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Problem 4.1 [In this problem, the metric sign convention opposite to Srednicki’s is used]

Show that SL(2,C) is the universal covering group of the proper orthochronous Lorentz group

L ↑
+, with the covering map Λ( . ) : SL(2,C)→ L ↑

+ given by

Λµν(A) =
1

2
Tr(AσµA

∗σν)

where σ0 = 1 is the 2 × 2 unit matrix and σ1, σ2, σ3 are the Pauli matrices (see Problem 4.2
below).

For the proof, proceed along the following steps:

(1) Show that there is a one-to-one correspondence between coordinate vectors x = (xµ)µ=0,...,3

in Minkowski spacetime and hermitean 2× 2 matrices Hx given by

Hx = xµσµ , xµ = ηµνTr(Hxσν)

where (ηµν) = (ηµν) = diag(1,−1,−1,−1) and the Einstein summation is employed,
i.e. doubly appearing indices (one of them downstairs, the other upstairs) are summed
over.

(2) Show that

det(Hx) = ηµνx
µxν ,

1

2
(det(Hx +Hy)− det(Hx)− det(Hy)) = ηµνx

µyν .

(The 2nd equation results from the first by applying the parallellogram identity to sym-
metric bilinear forms such as the Minowski product η(x, y) = ηµνx

µyν .)

(3) Use the previous findings to show that for any A ∈ SL(2,C) there is some proper, or-
thochronous Lorentz transformation Λ(A) such that

AHxA
∗ = HΛ(A)x .

(4) Show that Λ(A)Λ(B) = Λ(AB), Λ(12×2) = 14×4, Λ(A) = Λ(B)⇒ A = ±B, and that the
matrix Λ(A) is given by the equation above.

You may use the fact that SL(2,C) is simply connected to conclude that (i) L ↑
+ is not simply

connected and (ii) SL(2,C) is the universal covering group of L ↑
+. If you like, you can also show

that SL(2,C) is simply connected.
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Problem 4.2 [There was an error in a previously published version of this problem]

On S(R4,C2), the Schwartz functions on R4 with values in C2, introduce for given m > 0 the
form

(ϕ̃, φ̃)1,m =

∫
d4p δ(pµp

µ +m2)θ(p0) · ≺ϕ̃(p),
−1

m
pµσµφ̃(p)�

where ≺x, y� = x1y1 + x2y2 for x = (x1, x2)T , y = (y1, y2)T in C2. The σµ are the Pauli-
matrices,

σ0 = 1C2 , σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

(a) Show that (ϕ̃, φ̃)1,m has the properties of a scalar product, apart from positive-definedness;
however, (ϕ̃, ϕ̃)1,m ≥ 0 holds (but (ϕ̃, ϕ̃)1,m = 0 can occur for ϕ̃ 6= 0).

(b) Show that U(A,a) defined by

U(A,a)ϕ̃(p) = eipµa
µ
Aϕ̃(Λ(A−1)p)

is a (continuous) unitary representation of P̃↑
+, the universal covering group of the proper,

orthochronous Poincaré group, on the Hilbert space h1,m obtained as completion of S(R4,C2)
with respect to the scalar product ( . , . )1,m. (Strictly, one has to first divide out all ϕ̃ with
(ϕ̃, ϕ̃)1,m = 0.)
If you are ready for a challenge, you can try to show that the representation is irreducible.

Problem 4.3

For ϕ̃ in S(R4,C2), define

χ̃(p) =
1

m
pµσµϕ̃(p) (p ∈ R4)

and define also

ϕ(x) =

∫
d3p

2ωp
e−i(p·x−ωpx

0)ϕ̃(ωp, p)

where ωp =
√
|p|2 +m2, p · x is the Euclidean scalar product between 3-dimensional vectors p

and x, x = (x0, x) ∈ R4; m > 0 is a constant. The definition of χ(x) is analogous.

(a) Show that, with σj = σj for j = 1, 2, 3,

i(σ0∂0 + σj∂j)ϕ(x) = mχ(x) , i(σ0∂0 − σj∂j)χ(x) = mϕ(x) (x ∈ R4) .

(b) On writing

ψ(x) =

(
ϕ(x)
χ(x)

)
, γ0 =

(
0 σ0

σ0 0

)
, γj =

(
0 −σj
σj 0

)
so that each ψ(x) is an element in C4 and the γµ are complex 4 × 4 matrices, show that the
equations for ϕ and χ in (a) can be written in the form

iγµ∂µψ(x) = mψ(x) (x ∈ R4) .

This is called the Dirac equation. The matrices γµ are called Dirac matrices.

(c) Show that
γµγν + γνγµ = 2ηµν14×4
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