generically11 exists.

• Asymptotically stable population profiles are robust to small perturba-

tions of the underlying TU game.

11We employ the following notion of genericity: A property of games holds generically

if there exists an open and dense subset V of V such that all games in V show this

property.
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The interpretation of the second statement is that small “mutations”

do not have an impact on the constellation of aymptotically stable profiles.

The next result also follows immediately from Theorem 1.

Corollary 2. A population profile x ∈ ∆N
+ is asymptotically stable for a

simple monotonic game v ∈ V, if there exists a minimal winning coalition

S for v such that x = 1S.

6 Conclusion

We have introduced an approach to derive an evolutionary dynamic from

an underlying cooperative transferable utility game. This allows us to

relate the survival of certain types of coalitions to the payoff structure of

the cooperative game. For instance, we obtain the plausible result that,

in simple monotonic games, only minimal winning coalitions, that is so to

say efficient coalitions, can be asymptotically stable under the replicator

dynamic.

Future research could explore whether our model allows to evaluate

the “evolutionary plausibility” of cooperative solution concepts like the

Shapley value or the Aumann-Dreze value (Aumann and Dreze, 1974) in the

same way as non-cooperative evolutionary game theory allows to examine

the “evolutionary plausibility” of Nash equilibria. Thus, it could also be

viewed as an approach complementary to the Nash program, which tries

to establish non-cooperative foundations of cooperative solution concepts.

Obviously, the dynamics of the model we discuss are driven by how

worth is generated. This is captured here by the Lovász extension, telling

the story of a society in which scarcity and competition are driving forces

for the production of worth. A straightforward extension of the model

would be to incorporate different and more general production functions,

for example, the constant-elasticity-of-substitution production function.
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