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We describe the free Dirac field in a four-dimensional spacetime as a locally covariant
quantum field theory in the sense of Brunetti, Fredenhagen and Verch, using a represen-
tation independent construction. The freedom in the geometric constructions involved
can be encoded in terms of the cohomology of the category of spin spacetimes. If we
restrict ourselves to the observable algebra, the cohomological obstructions vanish and
the theory is unique. We establish some basic properties of the theory and discuss the
class of Hadamard states, filling some technical gaps in the literature. Finally, we show
that the relative Cauchy evolution yields commutators with the stress-energy-momentum
tensor, as in the scalar field case.
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1. Introduction

Quantum field theory in curved spacetime is relevant for several purposes, such as
the construction of cosmological models and to obtain a better understanding of
quantum field theory in Minkowski spacetime. In order to achieve these goals in
a more realistic setting, it is important to go beyond the well-studied free scalar
field. In this paper, we will present a proof, already contained in [1], of the fact
that the free Dirac field in a four-dimensional globally hyperbolic spacetime can be
described as a locally covariant quantum field theory in the sense of [2].

Our presentation of the Dirac field is representation independent and we empha-
size categorical methods throughout in order to point out an interesting problem
concerning the unigeness of the theory. The obstruction for the definition of a unique
theory can be formulated in terms of the cohomology of the category of spacetimes
with a spin structure, in particular its first Stiefel-Whitney class. It seems diffi-
cult to compute this class for a category, but we will show that a unique theory
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can always be obtained by restriction to the observable algebras generated by even
polynomials in the field, in which case the cohomological obstructions vanish.

Hadamard states can be defined in terms of a series expansion of their two-point
distribution, detailing their local singularity structure. Alternatively, they can be
characterized by a microlocal condition. The equivalence of these two definitions
has been investigated by several authors using different techniques of proof, but
in our opinion none of these arguments has been fully convincing. In our discus-
sion, we hope to close any remaining gaps in the different proofs and establish the
equivalence on firm ground.

We also compute the relative Cauchy evolution of this field and obtain com-
mutators with the stress-energy-momentum tensor, in complete analogy with the
scalar field case ([2]). For this, we use a point-splitting procedure to renormalize
the stress-energy-momentum tensor. Because we only need commutators with this
tensor we do not need to treat the so-called trace anomaly, a finite multiple of the
identity operator, in detail. We refer the interested reader to [3], who also con-
struct the extended algebra of Wick powers, relevant for perturbation theory. A
Spin-Statistics Theorem in a generally covariant framework may be found in [4].

The contents of this paper are organized as follows. In Sec. 2, we review some of
the mathematical background material that we need in order to describe the Dirac
field. This includes first of all the Dirac algebra and the Spin group, followed by
a categorical formulation of some of the differential geometry that we will need.
In Sec. 3, we describe the classical free Dirac field, starting with the geometric
and algebraic aspects in Secs. 3.1 and 3.2 and the equations of motion and their
fundamental solutions in Sec. 3.3. We discuss the uniqueness of the functorial con-
structions and their cohomological obstructions in Sec. 3.4. We then proceed to the
quantum Dirac field in Sec. 4. In Sec. 4.1, we quantize the classical Dirac field in a
local and covariant way and collect some of its basic properties. Section 4.2 deals
with Hadamard states and includes a discussion of the existing results concerning
the equivalence of the microlocal and the series expansion definitions. For this pur-
pose we also refer to Appendix A, which contains several relevant and useful (but
expected) results in microlocal analysis. Section 4.3 contains our discussion of the
relative Cauchy evolution of the free Dirac field, obtaining commutators with the
stress-energy-momentum tensor, but the proof of our main result there is deferred
to Appendix B, because it consists of rather involved computations. Finally we end
with some conclusions.

Our presentation of locally covariant quantum field theory is based on the orig-
inal [2] and on [5]. For the Dirac field in curved spacetime, we largely follow [6, 7],
as well as our earlier [1]. For results on Clifford algebras, we refer to [8] (see also [9]
for a short review).

2. Mathematical Preliminaries

To prepare for our discussion of the locally covariant Dirac field, we present in the
current section some mathematical preliminaries concerning the Dirac algebra, the
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Spin group and a categorical formulation of relevant aspects of differential geometry.
These merely serve to fix our notation and set the scene for the subsequent sections.
We also point out the relations with some other definitions and conventions in the
literature.

2.1. The Dirac algebra and the Spin group

The Spin group can be embedded in the Clifford algebra of Minkowski spacetime,
which we call the Dirac algebra. Therefore, we will first briefly recall some results
on Clifford algebras, for wich we refer to [8] (note the difference in sign convention
in the Clifford multiplication).

Let R™* be a finite dimensional real vector space with dimension n = r + s
and with a non-degenerate bilinear form g,, which has r positive and s negative
eigenvalues. The Clifford algebra Cl, s is defined as the R-linear associative algebra
generated by a unit element I and an orthonormal basis e, of R™"™~" subject to the
relations:

€qeh + epeq = 2gapl.

This definition is independent of the choice of basis. We may identify R™* C Cl, s
as the subspace of monomials in the basis e, of degree one. The even, respectively
odd, subspace of this Clifford algebra is the one spanned by monomials of even,
respectively odd, degree in the basis vectors and is denoted by C’l?,s, respectively
Cl;s. Note that the even subspace is also a subalgebra. In the following we will be
especially interested in Minkowski spacetime, My := R'3, where the bilinear form is
n = diag(1,—1,—1, —1) and where we choose an orthonormal basis g,, a = 0,1,2,3
with [|go||? = 1, ||-||*> denoting the Minkowski pseudo-norm squared. The associated
Clifford algebra is called the Dirac algebra D := Cl, 3 and it is characterized by

9agb + gvoga = 2Mavl. (1)

As a vector space, the Clifford algebra is naturally isomorphic to the exterior
algebra. This motivates the term volume form for the element gs := gog19293 (or
in general e := e - -+ e,4). Note the following properties:

Lemma 2.1. We have g2 = —I and g5vg5_1 = —v for all v € My. More generally,
if u € My has u? = ||lu||*I # 0, then u=! = Wu and v — —uvu~! defines a
reflection of My in the hyperplane perpendicular to u.

Proof. These equalities follow directly from Eq. (1). For the last claim, e.g., we

compute:

2{(u,v O
1 —ﬁu—hju, v € M.

Standard arguments with Clifford algebras [8] give:
D=Cls~Cl,~Cly,, Clsz~M#4,C),

1

—uvy - =0 — (uv + vu)u
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where M (4, C) denotes the algebra of complex (4 x 4)-matrices. In fact, Cly 1 is gen-
erated by the generators g, of D together with a central element w, corresponding
to iI € M(4,C). Hence:

M(4,C) ~ C &g D. (2)

This also implies that the center of D is spanned by I (over R). The following
Fundamental Theorem provides all the essential information we need on the Dirac
algebra (for an elementary algebraic proof, we refer to Pauli [10].):

Theorem 2.2 (Fundamental Theorem). The Dirac algebra D is simple and
has a unique irreducible complex representation (i.e. an R-linear representation
m:D — M(n,C)), up to equivalence. This is the representation wo:D — M (4,C)
determined by 7o(ga) = Ya with the Dirac matrices

L 0 I L 0 —0;
e () e (0.

where o; are the Pauli matrices oy := (? é), o9 1= (? _01) and o3 = (é 7?), The
equivalence with another irreducible complex representation © of D is implemented
by m(S) = Lmo(S)L~ for all S € D, where L € GL(4,C) is unique up to a non-zero
complex factor.

Consequently, for every set of matrices v, € M(4,C) satisfying Eq. (1) there
is an L € GL(4,C), unique up to a non-zero complex constant, such that ), =
Ly, L1

Proof. One can show [8] that D ~ M (2,H), where H is the skew field of quater-
nions. This algebra is simple, because it is a full matrix algebra. The given matrices
~a satisfy the Clifford relations (1) and therefore extend to a representation of D
in M(4,C).

Any complex representation w: D — M (n,C) extends to a complex representa-
tion 7 of M (4,C), using Eq. (2) and the trivial center of D, which is irreducible if 7
is irreducible. As M (4, C) has only one irreducible representation up to equivalence
(see [11]), namely the defining one on C*, this determines m up to equivalence, as
stated. If K, L € GL(4,C) are two matrices which implement the same equivalence,
then KL~ commutes with D and hence K = cL, where ¢ € C is non-zero because
K is invertible. Note that 7'(g,) := 7. extends to a complex representation of D
in M (4, C) which is faithful (as D is simple). The last statement then follows from
the previous one. O

For notational convenience, we define 75 := mo(gs)-

We can define a determinant and trace function on D by det S = det w(S) and
Tr(S) = Tr(w(S)) for all S € D, where 7 is any irreducible complex representation
of D. This is well-defined by the Fundamental Theorem. The following lemma is
often useful in computations:

Lemma 2.3. We have Tr(gagy) = 4nap and Tr([g, 9e)9aga) = 8(Nednba — MbdNea)-
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Proof. Using the cyclicity of the trace and Eq. (1) we find: Tr(gagp) = %Tr(gagb +
gv9a) = Tr(napl) = 414y and

Tr([gv, gelgaga) = Tr(gvlge; gagal) = Tr(gvige, 9a}ga — 9v9aige, 9a})

O
=2 Tr(ncdgbga - gbgdnca) = S(ncdnba - nbdnca)'

We now turn to the Spin group, which is the universal covering group of the
special Lorentz group, a double covering which can be constructed in an elegant
way inside the Dirac algebra.

Definition 2.4. The Pin and Spin groups of Cl, s are defined as
Pin, s :={S € Cl,s | S =y up,u; € R™ u? = £1},
Spin, , := Piny s N CIL._.

We let Spin(l)73 denote the connected component of Spin, 3 which contains the iden-
tity.

We also define the Lorentz group £ := O 3, the special Lorentz group L :=
SO 3 and the special ortochronous Lorentz group El := SO 3, which is the con-
nected component of £, containing the identity.

The special ortochronous Lorentz group preserves the orientation and time-
orientation. For S € Pin; 3 the map v — SvS~1! on My is a product of reflections
(up to a sign) by Lemma 2.1. Together with the fact that detu = |ul|* for all
u € M) this gives rise to another useful characterisation of the group Pin; 3, which
we shall not prove®:

Proposition 2.5. Piny3={Se€D|detS=1, Vv e MoSvS—t € My}.

It can be seen from Proposition 2.5 that Pin; 3 and Spin; 3 are indeed Lie
groups. For the universal covering homomorphism A between Pin;s and the
Lorentz group, we have the following formulae®::

Proposition 2.6. The map A:Piny g — L defined by S — A%(S) € M(4,R)
such that SgpS™' = goA%(S) is the universal covering homomorphism of Lie
groups, which restricts to the universal covering homomorphism Spin%3 — EL, We

have A%(S) = +Tr(g*SgpS™') and the inverse of the derivative dA:spin(l)B — lj_ at

aThe definition of the Spin group in [12] corresponds to our group Pini 3. In [6,7] one uses the
term Spin group for the group

S:={Se€M(@4,C)|detS =1,5vS"" € My for all v € My}.

Note that this group cannot give a double covering of the Lorentz group, as claimed in [6] (but
not in [7]), because for any S € S the matrices ¢S, —S, —iS are in S too. Its usefulness is based
on its simple definition and the fact that SO = Spin?yS.

bThese results are well known, but we record them for definiteness to correct a sign error in the
spin connection (5) that has occured in [6,7,13].

¢Lower case Latin indices are raised and lowered with 7%®, respectively, 745 throughout.
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S =1 is given by:
1
(dA) (N, = Z)\bagbga'
Proof. For the first sentence we refer to [8, Theorem 2.10] and subsequent remarks.
Using the Clifford relations (1), we see that

1 1
A%(S) = 7u* Tr(neaA%(S)1) = g1 Tr((gega + 9age)A%(S))

1 1
— 1" Trlgegah () = 3 Tr(g"SgnS ).

Expanding A(S+es+0(€?)
We check that L(\?,) := %

) up to second order in € we find dA(s)%, = +Tr([gs, g*]s).
AP grg® is an inverse of dA:

a 1 ac e 1 ac, e
dA(L(A%))%, = T TN T (g, 9clgags) = S0 N e (neanns — tbaney)

1
= 5()\% - Uaeﬁbd)\de) =%,
where we used Lemma 2.3 and the symmetry properties of A% € ll in the last
line. O

2.2. Some category theory and differential geometry

The language of locally covariant quantum field theory uses category theory to
express the physical ideas of locality and covariance. Any object or construction
that is extended from a single spacetime (usually Minkowski spacetime) to the
categorical framework gets the adjective “locally covariant”. The essence of local
covariance seems to have a geometric origin and, because the Dirac field in curved
spacetimes involves a substantial amount of geometric constructions, it will be
convenient to present the relevant differential geometry in a categorical setting
here. We refrain from the urge to call this “locally covariant differential geometry”,
which appears to be a pleonasm.

A category € consists of a set of objects ¢ and a set of morphisms or arrows
y:c1 — co between objects of €, such that the composition of morphisms, when
defined, is associative and each object admits an identity morphism (we refer
to [14] for more details). A (covariant) functor F:€ — 9B is a map between cat-
egories, which maps objects ¢ to objects F(c) and morphisms v:c¢; — ¢2 to mor-
phisms F(v):F(c1) — F(c2) such that an identity morphism maps to an identity
morphism and the composition of morphisms is preserved. A contravariant func-

d

tor F:€ — 9B is defined similarly, but reverses the direction of the morphisms:
F(v):F(c2) — F(c1). A natural transformation t: F = G between covariant func-
tors F:¢€ — B and G:¢ — ‘B is a map which assigns to each object ¢ a morphism
t(c) of B, called the component of t at ¢, such that for every morphism v:¢; — ¢

41t is very often convenient to depict the morphisms in a diagram as arrows between objects.
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of € we have t(c2) o F(y) = G(v) o t(c1), which can be depicted as a commutative
diagram. When a natural transformation ¢t admits another natural transformation
s such that t(c) o s(¢c) = id. = s(c) o t(c) for all objects ¢, then t is called a
natural equivalence. In this case, we write t: F < G. A natural transformation
between contravariant functors or between a covariant and a contravariant func-
tor is defined similarly, except that some arrows in the commutative diagram are
reversed.

A subcategory 9B of € consists of a subset of the objects of € and a subset of its
morphisms in such a way that B still satisfies the axioms of a category. In our case,
all categories will be concrete, i.e. the objects will be sets with a certain structure
and the morphisms will be maps between sets. The identity morphism will always
be the identity map and the composition of maps, when defined, is automatically
associative. In short, our categories will be subcategories of the category Get, whose
objects are sets® and whose morphisms are maps.

For our discussion of differential geometry we start with the following

Definition 2.7. The category Man" of smooth manifolds is the category whose
objects are C'*° manifolds M of (finite) dimension n and whose morphisms are C'*>
embeddings p: My — Ma.

The category Bund’ of fiber bundles is the category whose objects are smooth
fiber bundles p:B — M over objects M of Man™ with bundle projection map p,
and whose morphisms are C'*° maps [3:8; — Bs covering a morphism p: M; — Mo
of Man™, i.e. such that ps o § = pop;. We denote by Bund the subcategory whose
morphisms restrict to isomorphisms of the fibers.

The categories BBundg, respectively BBundg, of real (complex) vector bundles
is the subcategory of Bund’ whose objects V are real (complex) vector bundles and
whose morphisms v:V; — Vs are real (complex) linear maps of the fibers. Again
we denote by LBundr and VBundc the subcategories whose morphisms restrict
to isomorphisms of the fibers.

We could have taken all smooth maps between manifolds as morphisms of 9tan™ or
allowed all dimensions. However, local diffeomorphisms allow us to transport more
structure, which enables us to describe more of the canonical differential geometric
constructions as functors. We describe the most important examples below. For
fiber bundles, on the other hand, it will be useful to allow maps which are not
isomorphisms on the fibers.f:&

¢See [14] for some relevant remarks concerning the foundations of set theory and the use of small
sets.

fThe unprimed categories, whose morphisms are isomorphisms of the fibers, can be described as
fibered categories over Man™, cf. [15, p. 44].

&The functors B:Man™ — Bund’ below are all of a special type, namely, they associate to a
manifold M a fiber bundle whose base space is again M. Although we will only use functors
of this type when describing the Dirac field, the restriction is not technically necessary in our
definitions.
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Two of the most basic functors in differential geometry are

The tangent bundle functor T :9Man” — YBundg assigns to every manifold M
the tangent bundle T M and to every morphism p: M; — Ms the differential
d,u:TMl — TMQ.

The cotangent bundle functor" T* :Man™ — VBundy assigns to every manifold
M the cotangent bundle T* M and to every morphism p: M1 — My the push-
forward g, : TM; — T Moy, which is defined as j,w := wodu~'.

In a similar way, one can define the functor AR Man™ — YBundg of exterior
k-forms and the exterior algebra functor A:9tan™ — YBundg, both with push-
forwards. Another example is

The density bundle functor |[A"|:Man™ — VBundg assigns to every spacetime
M the one-dimensional trivial vector bundle of densities |[A" M|, where n is
the dimension of M. This is the vector bundle whose fiber at © € M consists
of functions d: A M — R such that d(rw) = |r|w for all r € R and w € AZM
(cf. [16, Appendix A.3]). A morphism p is mapped to the push-forward defined
by p.d :=do p*, where pu*w := w o dy is the pull-back.

By standard constructions, one can take (finite) direct sums and tensor products
of functors from Man™ into VBundp which map M into a vector bundle over
M. One obtains another such functor in the obvious way. For functors V into
UBundy one can also define the dual, denoted by V*, where the morphism between
dual vector bundles is the push-forward of the original morphism. This generalizes
the example of T* above. As another standard construction one can define the
complexification V¢ of any functor V into UBundy (respectively, DBundg), which
is a functor into VBundg (respectively, BBundc).

Now we turn to some examples of natural transformations:

The canonical pairing between a functor V:0an™ — LBBundr which maps M
to a vector bundle V.M over M and its dual V* is a natural transformation
(,):V*®@V = A° whose components cover the identity morphism.

Complex conjugation is a natural equivalence ~—: V¢ < V¢ in TBundy (or
UBundy) between complexified vector bundles, which sends each section to
its complex conjugate.

A further example of a natural equivalence is the fiber-wise multiplication by a
real number r # 0. (For r = 0, this only yields a natural transformation.) Further-
more, the constructions mentioned above (dual, direct sum, tensor product) and
the natural transformations (pairing, fiber-wise multiplication) can also be applied
directly to complex vector bundles in a canonical (Hermitean) way.

hTt is tempting to think of a contravariant functor that maps manifolds to their cotangent bundles
and morphisms p to the pull-back, p*w := w o du, which indeed reverses the directions of arrows
and changes the order of compositions. However, the pull-back is only defined on the image of pu,
so in general this does not define a morphism in ‘B%unb]’R.
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It will be convenient to consider distributions and integration in a categorical
setting too:

Definition 2.8. TUec is the category of topological vector spaces with injective
continuous linear maps as morphisms. The functor C: Man™ — TWec is the constant
functor C, i.e. it assigns to each object the one dimensional space C and to each
morphism the identity morphism.

The functor of test-sections is the functor C5°:UBunde — TVec which maps
each complex vector bundle V to the space C5°(V) of compactly supported smooth
sections of V in the test-section topology.! A morphism v, covering a morphism g, is
mapped to the push-forward v, defined by v,(f) =vo fou=! on u(My), extended
by 0 to all of M.

The functor of smooth sections is the contravariant functor C*°:UBundc —
TWec which maps each complex vector bundle V to the space C*°(V) of smooth
sections of V in the usual topology. A morphism v, covering a morphism pu, is
mapped to the pull-back v* defined by v*(f) =v 1o fopu.

The functor of distributions is the contravariant functor Distr: UBundy —
TUec which maps each complex vector bundle V to the space (C5°(V))" of distri-
butions on V with the weak topology induced by C5°(V). A morphism v, covering
a morphism g, is mapped to the pull-back v* defined by v*u := uo v,.

We will not need compactly supported distributions, but they can be defined as
the functor dual to C>°. Notice that objects which are not compactly supported,
such as smooth sections or distributions, behave contravariantly, whereas compactly
supported ones behave covariantly. Also note that the pull-back of a smooth section
can only be defined for morphisms that restrict to isomorphisms of the fibers. The
following constructions will be of importance in Sec. 4:

Integration is a natural transformation [:Cg° o |A"| = C which assigns to each
w € Cg°(|A" M) the integral [, w

Canonical Injections. Let f:0Bundc — UBund; be the forgetful functor. For
any functor V:Man" — YBundc there is a canonical natural transformation
k:CFP of oV = C> oV, whose components are the canonical injections
C (VM) C C°°(V.M). Similarly, there is a canonical natural transformation
1:C>*o(V®|A") = DistrofoV* given by ty(f ®@w) := [,(., f) w for any
smooth section f of VM and any density w on M. Each component of ¢ is
injective.

Where convenient we will identify a functor V:JMan™ — LBBundc with the func-
tor f o V, omitting the forgetful functor, as this rarely leads to confusion. Fur-
thermore, any natural transformation t:V; = V3 between a pair of functors
V;:Man" — VBundg, i = 1,2, lifts to a corresponding natural transformation

iFor a precise definition of the well-known topologies on test-sections and smooth sections we refer
to [17, Chap. 17].
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T:Cg° oV = Cf° 0 Vy defined pointwise by T'a f := taq 0 f. The same statement
holds for T: C*® oV = C*> 0 Vg, if the V; are functors into the category UBundc.
Next we add the structure of a semi-Riemannian metric:

Definition 2.9. The category GBMan" of semi-Riemannian manifolds is the sub-
category of Man” whose objects M = (M, g) are C*° manifolds M of dimen-
sion n with a semi-Riemannian metric g and whose morphisms m:M; — My are
given by the isometric morphisms in 9an”, i.e. morphisms p: M; — My such that
g1 = g2l pry)-

Again there is a canonical forgetful functor f:SRMan™ — Man”™, which is often
left implicit, so we will write e.g. T for the functor T o f. The extra structure of a
semi-Riemannian metric gives rise to extra functors and natural equivalences that
are of interest to us:

The metric identification is a natural equivalence G: T < T* whose component
at M = (M, g) is given by the map G :TM — T* M such that v — g(v,-).

The frame bundle functor F: SRMan” — VBundg assigns to each object M the
frame bundle FFM, i.e. the bundle whose fiber at a point x € M consists of all
orthonormal bases of T, M in the metric g. This fiber is a subset of T®" M. A
morphism m is mapped to the push-forward p. acting on FM C TS M.

The volume form functor vol: SRMan” — LBundy is defined as vol := |A"|of.
When m:M; — My is a morphism and dvol; := /| det g;| the metric induced
volume form on M;, then vol maps dvol; to the restriction of dvoly to m(My).
There is a canonical natural equivalence from A° to vol, which consists of
multiplication with the metric induced volume form.

Similarly there are natural equivalences between any functor V:SRMan" —
UBunde and V @ [A"]. Therefore we obtain a canonical natural transformation
1:C*® oV = Distr o V* whose components are injective.
Finally

we should mention the Clifford bundle functor Cl: SRMan” — LBundr, which
assigns to each object M = (M, g) the Clifford bundle CIM, which is the vector
bundle whose fiber at z € M is the Clifford algebra of (7, M, g) viewed as a linear
space. Ignoring the algebraic structure, this functor is naturally equivalent to Aof.
Although we will not do so, it is possible to use this functor as a basic object for
the description of fermions (cf. [18]).

3. The Classical Dirac Field

After these mathematical preliminaries we are now ready to start constructing the
classical free Dirac field (as a locally covariant classical field). We will first describe
the geometric and algebraic constructions, before we discuss the Dirac equation and
its fundamental solutions. We close by investigating to what extent the relations
between the Dirac operator, charge conjugation and adjoint map fix the structure
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of the theory and find that the non-uniqueness can be characterised in terms of the
cohomology of the category of spin spacetimes.

3.1. Geometric aspects

In order to describe the Dirac field we need to introduce the notion of a spin
structure on a spacetime, combining the geometric and the algebraic results of
Sec. 2. This is the purpose of the current subsection.

The systems that we will consider are intended to model Dirac quantum fields
living in a (region of) spacetime which is endowed with a fixed Lorentzian metric
(a background gravitational field). Mathematically these regions are modelled as
follows:

Definition 3.1. By the term globally hyperbolic spacetime we will mean a con-
nected, Hausdorff, C*® Lorentzian manifold M = (M, g) of dimension d = 4, which
is oriented, time-oriented and admits a Cauchy surface.

A subset O C M of a globally hyperbolic spacetime M is called causally convex
iff for all z,y € O all causal curves in M from z to y lie entirely in O.

The category Gpac is the subcategory of GRMan™ whose objects are all glob-
ally hyperbolic spacetimes M = (M, ¢g) and whose morphisms are isometric embed-
dings ¢ that preserve the orientation and time-orientation and such that »(Mj) is
causally convex.

By a theorem of Geroch any globally hyperbolic spacetime is paracompact ([19,
Appendix]).

Most notations we use concerning the causal structure of spacetimes are stan-
dard, cf. [20]. The importance of causally convex sets is that for any morphism
the causal structure of My coincides with that of ¥ (M7) inside Mo:

P(J3g, () = Ji, (0(@) NY(My), o€ M.

If O € M is a connected open causally convex set, then (O, g|o) defines a globally
hyperbolic spacetime in its own right. In this case there is a canonical morphism
Inr,o : O — M given by the canonical embedding ¢:O — M. We will often drop
Iy, 0 and ¢ from the notation and simply write O C M.

Notice that there is a forgetful functor f:GSpac — GRMan” and that we can
define the functor Fl :Gpac — Bunod of oriented, time-oriented orthonormal frames
Fl/\/l for the tangent bundle, in analogy to Sec. 2.2. This is a principal El—bundle
over M, where the special ortochronous Lorentz group El acts from the right,
ie., given e = (z,eqg,...,e3) € FlM, where x € M and e, € T, M such that
9z (€ay€p) = Nap and eq is future pointing, the action of A is defined by Rye = ¢’ =
(z,€p,...,e5) where e/, = e, Ab,.

Definition 3.2. A spin structure on M is a pair (SM,m), where SM is a principal
Spin?,g—bundle over M, the spin frame bundle, with a right action Rg, S € Spin?&
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and 7:SM — FM, the spin frame projection, is a base-point preserving bundle
homomorphism such that

moRs = Rys o,

where S +— A(S) is the universal covering map (cf. Proposition 2.6).

A globally hyperbolic spin spacetime SM = (M, g, SM,n) is an object M =
(M, g) of Gpac which is endowed with the spin structure (SM, ).

The category &Gpac is the subcategory of Bund whose objects are all glob-
ally hyperbolic spin spacetimes SM = (M,g,SM,n) and whose morphisms
X:SMy — SMs cover a morphism ¢: My — My in Gpac and satisfy x o (R1)s =
(R2)s o x and 79 0 x = 1, o w1, where p; are the bundle projections, m; the spin
frame projections and v, the push-forward.

Note that a morphism acts as a diffeomorphism of the fibers, because it intertwines
the group action.

Every globally hyperbolic spacetime admits a spin structure, which need not be
unique [6,8,19,21]. We will regard distinct spin structures on the same underly-
ing spacetime as distinct spin spacetimes.) Spinor and cospinor fields are sections
of vector bundles associated to the spin frame bundle. We will require that the
assignment of these vector bundles is functorial:

Definition 3.3. A locally covariant spinor bundle is a functor V:&Gpac —
LBundc, written as SM +— Vsy, x — v, such that y and v cover the same
morphism 1 in Gpac and such that each Vg, is a vector bundle associated to the
spin frame bundle SM through some representation. The dual functor V* is called
a locally covariant cospinor bundle. Smooth sections of Vg, respectively V¢,,, are
called (Dirac) spinors (or spinor fields), respectively cospinors (cospinor fields).

The condition in the definition of a locally covariant spinor bundle ensures that the
vector bundle Vsy; and the spin frame bundle SM are both bundles over the same
spacetime M.

For definiteness we pick out the following standard choice of locally covariant
spinor and cospinor bundles:

Definition 3.4. The standard locally covariant Dirac spinor bundle Dy: ©Gpac —
UBundc is the locally covariant spinor bundle which associates to each object SM
of &Gpac the associated vector bundle DoM = SM X gpin0 C* of SM with the

JThere exists another approach to spinors, which considers on each spacetime the Clifford bundle.
This Clifford bundle is functorial in its dependence on the spacetime, but it does not generally
define a spin structure. Indeed, at each point one can identify the Spin group inside the fiber of
the Clifford bundle, but there may not be any projection from these Spin groups onto the frame
bundle that intertwines the actions of the structure groups, the obstruction being a topological
twist. (Conversely, every spin structure can be seen as a topologically twisted copy of the Spin
groups in the Clifford bundle.) Nevertheless, it appears to provide sufficient structure to describe
all the relevant physics in a functorial way. We refer to [18] for more information on this approach.
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representation 7, and which maps each morphism x:SM; — SM 5 to the morphism
&:DoMy — DoMs given by &([E, z]) := [x(E), z]. The standard locally covariant
Dirac cospinor bundle Dy is the dual functor of Dy.

Recall that a point in DgM consists of an equivalence class of pairs (E, z) € SM x
C*, where the equivalence is given by

[RsE,z] = [E,m(5)z].

The dual functor D{ then assigns to each SM the dual vector bundle DM whose
points are equivalence classes of pairs (E,w*) € SM x (C*)*, where the equivalence
is given by [RsE,w*] = [E,w*m(S~1)]. (Here we consider w* € (C*)* as a row
vector, whereas z € C* is treated as a column vector.)

For any object SM the unique connection Vgy on T'M which is compatible
with the metric, Vg = 0, can be described by an ll—valued one-form (Qgp)%, on
the orthonormal frame bundle FlM (cf. [22, Chap. 2, Proposition 1.1]), where ll is
the Lie-algebra of El, which can be identified with the tangent space of the fiber of
FLM at any point. For every local section e of F| M the pull-back w’, := e*(?,)
consists exactly of the connection one-forms of V gy, expressed in the orthonormal
frame e,. The one-form (Qg5)%, can be pulled back by the spin frame projection
7 and lifted to a spin{ ;-valued one-form Xgpr on SM:

Ssar = (@8) " (s)',) = 10 (2530’

where the last equality uses Proposition 2.6. The one-form Y gy; determines a con-
nection on the spin frame bundle SM. For any associated vector bundle DM we
then find a connection, also denoted by Vgjs, determined by the connection one-
forms o := E*(Xgu) in a local section E of SM, as represented on DM (we will
give an explicit expression for ¢ in Eq. (5)). The connection can be viewed as a
map Vg :C§(DoM) — C§°(T*M ® DoM ), which is a component of a natural
transformation® V:C o Dy = C o (T* ® Dy). The Leibniz rule allows us to
extend it to mixed spinor-tensors, using, e.g., Vo (v, u) = (Vov,u) + (v, Vyu).

3.2. Adjoints, charge conjugation and the Dirac operator

We now define the adjoint and charge conjugation maps on spinors and cospinors.
These are special cases of the Fundamental Theorem 2.2, using the complex conju-
gate and adjoint matrices' (cf. [23]).

k Alternatively we could have written the connection as a natural transformation from the 1-jet
bundle extension of Dg to T* ® Dg.

10n a general representation space of complex dimension four, one can define many complex
conjugations and Hermitean inner products. In order to obtain the desired equalities involving
adjoint and charge conjugate spinors later on, we need these two operations to be compatible, i.e.
(v,w) = (v, w). Without loss of generality we can then use the standard complex conjugation and
Hermitean inner product on C%.
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Theorem 3.5. For any irreducible complex representation w of the Dirac algebra
D there are matrices A,C' € GL(4,C) such that

A=A* 7(g.)" = Am(g,)A™t, An >0, 3)
CC = I, _W(ga) = Cﬂ—(ga)c_l
for all future pointing time-like vectors n € My C D. We have for all S € Spin(fﬁ:
A=-CrATC,
7(S)*An(S) = A, w(S~HCx(S)=C"1.

Moreover, if A’,C" € M(4,C) have the properties stated above for the irreducible

complex representation © of D, then there is an L € GL(4,C), unique up to a sign,
such that L*A'L = A, (L)"'C'L =C and # = L~'7'L on D.

Proof. To prove the existence of A and C in the representation my we may take
A= Ay := vy, C = Cp := v and check the required properties straightforwardly.
Note for example that

" n’I + nlo; 0 0
N"Yo = ) >0,
vony 0 n’I —n'o;

because det(nl £ no;) = n? > 0 and Tr(n’I £ n'o;) = 2n° > 0. To prove the
existence of A and C in a general irreducible complex representation 7 one writes
Yo = K7(g,)K ! by Theorem 2.2 and verifies that A = K*AgK and C = K 'CyK
will do.

Given A’,C’ satisfying Eq. (3) for 7’ we can fix K € GL(4,C) such that 7’ =
KnK~! on D and the desired matrix L must be L = zK for some z # 0 by the
Fundamental Theorem 2.2. Now set A := K*A'K and C := (K)~'C'K and note
that A and C satisfy (3) for . Because the sets of matrices m(g,)* and —m(gq)
both satisfy the relations (1) we must have a4 = A and ¢C = C for some non-zero
complex factors a and ¢, again by the Fundamental Theorem. Also, |c| = 1 because
CC =1 and a > 0 because A = A* and Am(n) > 0 for future pointing time-like
vectors. Hence, |2|?> = a and z = ¢z, which fixes 2 (and L) up to a sign. This proves
the last statement.

The equation A = —C* AT C holds for Ay, Cy and therefore also in general. For
a unit vector u = u%g, we have u?> = +I and hence

m(u)* Ar(u) = uubm(ge)* An(gy) = uub A (gagy) = Am(u?) = £A.

For S € Spin, 5, we must therefore have that 7(S)*An(S) = £A, by definition of
the Spin group. For S = I, the sign is a plus, so by continuity and connectedness
we conclude that m(S)* An(S) = A for all S € Spinf 5. For C, we use the fact that

7(uHC 1 (u) = —m(u) tr(u)Ct = —C?

and hence w(S™H)C~x(S) = C~! for all S € Spin 3. 0
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Note that g5 € Spin173\Spin?,3. Indeed, using g and Ay = 79 in Theorem 3.5 we
see that 75 Agys = — Ao, so g5 € Spin, 3 by definition, but not in sz’n?ﬁ.

In the following theorem we use the fact that for any pair of natural transforma-
tions t,t: S&pac = VBund; we can define the sum ¢ + ¢’ and the tensor product
t ® t' componentwise.

Theorem 3.6. The standard locally covariant Dirac spinor and cospinor bundles
admit natural (C-antilinear) equivalences T: Do < D, ©: Dg < Dy, ©: D§ < D§ in
UBundr and a natural transformation v: Dy = T* ® Dg in ‘ﬂ%unbfc such that all
components cover the identity morphism and the following equations hold both on
spinors and cospinors (i.e. we denote the inverses of ¥ and ¢ by the same symbol):

tot =1 =¢ o¢, tot = —10¢0t
(,)oSo(tet)="0of,)=(,)o(‘®)
(1@F)oy=7%0", (18°)oy=—loyo® (4)
(I14+S®1)o(1®vy)oy=(20g) ®1
Voy=n0oV,

where S: Dy @ D < D ® Do and S: T* @ T* & T* @ T* swap the factors in the
tensor product, g: A° = T* @ T* maps the function 1 to the metric g and v*: D} =
T* @ D{ is the adjoint map of v under the canonical pairing (, ). Furthermore, for
every object SM , every time-like future pointing tangent vector n € TM and every
v € DoM we have (n @ v, y(v)) > 0.

The natural transformation + can also be seen as a natural transformation T =
End(Dg) or T = End(D{). Equations (4) simply give the usual computational
rules for spinors and cospinors in a functorial setting. Thus, for every SM and
every p € DoM, g € DgM we have:

ptt=p=p*, pt=-pte

(. a%) = (a.p) = (¢°.p°)
()" =0 0 (V) = —yup°
YV + 0w = 29w, Vay =0,
where we have dropped the subscript SM to lighten the notation.

Proof. The canonical pairing (,):D§ ® Dy = Al on SM is given by
([E,w*],[E, z]) = (w, z), where the right-hand side is the standard Hermitean inner
product on C*. Note that this is well-defined, because we can always get the same
E € SM on the left-hand side by a suitable action of Spin{ ;. The components of
the natural equivalences T and ¢ on each SM are defined using the matrices Ay and
Cy of Theorem 3.5 and their properties:

[E,2]°:=[E,Cy'z], [B,w*]:=[E,w*Cy,
[E,2]" :=[E, 2" Ag], [E,w*|" :=[F, Ay w)].
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These are well-defined isomorphisms in 2UBundg and they give rise to natural equiv-
alences satisfying the first two lines of Eq. (4).

Now fix I € SM, let e, be the orthonormal basis (eo, . . .,e3) = 7(E) of T,z M,
where m:SM — FM is the spin frame projection, and let e* be the dual basis of
T;( E)M . On SM we define the component of the natural transformation v on SM
to be

Y([E, z]) := e @ [E,v42].

This is well-defined, because a different section E’ := RgFE gives rise to the frame
el = epAba(S) and the dual frame (e¢')* = A% (S~1)e’ and on the other hand
70(S™)yam0(S) = WAL, (S™) by definition of A (Proposition 2.6). 7 is indeed a
morphism in TBunde and gives rise to a natural transformation. The third line of

Eq. (4) follows again from the properties of A and C' (see Theorem 3.5):
V(B 2]9) = e* ® [B,7.Cy 2] = —e* ® [B, Cq ' 7az] = —(4([E, 2)))",
V([EB,2]7) = " @ [E, 2" Aova] = € @ [E, 2"7; Al = (1([E, 2])) "

and similarly on cospinors. Also,

1
ViYa = 0bYa — Ya0b — D%ae = Zl“cbd(%vd% — YY) = T e

1

. 1,
=17 b (V{7 Yat — {Vay vy — 46%.) = 5T pa(087e + Macy™®) = 0.

Finally, for every object SM, every future pointing tangent vector n € T'M and

every v € DgM we have (n @ v+, v(v)) = (v, An%y,v) > 0 again by Theorem 3.5.
O

In terms of the Christoffel symbols I',,,, the frame e

DoM using the End(DgM )-valued one-forms ~, the connection one-forms of the
spin connection can be expressed as™
1

Op 1= Z beVa Y s (5)

a — o a a M v
[, = —el(efdoef) + ehey el .

and representing g, on

The Dirac operator is defined on spinors and cospinors by

Ysu = 7"Va-

This defines natural transformations YV: C3° o Dy = C§° o Dy, respectively ¥: C5° o
D§ = Cg&° o D§. The intertwining relations of the adjoint and charge conjugation
with the Dirac operator follow from their intertwining with v in Theorem 3.6:

Proposition 3.7. Yot =t oY, Yo ¢=—10 o V.

™Note the sign error in [6,7].
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Proof. Recall that * and ¢ can be defined pointwise on test-sections. Hence, on
any object SM
(Y0) = ((9av = v0a)y")* = (0a? — V5a)y*C
—(0(v0) = vCoa)y* = =Y (vC) = =Y,
(Vu)™ = (y*(Oatt + 0qu)) " = (Gau” + u"0;)(v")" A
= (0a(u"A) —u" Ao )y" = Y(u"A) = Yu",

where the minus sign in the last line appears because the order of the two factors of
7 in the expression for o, needs to be changed. It follows that (Yv)* = (Yot+)t =
(Yv )™ = Yot and (Yu)® = (Vut)*e = —(Yul)F = (Yute)F = —(Vuh)" =
—Yue. |

Remark 3.8. A change in the sign convention, 7 := —n, has no physical conse-
quences. In fact, this simply gives rise to D ~ Cl3 ; as the Dirac algebra, but since
Cl%1 = C’l‘f,3 nothing changes in the representation™ of the group Spin(l),3 = Sping,l.
To accommodate this change one can set 4, := i7, in Eq. (1), which yields the same
Dirac algebra and other constructions (although we do get signs for all covectors
when raising or lowering indices with 7). This also implies that one should drop
the factor ¢ in front of the Dirac operator in the Dirac equation (6) below, which
ensures that P.P = PP, will still be a wave operator. We can also keep the same
matrices A, C', which now must satisfy the relations:

_:5/; = A’?GA_17 %/a = C’?ac_l'

The spinor and cospinor bundle and the adjoint and charge conjugation maps then
remain the same and all the relations between these operations and the Dirac
operator remain valid.

3.3. The Dirac equation and its fundamental solutions

The Dirac equation on spinor and cospinor fields, respectively, on a spin spacetime
SM is

(=i¥Y+m)u=0, (EV+m)v=0, (6)

where the constant m > 0 is to be interpreted as the mass of the field. These equa-
tions can be derived as the Euler-Lagrange equations from the action Sp := [ Lp

"Notice that a complex irreducible representation of Cli 3 extends to an irreducible representa-
tion of M (4,C) and therefore also gives a complex irreducible representation of Cl3 1 and vice
versa. The standard Clifford algebra isomorphism Cl3 ;1 ~ M(4,R) appears if and only if the
representation of Cl1 3 is a Majorana representation, i.e. if 7, = —7v4. In that case we also find
(see, e.g., [12, p. 332])

Ping1 ~ {S € M(4,R) | det S =1, Vv € MgSvS™! € Mo} # Ping 3.
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with the Lagrangian density®
Lp = (u", (=¥ + m)u)dvol, (7)

by varying with respect to u and u™, viewed as independent fields. The canonical
momentum of the field v on a Cauchy surface C' with future pointing normal vector
field n is defined as

1 0Sp

m(x) = = —iyp T (2)h(z).
() ot a0 S, @) Y (2)h(x) (8)

We will write P := —iYV + m for the operator on spinors and P. := iV + m
for the operator on cospinors. These are components of natural transformations
P:Ci° oDy = Cg° oDy, P:C* oDy = C*oDg and FP.: C5° o Dj = Cg° o Dg,
P.:C*>* oD{ = C* o D{, which we denote by the same symbol. We then have by
Proposition 3.7:

c _ C c _ C
Po¢=coP, P,o‘°= “oP,

Pot =t oP, Pot =toP,

9)

i.e. if a spinor field u is a solution to the Dirac equation, then so are vt and u.
(The adjoint and charge conjugation of u are defined pointwise.)

For a distribution v on DgM we define the transpose P* by (P*v, u) := (v, Pu)
and similarly for P.. In this way the transposes give rise to natural transformations
P*:Distr o Dy = Distr o Dy and P}: Distr o D§j = Distr o Dj.

Lemma 3.9. Let 1: C* o D = Distr o Dg and 1: C* o Dy = Distr o Dy be the
canonical natural transformations (see the end of Sec. 2.2). Then P* o1 =10 P,
and P oy =10 P.

Proof. This follows from the fact that for each object SM [, (u, Yv)dvol, =
— J1 (Vu,v)dvoly if at least one of u € C*(DoM) and v € C*(DgM) is com-
pactly supported. This in turn follows from (Vv,u) + (v, Yu) = V,{(v,v*u) and
Gauss’ law. O

One can find unique advanced and retarded fundamental solutions for the Dirac
equation, both for spinors and cospinors [6,24]:

Theorem 3.10. There are unique natural transformations S*: 70Dy = C*oDy
and S¥:C o Df = C> o D} such that ST o P = Po ST = k, ST o P. =
P.o S* = k and such that for each u € C(DoM), v € C§¢(DEM) we have

°The Lagrangian is a natural transformation between the functor J1Dg, which assigns to each
spin spacetime SM the first-order jet bundle J; DgM of the spinor bundle DoM, to the functor
|A™| of densities. A component of this natural transformation covers the identity morphism of SM
and is only a moprhism in Bund, not in VBundj, because it is not linear.



The Locally Covariant Dirac Field 399

supp(S*u) C J*(supp(u)), supp(SFu) C J*(supp(u)). Moreover,
Sioc:cosi’ Scjzoc:coscj:’

SFot =t 0S*,  Stot =t oSF,
/°<»>o(1®5i>=/°<»>o(5f®1>.

Proof. The components of ST and ST are the advanced (—) and retarded (+)
fundamental solutions for P and P., which are given by S* := (i¥ + m)E* and
S* := (—iV+m)E* respectively, where E* are the unique advanced and retarded
fundamental solutions for the normally hyperbolic operator (i¥ + m)(—i¥ + m) =
(—iV 4 m)(i¥V +m) = ¥* +m?2. We refer to [6, Theorem 2.1] for a detailed proof of
the existence and uniqueness of these operators (see also [16] for the existence and
uniqueness of FT).

The naturality of S* and S follows from their uniqueness and the naturality of
P and P.. In detail: for every morphism x:SM — SM and every f € C5°(DoM;)
the unique smooth solution to Pu = x.f on My with supp(u) C J&(supp(x«f))
pulls back to a solution v := x*u of Pv = f on M; with supp(v) C J*(supp(f)).
By uniqueness we must then have u = S*y, f and x*u = S*f, i.e. x* 0 ST oy, =
S*. The same holds for cospinors. The commutation of S* and SF with charge
conjugation and adjoints follows from Eq. (9).

For arbitrary v € C§°(DoM) and v € C§°(DgM) we can find a ¢ € C§°(M)
which is identically one on the compact set supp(S*u) Nsupp(SFv). We then com-
pute:

/(v,Siu>:/ <PCSéFU7¢Siu>:/ (SFv, PpS*u)
M M M

:/ <sjv,¢PSiu>:/ (SFv,u),
M M

which proves the last claim. O
We define the advanced-minus-retarded fundamental solutions S := S~ — ST and
Se := S — SF, which are natural transformations S: C§° o Dy = C*> o Dy and

Sc: Cg° o D = C* o Dj respectively.

3.4. The non-uniqueness of the functorial Dirac structure

We have seen that the (standard) structure of Dirac spinors and cospinors, adjoints,
charge conjugation and the Dirac operator is entirely determined by the functor Dy
and the natural equivalences T, ¢ and v. We formalise this with a definition:

Definition 3.11. By a Dirac structure D := (D, ¢, ~) we mean a locally covariant
spinor bundle D with a dual bundle D*, natural equivalences T: D < D*, ¢: D < D,
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and ©:D* < D* in TBBundr and a natural transformation v:D = T* ® D in
UBundg, all of whose components cover the identity morphism and satisfying the
relations (4) and (yspy (vF,v),n) > 0 for every time-like future pointing vector
ne&TM.

We call Dy := (Dg,™ ,¢,7) of Theorem 3.6 the standard Dirac structure.

The category ®Gtruc has all Dirac structures as objects and its morphisms
t: D1 — Dy are all natural transformations ¢:D; = Ds whose components are
injective morphisms covering the identity morphism and intertwining the adjoints,
charge conjugation and v as follows:

Trot=totr, “ot=1to", yo(t®t)=.

For each Dirac structure, one can perform the constructions of Sec. 3.3. Because
the Dirac algebra D has a unique irreducible complex representation one might
expect that the category DGtruc admits a corresponding unique initial object,
perhaps up to isomorphism. This is an object from which there exists a morphism
into any other object. However, as we will explain in this section there is a certain
cohomological obstruction of the category GGpac involved. We will first consider
the standard Dirac structure, which would be a good candidate for an initial object,
and prove the following weaker property:

Proposition 3.12. Any morphism t from a Dirac structure D to the standard
Dirac structure Dqy is an isomorphism.

Proof. Let ¢:D — Dy be a morphism. By the injectivity of the components of
t: D = Dy we see that the complex dimension of the fiber of DM is at most four.
On the other hand, the vector bundles DM are modules for the Dirac algebra
represented by v. Because this algebra is simple, and because Egs. (4) exclude the
trivial representation, we find that DM must have complex dimension at least four.
Therefore, t: D = Do must be a natural equivalence and it follows that ¢:D — Dy
is an isomorphism. O

Corollary 3.13. If we construct a Dirac structure D, analogous to Dy, but using
a different representation © and matrices A, C, then Dy is isomorphic to Dy.

Proof. Because we use the same representation on all spacetimes we can construct
a natural equivalence t: D, < Dy whose components are of the form tgy ([E, 2]) :=
[E, Lz] for some L € GL(4,C) which is independent of SM (cf. Theorem 3.5). O

Corollary 3.14. If D := (Do, % ,°* ,v') is any Dirac structure with the standard
locally covariant Dirac spinor bundle Dq, then D is isomorphic to the standard
Dirac structure Dy.

Proof. At each point z in each object SM we can view ~/ as matrices that
represent the Dirac algebra in a representation 7. Using the Fundamental The-
orem 2.2, we write 7, = Lvy,L~! for some L(z) € GL(4,C). As v/ is well-defined
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on Dy we must have 7o(S)v,mo(S™1) = A% (S) for all S € Spin{ 5. This also
holds for the matrices v, so we conclude from the Fundamental Theorem that
mo(S)L(x) = c(x)L(x)mo(S), where ¢ = 1 by taking S = I. We can now define a
natural equivalence t: Dy < Dg by [E, z] — [E, L(p(E))z] such that 4/ ot = to~. If
we also define T2 :=to*1 ot7! and ¢ :=t o ot !, then D < (Dg, "2 ,%2,7) < Dy,
where the last equivalence follows from the previous corollary. O

In fact, the proof of Corollary 3.13 shows that for any SM the quadruple
(DM,* ©,5) is unique up to an isomorphism tgys, if DM has four-dimensional
complex fibers. The isomorphism gy, itself, however, is only unique up to a sign.
In other words, on each spin spacetime we find a discrete Zs-symmetry that pre-
serves all physical relations.P

Consider two Dirac structures D and D’ whose locally covariant spinor bundles
D and D’ have four-dimensional complex fibers. Comparing the action of these
functors on morphisms of GG&pac one finds a diagram that commutes up to a sign.
The existence of an initial object in the category ®&truc then boils down to the
question whether one can choose signs for all spin spacetimes SM in such a way
that all the diagrams commute. The answer is not at all obvious, but can be neatly
formulated in terms of the first Stiefel-Whitney class of the category GGpac. To
explain this we will briefly recall the definition of cohomology groups for categories
(cf. [26]).

If ¢ is any category, we can first build a simplicial set from it called the nerve
of the category (cf. [27]). A O-simplex is simply an object of €, a 1-simplex is a
morphism between two objects, a 2-simplex is a commutative triangle, etc. We will
write X, for the set of all n-simplices. For n > 1 every n-simplex has n + 1 faces,
which are described by maps 0;:%,, — X,-1, 0 < j < n, which remove the jth
vertex from the diagram.

To find the cohomology of € with values in an Abelian group? G, we define
an n-cochain with values in G to be a map v:X, — G. We denote the set
of m-cochains with values in G by C™(G) and we define the coboundary map
d:C"(G) — C""Y(Q) by

n+1

du(s) = Z(—l)jv(ajs), S € Ynit,

=0

where we have written the group operation of G additively. One checks that d? =
0 and defines v to be closed iff dv = 0 and ezact iff v = dt for some (n — 1)-
cochain t. The sets of closed and exact n-cochains are denoted by B™(G) and
Z™(@), respectively. They inherit an Abelian group structure from G and because

PThis may be compared to [25], who use complex spinor structures and then find a local (gauge)
symmetry instead of our more restricted global symmetries.
4 [26] also considers the non-Abelian case, which is much more involved.
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Z™(G) € B™(Q) is necessarily normal one can define the jth cohomology group as
the quotient H"(G) := B"(G)/Z"(G).

Now let us return to the study of Dirac structures. Suppose that D and D’
both have four-dimensional complex fibers. Without loss of generality, we may
assume that both Dirac structures coincide on each spin spacetime, but the action
of their locally covariant spinor bundles on a morphism x agrees only up to a sign
v(x) € {£1}. We can view v : x + v(x) as a l-cochain on the category GGpac
with values in Zy = {0,1}, where 0 corresponds to +1 and 1 to —1). Notice that
for a composition of morphisms y = x1 o x2 we find v(x) = v(x1) + v(x2) in Zo,
because the Dirac structures are both functorial. In cohomological terms this means
precisely that dv = 0.

If there is a natural equivalence t: D < D', then the components tgy; are auto-
morphisms of the Dirac structure at each SM, i.e. ts); = £1, that compensate for
all the minus signs in v. If we view ¢ as a 0-cochain with values in Zs,, this means
exactly that v = dt. So we have proved:

Theorem 3.15. The number of inequivalent Dirac structures whose locally covari-
ant spinor bundles have four-dimensional complex fibers equals the number of first
Stiefel-Whitney classes of the category SGpac, i.e. the number of elements in
HY(Zy).

Remark 3.16. For scalar and vector fields the problem above can be avoided in
a natural way. Taking EL in the defining (four-vector) representation, the vector
bundle associated to FlM is just the tangent bundle T'M. A morphism in Gpac
determines a unique morphism on the tangent bundle, so no topological obstruc-
tions occur. Similarly for the scalar field, where one uses the trivial one-dimensional
representation of Ej_, whose associated vector bundle is A°(M) = M x R. Again a
morphism in MMan™ automatically determines a unique morphism on these associ-
ated vector bundles, now by the requirement that the volume element is preserved.

In general one is dealing with representations of Spin(l),3 and associates to each
morphism in GGpac an intertwining operator between such representations. For
the associated vector bundles of SM, the physical requirements that we imposed on
the bundle morphisms, concerning the adjoint and charge conjugation maps and ~,
reduce the intertwiners exactly to a choice of lifting El to its double cover. In this
way it leads to the same first Stiefel-Whitney class that characterizes the number
of spin structures on a manifold. For the general case it is expected that one needs
a non-Abelian cohomology theory to quantify the obstruction for finding initial
objects.

4. The Locally Covariant Quantum Dirac Field

After our discussion of the classical Dirac field in Sec. 3 we now turn to the quantum
Dirac field, its construction, its Hadamard states and its relative Cauchy evolution.
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4.1. Quantization of the free Dirac field

First, we will quantize the free Dirac field in a generally covariant way and establish
some of its properties. For this purpose we also present the main ideas of locally
covariant quantum field theory as introduced in [2] (see also [5]).

In the following, any quantum physical system will be described by a topological
*~algebra A with a unit I, whose self-adjoint elements are the observables of the
system. An injective and continuous *-homomorphism expresses the notion of a
subsystem, whereas a state is desccribed by a normalized and positive continuous
linear functional w, i.e. w(A*A) > 0 for all A € A and w(I) = 1. The state space
of A is the set of all states and is denoted by A;T. Every state gives rise to a
GNS-representation m,, (see [28, Theorem 8.6.2.]), which is characterized uniquely,
up to unitary equivalence, by the GNS-quadruple (m.,,Hu,Qw, Z.). Here H,, is
the Hilbert space on which m,(A) acts as (possibly unbounded) operators with
the dense, invariant domain 7, := m,(A)$,. The vector €, is cyclic and satisfies
w(A) = (Qu, T (A)Q,) for all A € A.

The collection of all systems forms a category TUg:

Definition 4.1. The category T2lg has as its objects all unital topological *-
algebras A and as its morphisms all continuous and injective *~-homomorphisms «
such that o(I) = I.

A locally covariant quantum field theory is a (covariant) functor A: &Gpac —
TUlg, written as SM +— Agy, X — y.

A locally covariant quantum field theory A is called causal if and only if any
pair of morphisms ;: SM; — SM, i = 1,2, such that 11 (M) C (¢2(Mz))* in M
yields [aw, (Asm, ), aw,(Aswm,)] = {0} in Ags.

A locally covariant quantum field theory A satisfies the time-slice axziom iff for
all morphisms ¥ : SM1 — SM such that (M) contains a Cauchy surface for Mo
we have ay(Asy,) = Asu,-

Notice that the condition ¥ (M1) C (¢2(My))* is symmetric in i = 1,2. The
causality condition formulates how the quantum physical system interplays with
the classical gravitational background field, whereas the time-slice axiom expresses
the existence of a causal dynamical law.

We now fix a choice of Dirac structure D := (D, ¢ ), in order to turn
the free Dirac field into a locally covariant field theory. Because we want to
impose the canonical anti-commutation relations it will also be convenient to
quantize spinor and cospinor fields simultaneously by introducing the following
terminology:

Definition 4.2. The locally covariant double spinor bundle is the covariant functor
D @& D*. We define the following natural equivalences and natural transformations
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on this bundle, indicated by their components at SM:
o =p'®q¢, @Poq’:=q¢" opt,
Y@ ®q) = (vup) & (), PP ®d) =T 0)+{d q"),
T(p®q) :=p®(—q).

A double spinor (field) is an element of C>°(DM & D*M). A double test-spinor
(field) is an element of C3°(DM @ D*M). The adjoint, charge conjugation and
other operations are defined pointwise. We also define the operator P := P @ P, its
advanced (—) and retarded (+) fundamental solutions ST (u@v) := (S*u) ® (SFv)
and S =S5~ — ST,

The exterior tensor product Vi, X V1 of two vector bundles V; with fiber V; over
manifolds M;, i = 1,2, is the vector bundle over M7 x My whose fiber is Vi @ V5
and whose local trivializations are determined by (01 x Oz) x (Vi ® Va), where
0O; x V; are local trivializations of V.

The Dirac Borchers—Uhlmann algebra F3,, on a spin spacetime SM is the topo-
logical *-algebra

Féur = P C5° (DM & D*M)™™),
n=0
where the direct sum is algebraic (i.e. only finitely many non-zero summands are
allowed) and

(1) the product is given by continuous linear extension of fi - fo := f1 X fo,
e *-operation is given by continuous antilinear extension o
2) the * tion is given b ti tili tension of

(AR X f)" = :g...gﬁ-,

(3) as a topological vector space F2,, is the strict inductive limit Fg,, =
U~No @i\;o Ce(DM & D*M)&”hmn), where Ky is an exhausting and
increasing sequence of compact subsets of M and the test-section space of the
restricted vector bundle (DM @ D* M )®"| KX is given the test-section topology.

The topology of Fg,, is such that a state is given by a sequence of n-point distri-
butional sections w,, of (DM @ D*M)®". A morphism x:SM; — SM, in G&pac
determines a unique morphism a, : Fg), — Fy, that is given by the algebraic and
continuous extension of the morphism DM, & D* M, — DM, @ D* M, that is sup-
plied by the functor D. Together with this map on morphisms the map SM +— F2,,
becomes a locally covariant quantum field theory F?:&&pac — TUAlg. Our next
task will be to divide out the ideals that generate the dynamics and the canonical
anti-commutation relations.

We define the natural transformation (, ): (Co(D@®&D*))®r(Co(D®D*)) =
C whose components are the sesquilinear forms:

(1o fo) =i /M<f1775f2>-



The Locally Covartiant Dirac Field 405

Note that this is indeed a natural transformation, because it can be written as a
composition of natural transformations including [, (, ), * and x.

Lemma 4.3. On each object SM the sesquilinear form (, ) is Hermitean, (f1, f2) =
(e, 15) = (f2, f1), and there holds (fi", fof) = (f2, f1). For any spacelike Cauchy
surface C' C M with future pointing unit normal vector field n® we have

(u1 ® v1,u2 ®v2) = /c<(SU1)+’¢(SU2)> + (Scva, (Sev1)T). (10)

Proof. The symmetry properties follow straightforwardly from the computational
rules of Theorems 3.6 and 3.10. For the last statement we also need a partial inte-
gration (see, e.g., [20, Eq. (B.2.26)] for Gauss’ law) and we use the Dirac equation:

(u1 @i, ug @ va)

= 2/ (P.S;uf, Sus) + (P.S. va, Svi")
J+(C)
+i/ (P.STu, Sus) + (P.Stva, Svi)
J-(C)
- _/ va<S;Uf,7aSU2> + vd<Sc_U2a7aSUf>
JHO)
- / Va(SFui, 7" Suz) + Va(STvz, 7o)
J=(C)
= / na(Ss uf, ¥*Suz) + na (S va, y2Sv7)
c

- / na(STuf, v*Sua) + ng (SHve, v*Sv)
c

O

- /C (Stur)*, f(Suz)) + (Sevs, #(Sevr)).

From Eq. (10) we notice that (, ) is positive semi-definite and hence defines a
(degenerate) inner product. We proceed by dividing Fg,, by the closed ideal Jgy
of F2,, generated by all elements of the form Pf or f;" - fo + fo- fi" — (f1, f2)I.

Theorem 4.4. The ideal Jspr is a *-ideal and for any morphism x:SM — SM,
we have oy (Jsm,) C Jsm,. We can define the locally covariant quantum field the-
ory F:66pac — TAlg which assings to every spin spacetime SM the C*-algebra
]:SM = fgvM/JSM'

Proof. The elements that generate Jgp; are invariant under adjoints and under
a morphism they are mapped to elements of the same form. This proves the first
statement. It follows that the quotients ng/ Jsn are topological *-algebras and
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that a morphism a,:Fg,, — Fg,, descends to the quotients as a well-defined
morphism. That each algebra F3,,/Jsy has a C*-norm follows from the fact that
they are the inductive limits of finite-dimensional Clifford algebras ([29]). The mor-
phisms on the quotients are necessarily continuous in the norm and therefore extend
to morphisms on the C*-algebras Fgy,. O

Definition 4.5. A locally covariant quantum field in the locally covariant vector
bundle V for the locally covariant quantum field theory A is a natural transforma-
tion ®: C° o V* = f o A, where we let £:TJlg — TUec be the forgetful functor.

We define the locally covariant quantum fields B:D @ D* = F, ¢:D* = F
and ¥ T:D = F by Bsy (f) =08 f @ 0@ -+ Jsm, Ysu (v) := Bsy (06 v) and
G (1) = Boa (u @ 0).

That the latter really are locally covariant quantum fields is a consequence of

Proposition 4.6. The operator-valued maps BSM,z/JSM71/)§M are C*-algebra-
valued distributions and:

(1) Potyp =0 and P.oy™ =0,

(2) ¥y (u) = Yo (ut),

(3) {vdy (W), vsu ()} = (v & 0,u®0)] = —i [;,(v,Su)l and the other anti-
commutators vanish.

Proof. The first item is PBgy(f) = Bsy(P*f) = Bsu(Pf) = 0, where P* is
the formal adjoint of P. The last two items follow from the definitions of ¥ gy, and
¢§M and the properties of Bgys after a straight-forward computation.

It remains to show that ¥ g/, w;rM are C*-algebra-valued distributions, because
the result for Bgy then follows. The C*-subalgebra of Fgps generated by
I, ¢sm(v),¥(v)s), is a Clifford algebra which is isomorphic to M (2,C) and an
explicit isomorphism is given by ¥gas(v) — (8 ‘65), where ¢ = (08 v,0Hv) =
—i [ (v, SvT) > 0. It follows that [[¢sa(v)|| = /¢ is the operator norm of the
corresponding matrix, i.e.”

s (v)||* = —i/ (v, SvT)dvol,,.
M
In the test-spinor topology we then have continuous maps v — v @ vT
—i [ (v, SvT), from which it follows that v +— 1gp(v) is norm continuous, i.e.
it is a C*-algebra-valued distribution. The proof for w;M is analogous. O

Note that the last two conditions of Proposition 4.6 can also be formulated in

terms of natural transformations, because the algebraic operations in Fgps can be
expressed as such. The theory F is the quantized free Dirac field and ¢ (17) is

'The factor 2 in [7, Remark 2, p. 340] seems to be erroneous.
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the locally covariant Dirac (co)spinor field. Alternatively we could have used the
algebras Fo,,/Jsu themselves instead of completing them to C*-algebras.

To see that the anti-commutator is the canonical one (cf. [24]) we apply [6,
Proposition 2.4(c)] which says that S|ocxc = —idst for a Cauchy surface C' with
future pointing normal vector field n. Comparing with Eq. (8) and using #*> = I we
then find

(it OH(@)), Yt (9)} = — /M<y, Spha)I = id(y, z)1

as expected.

So far our construction depends on the choice of a Dirac structure, although nat-
urally equivalent Dirac structures yield naturally equivalent theories and quantum
fields. The following theorem restricts attention to the observable algebra, dividing
out the freedom of choice completely and yielding a unique theory, but for many
purposes it is not convenient to use it directly because it lacks locally covariant
Dirac (co)spinor fields.

Theorem 4.7. Let B:GGpac — TUlg be the locally covariant quantum field theory
that assigns to each spin spacetime SM the C*-subalgebra of Fsnr generated by all
even polynomials in elements B(f), with the induced action on morphisms. For all
Dirac structures with four-dimensional complex fibers the resulting theories B are
isomorphic.

Proof. The algebras Bgys generated by the even polynomials are C*-algebras.
Morphisms respect evenness and so restrict to morphisms on B, making B a well-
defined locally covariant quantum field theory. Now consider two Dirac structures D
and Dy with associated functors F, B and Fg, Bg. If both Dirac structures have four-
dimensional complex fibers, then we infer from the comment below Corollary 3.13
that there are *-isomorphisms agy : Fsy — (Fo)sm such that for any morphism
X:SM1 — SMy we have agur, © o, = €y - (0)y © snr,, where €, = £1 depends
only on x. It follows from the evenness that the agys descend to *-isomorphisms
asy :Bsy — (Bo)sym that intertwine with the morphisms. Hence, B and By are
naturally equivalent. O

Proposition 4.8. The locally covariant quantum field theory B:&G&pac — TAlg
of Theorem 4.7 is causal and satisfies the time-slice axiom.

Proof. Causality follows from the anti-commutation relations,
[Bsum (f1)Bsm (f2), Bsum (f3)]
= Bsm (f1){Bsm (f2), Bsm (f3)} — {Bsn (1), Bsm (f3)} Bsu (f2)
= (f2, f3)Bsm (f1) — (f1, f3) Bsm (f2),

together with the support properties of S. For the time-slice axiom, we let
x:SM — SM’ be a morphism in &&pac, covering a morphism : M — M’ in Gpac,
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such that N := (M) C M’ contains a Cauchy surface C' C M’. Then we can choose
Cauchy surfaces C* C N such that C* C I*(C) and a smooth partition of unity
¢T, ¢~ with supp ¢* C JE(CF). Let f € C5°(DM & D*M) and write

f=P(StTf—o¢TSf)+f, (11)

where f := P(¢tSf) = —P(¢~Sf) is supported in JH(C~) N J_(Ct) C
N and ¢+Sf~— ST f has compact support. Hence, Bsuy,(f) = Bsw,(f)

ay (Bsa, (x*(f))). Because the algebra Fyp is generated by such elements this
shows that «, is a *-isomorphism. O

Remark 4.9. A Majorana spinor is a spinor « such that v = u¢. In this case the
adjoint is anti-Majorana: u™¢ = —ut = —u". We call a double spinor f = u @ v
Majorana iff © and v* are Majorana, which means that f¢ = 7f. Such spinors
are sections of a subbundle of the Dirac spinor bundle, which can be described
by a Majorana representation. Notice that every spinor is a unique complex linear
combination of Majorana spinors.

To quantize Majorana spinors we note that (h¢, f) = (h™, f¢T). This leads us
to define the charge conjugation on the quantized fields® by ¢(v) := ¥+ (vTh)
and 7¢(u) := ¥(u"), or equivalently B°(f) := B(f°t) = B(f°)*. We impose
the Majorana condition B¢(f) = B(7f) by dividing out the ideal generated by
all elements of the form B(f — 7f¢T). More precisely, if H is the Hilbert space
obtained from C§°(DM & D*M) by dividing out the ideal of double spinors f for
which (f, f) = 0, then there is an orthogonal decomposition H = Hy @ H_, where
the elements in H. satisfy 7f¢* = 4 f. Indeed, every double spinor can be written
as f = fy +if_, where fy := %(f +7f¢*) are in H4 and the orthogonality follows
from Lemma 4.3. For the C*-algebraic quantization we then have F = F, @ F_,
where F_ is the C*-algebra of quantized Majorana spinors and F; the C*-algebra
of quantized anti-Majorana spinors (see [30, Sec. 5.2]). The generators ¢ (v) and
T (u) of F_ satisfy the additional relation ¢ = ¢ and ¢+¢ = —™.

4.2. Hadamard states

After Radzikowski’s result [31] that a for a scalar field state is of Hadamard form if
and only if its wave front set has a certain form, several people set out to extend this
result to the Dirac field, or more general quantum fields [32-34]. All three papers
have provided an original contribution in their method of proof, but upon careful
analysis they all have minor gaps. We feel that it is justified to comment on this
here and to provide the necessary results to fill any remaining gaps.

The most general results are the most recent ones, due to Sahlmann and
Verch [34], who set out to prove the equivalence of the Hadamard form of a state,
defined in terms of the Hadamard parametrix, with a wave front set condition anal-
ogous to the scalar field case. One of the techniques used is the scaling limit, but

SOur definition differs slightly from that of [13].
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the proof of their Proposition 2.8, which relates the wave front set of a distribution
to that of its scaling limit, is in our opinion insufficient (see footnote w). In the
Appendix, we prove a similar statement as Proposition A.2, thereby filling any gap
in [34] and establishing the desired equivalence on a firm ground. For the Dirac
field, Hollands has proved that this wave front set condition implies a specific form
of the polarization set ([35, Theorem 4.1]).

The scaling limit result can also be used to find the wave front sets of the
advanced and retarded fundamental solutions E* of normally hpyerbolic operators
on a globally hyperbolic spacetime, a result that we prove as Theorem A.5. Our
proof is largely analogous to the work of Radzikowski and the outcome is in direct
analogy to the results of Duistermaat and Hormander [36] for the scalar case. To
find the wave front sets of the fundamental solutions S* for the Dirac equation we
use (and correct) an idea of [35].

Finally, we comment on the results by Kratzert [32], which use a spacetime defor-
mation argument to compute the wave front set and polarization set of Hadamard
states. This result has a gap, already identified in [34], concerning the case of points
(x,&y,&") where either £ = 0 or & = 0, which prevents the propagation of the sin-
gularity from the original to the deformed spacetime. This gap can be avoided using
either a propagation of Hadamard form result as in [34], or using the commutation or
anti-commutation relations and the explicit form of WF(E), respectively WF(S).
The latter argument, which appears to be implicit in Radzikowski’s paper [31],
works as follows: when (z,£;y,0) € WF(ws) then also (y,0;x,&) € WF(ws) by
the (anti-)commutation relations and the fact that WF(E) (or WF(S)) has no
points with either entry equal to 0. Using the calculus of Hilbert-space-valued
distributions, Theorem A.4, we then find that both (z,& z,—§) € WF(ws2) and
(x,—&x,&) € WF(w2). Because £ # 0 (by definition the wave front set does not
contain the zero covector) these points can both be propagated into a deformed
spacetime, where WF(w) is known to satisfy the required microlocal condition.
This, however, leads to a contradiction, because WF(ws) N — WF(ws) = () and
hence £ = 0. Therefore, WF(w3) cannot contain points with one of the covectors
equal to 0.

After these historical notes we feel free to define the notion of Hadamard states
directly in terms of a wave front set condition, rather than using the Hadamard
parametrix. If w is a state on Fgps then we may consider the GNS-representation
(Hu, 7w, ) associated to w and the H,-valued distribution on DM @& D*M
defined by:

Vo (f) = 7w (Bsm (f)) Q-
Definition 4.10. A state w on Fgyy is called Hadamard if and only if
WE(v,) = N1 :={(2,6) € T*M | £ =0, " is future pointing or 0}.

A state w on Bgy is called Hadamard if and only if it can be extended to a
Hadamard state on Fgps. The set of all Hadamard states on Bgys will be denoted
by SSM~
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Note that every state on Bgp, can be extended to Fgps, by the Hahn-Banach
Theorem and Proposition 4.6. The Hadamard condition is independent of the choice
of extension, because it depends solely on the two-point distribution as the following
proposition shows (cf. [34], we give a short proof using the more advanced microlocal
techniques developed in the Appendix).

Proposition 4.11. For a state w on Fgspr the following conditions are equivalent:

(1) w is Hadamard,
(2) WF(v,) C N,
(3) the two-point distribution wa(f1, f2) == w(Bsam (f1)Bsm(f2)) has

WF(w) = C:= {(z, ~&y,€) € T"M*N\Z | (2,€) ~ (y,€'), (2,6) e N},

where (x,€) ~ (y,&') if and only if there is an affinely parameterized light-like
geodesic from x to y to which £,&' are cotangent,

(4) there is a two-point distribution w such that wa(f1, f2) = iw(Pf1, f2) and
WF(w) =C.

Proof. First, note that wy is a bidistribution on DM & D*M, because Bgys is
an Fgy-valued distribution and multiplication in Fgyps and w are continuous. By
Theorem A.4 the third statement implies the first, which trivially implies the sec-
ond. To show that the second statement implies the third, we use the argument
of [37, Proposition 6.1]. By Theorem A.4 we see that WF(wy) C N~ x N, where
N~ := —NT*. Defining @2 (f1, f2) := wa(f2, f1) we find WF(@2)NWF (ws2) = (). Now,
(CL)Q + @2)(f1,f2) = ifM<f1,TSf2>, SO WF(CL)Q) U WF(C:)Q) = WF(S) = WF(E) by
Proposition A.7 and hence WF(w3) = WF(E) NN~ x N* =C by Corollary A.6.

Now, assume that wa(f1,f2) = iw(Pf1,f2), where WF(w) = C. Then
WF(wy) = WF((P* @ INw) C WF(w) = C. It follows that WF(v,) C N*. For
the converse we suppose that w is Hadamard and we choose a smooth real-valued
function ¢t on M such that ¢+ = 0 to the past of some Cauchy surface C_ and
such that ¢~ := 1 — ¢ = 0 to the future of another Cauchy surface Cy. We then
define w(f1, f2) := —iwa(¢pTS™ f1 + ¢~ ST f1, f2). Note that w is a bidistribution
which is well-defined, because ¢TS5~ f; and ¢~ ST f1 are compactly supported. By
construction iw(P f1, f2) = wa(f1, f2). We now estimate the wave front set of w as
follows. The wave front sets of ST are determined in Proposition A.7. Then we may
apply [38, Theorems 8.2.9 and 8.2.13] (in combination with Eq. (17)) to estimate
the wave front sets of the tensor products ¢= (z)ST (x,y)d(2',y') and the composi-
tions in iw(z,z’) = >, [wa(y,y')(¢* (2)ST(x,y)d(2',y’)) respectively and, using
WF(wz) = C, we find:

WF(iw) C Uy WFE(ST ®6) o WF(ws) C WF(w2) = WFE((P* @ Iw) C WF(w),
ie. WF(w) = WF(wy) =C. m|
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The second characterization in Proposition 4.11 is especially useful, because
it shows we do not need to compute the entire wave front set, as long as we
can estimate it. Employing similar techniques as above one can use the anti-
commutation relations and the wave front set of ws to estimate the wave front
sets of all higher n-point distributions [39], showing that a Hadamard state neces-
sarily satisfies the microlocal spectrum condition (uSC) of [40] and it follows that
the set of such states is closed under operations from the algebra. We formulate
this and other properties of Hadamard states in the following

Proposition 4.12. The set Sgp; of all Hadamard states on Bgys satisfies:

(1) a;(SSMl) C Ssu, for every morphism x:SM1 — SMa,

(2) Ssur is closed under operations from Bgsy,

(3) ay(Ssm,) = Ssm, for every morphism x:SM1 — SMy such that (M) con-
tains a Cauchy surface of Ma.

Proof. The first property follows from Theorem 4.11 and the fact that wave front
sets are local and geometric objects (cf. [38, Chap. 8]). The second property relies
on the anti-commutation relations, which implies that the truncated n-point distri-
butions are totally anti-symmetric (cf. [1,39]). The final property follows from the
second characterisation in Theorem 4.11, Eq. (17) in the Appendix, the equation of
motion and the Propagation of Singularities Theorem for the wave front set, which
in this case follows from the propagation of the polarization set [41]. O

One can also prove that the state spaces are locally physically equivalent [5] and
that all quasi-free Hadamard states are locally quasi-equivalent [42]. Whether the
latter remains true for all Hadamard states appears to be unknown.

We conclude this section with the remark that the functor S:&&pac — TUec
defined by SM + Ssu and x +— o} (restricted to the relevant state space) is a
locally covariant state space for the theory B [2].

4.3. The relative Cauchy evolution of the Dirac field and the
stress-energy-momentum-tensor

Now that we have a locally covariant free Dirac field at our disposal, we will inves-
tigate the idea of relative Cauchy evolution for this field and prove that it yields
commutators with the stress-energy-momentum tensor. This result is completely
analogous to the result for the free scalar field of [2].

Suppose that we have two objects My = (M,go,SMo,po) and M, =
(M, g,5Mg4,pg) in GGpac, where M is the same in both cases and such that out-
side a compact set K C M we have g = go, SMy = SMy and p;, = po. Now
let N* C M be causally convex open regions, each containing a Cauchy surface
for My, such that K lies to the future of N~ (i.e. K C JT(N7)\N~ in My and
hence also in M) and to the past of N*. We view N#* as objects in G&pac and
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consider the canonical morphisms ¢F: N* — My and 1N+ — M,. By the time-
slice axiom, Proposition 4.8, these give rise to *-isomorphisms ﬂ(jf :By+ — B, and
ﬂ;t :By+ — By, We then define

By 1= B5 o (B) ™ 0By o (By) ™"

The *-isomorphism (3, : By, — Bag, measures the change in an operator A € By-
as it evolves to N in the metric g instead of go.' 3, can be extended to a x-
isomorphism of the algebra Fus, where we fix the signs for the isomorphisms
between the spinor bundles involved by identifying the double spinor bundles over
N+ ¢ My and N* C M. It represents the relative Cauchy evolution of the free
Dirac field.

We will want to compute the variation of the x-isomorphism 3, as well as that
of the action for the free Dirac field with respect to the metric g. For this purpose,
we will suppose that the compact set K C M has a contractible neighborhood
O which does not intersect either N*. Let ¢ — g. be a smooth curve from [0, 1]
into the space of Lorentzian metrics on M starting at go and such that g. = go
outside K for every e. The spin bundle SM . must be trivial over the contractible
region O. If we assume it to be diffeomorphic to SM g outside K we can simply take
SM. = SM as a manifold and, choosing a fixed representation and matrices A, C,
we obtain DM, = DM.

The deformation of the spin structure is contained entirely in the spin frame pro-
jection m.: SMo — FM.. Let E be a section of SM over O and set (e¢), := me(E).
We require that e, varies smoothly with € and that (e.), = (o), outside K. To show
that projections m. with these properties exist we can apply the Gram—Schmidt
orthonormalisation procedure to (eg), for all ¢ simultaneously. The assignment
FE +— e, determines m. completely, using the intertwining properties. The family of
frames e. determines principal fiber bundle isomorphisms FM,. — FM, between
the frame bundles by

At {(ee)a} = {(e0)a}

on K and extending it by the identity on the rest of M. By definition f. intertwines
the action of El on the orthonormal frame bundles.

Remark 4.13. There may be many deformations of the spin structure, i.e. many
families of projections 7. which satisfy our requirements. However, the variation
of terms like (v, P.u) will not depend on this choice. Indeed, if 7/ is a different
deformation of the spin structure, then e, := 7/ (E) = Ra_e. = m.(Rg_E) for some
smooth curve S, in Spin{ 3. However, using the invariance of (,) under the action of
the gauge group Spin?,?), the variation will be equal in both cases. (Also du = 0 for

®In [2], it seems the authors have the scattering of a state in mind as it passes through the
perturbed metric, which leads them to consider the %-isomorphisms ,Bgfl rather than 35. When
we take the variation with respect to g this gives rise to a sign.
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every spinor u, because D.M = DM.) In this sense, the variation will only depend
on the variation of the metric.

4.3.1. The stress-energy-momentum tensor

The classical stress-energy-momentum tensor for the Dirac field is defined as a
variation of the action S = [, Lp, with the Lagrangian density (7), with respect
to g"¥ (x):

S
Tm,(x) :

2
T /=detg(z) 69" (z)’

where 1) is a free classical Dirac spinor, 1T its adjoint. An explicit computation
yields"

(12)

T,uu = %(<¢+,’Y(uvu)¢> - <V(u¢+7%)¢>)

Here the brackets around indices denote symmetrization as an idempotent operation
and in the following indices between |- - - | are to be excluded from the symmetriza-
tion.

Following [7] we quantize the stress-energy-momentum tensor via a point-split
procedure, i.e. we want to find a bi-distribution of scalar test-functions which
reduces to 7}, on the diagonal and which can be quantized in a straight-forward
way. For this purpose we use a local spin frame F 4 and recall that the components
7,5 of 7, are constant. We define:

T(o,9) = 5 (0 B @@ (B2 ey Vi) )
(el T Ba @i 5 (B 0) ),

reduces to T,y = eleyT), in the limit y — x. Performing a partial integration,
[ Vu(el{v,u)) = 0, we can write T% as a bidistribution of scalar test-functions
hla h27

T3, (s ha) = 5 (~6 (Baha )y (V) (EPelyha)
FO Vel B (B 1)) (13)

Equation (13) can be promoted to the quantized case by replacing ¢ and 1" by the
components gy and w;“M of the corresponding locally covariant quantum field.
The expression (13) can be viewed as a formal expression for the same distribution
with quantized field operators.

UFor explicit computations, we refer to [43, Sec. 4], which uses a Lagrangian that differs from ours
by a total derivative. Varying with respect to g,,, would yield the opposite sign.
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Proposition 4.14. For all f € C°(DM @ D*M) and h € C§°(M) we have:
/ [T;b(x7 LL‘)7 Bsy (f)]h(x)dVOIQ({L‘)
M

= S{(VBsi) () (STHR) — Bswr (o Ve (SR},

where Vg :=ekV,,.

Proof. For f = u @ v we use Proposition 4.6 to obtain:

{Bsu (), 0, (Bah)} = —i /

M

(v, SEAYT = i / (Swv, Ea)RI,
M

{Bsn(f),sm (V. EPelth)} = —i/

(V,EBelh, Su)l =i / (E®, eV, Su)hl,
M

M
{Bsu (f), ¥y (Vueh Eah)} = —i/ (v, SV el Esh)T = _i/ (€Y, Sev, EA)hI,
M M
{Bsm(f), ¥(EPh)} = —i(E®, Su)hI.

With Eq. (13), the commutation relations and [AB, C| = A{B,C} — {A, C'} B this
implies

(T2, 9), Bowr ()] = 5 {00 (Ba(e)y B2, Vi Su) ()
+ (S0, EA)@)yi i (Voywsan) (P (1)
(V) By ()05 (B, 50) )
— (V(@Sev, Bla) (@)n gtbsn (BP (1))}

In this expression, we are multiplying distributions with smooth functions, so we
may take the coincidence limit yielding:

(Top(x,2), Bsm (f)] = %{¢§M (Yo Vi) (Su)(2)) + Vs (Scvva (7))
— V(a¥én () Su(®)) — sm (V(a(Scv) ey (2))}
= ST WBsar () S71(@)) — Boar (0 V) (S77) ()},

from which the result follows.
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This result can be written for spinors and cospinors separately as:

/M[st(x,x>,wSM<v>1h<x>dvolg<x>
= %{V(WSM((SCU)%W) — hsm (Vo (Sev)yyh)},
| Tt ). v (wlh(dvoly @)
M
= ST (o Sub) — s (e Vi (S},

4.3.2. Relative Cauchy evolution

To compute the relative Cauchy evolution explicitly, we first note that the isomor-
phism 3, can be characterized in terms of its action on the generators By, (f) of
Fu, as follows:

Proposition 4.15. For f € C°(DNt @ D*N™), we have B4Bo(f) = Bo(Tyf),
where

Tyf = Pyop+SqPop-Sof.
Here the subscripts on B, P and S indicate whether they are the objects defined on
My or Mgy and the smooth functions ¢+ are such that ¢+ =1 to the past of some

Cauchy surface in N* and ¢+ = 0 to the future of some other Cauchy surface
in N*.

Proof. Note that 3, o (B5) "' Bo(f) = By(f) for any f € C°(DN~ @ D*N~).
Similarly, for f € C3°(DNT & D*NT) we have 37 o (8]) ' By(f') = Bo(f’). The
functions ¢4,1 — ¢+ have been chosen appropriately in order to apply Eq. (11)
in Proposition 4.8. We then have Bo(f) = By(f), where f = —Py¢_Syf. Notice
that f indeed has a compact support in N~. Similarly, Bg(f) = By(f'), where
f= —Pg¢+ng has support in N*t. Hence, for f' =T, f: B,Bo(f) = 6gBo(f) =
BF 0 (B By(f) = B o (7)1 B,y(f) = Bolf". 0

On each spin spacetime M, = (M, g., SM ¢, 7.) we can now quantize the Dirac
field and obtain relative Cauchy evolutions 3. := 3, on Fy+ as before.

Proposition 4.16. Writing § := Oc|e—o we have for all f € C°(DNt & D*NT):
6(BeBo(f)) = Bo(T(6¥ ) Sof).
Proof. Using the fact that By is a C*-algebra-valued distribution and Proposi-
tion 4.15 we find:
0(BeBo(f)) = 6(Bo(Pep+SePop—Sof))
= Bo(0(Pe¢+Se)Pod—So f)
= Bo(0(Pe)9+S0Pop—-Sof) + Bo(Pog4-0(Se) Pog—So f).-



416 K. Sanders

Now, because Pyop_Sof € C5°(DN~ @ D*N ) we see that §(Se¢)Py¢p— Sy f vanishes
on J (N7) and that ¢1(Se)Po¢p—Sof has compact support. Because By solves
the Dirac equation we conclude that the second term vanishes. The first term can
be rewritten using Eq. (11), which yields Sof = —SoPy(¢—Sof) and hence:

0(BeBo(f)) = —Bo(6(Pe)d+Sof) = —Bo(0(FPe)Sof)-

For the last equality, we used the fact that §(P.) is supported in K, where ¢ = 1.
Recall that P = (—i¥ +m) @ (i¥ + m) to get the final result. m|

To compute the variation of the Dirac operator we may work in a local frame
on O, where it is supported. Because the Dirac adjoint map is independent of € we
only need to compute this variation either for spinors or for cospinors:

Lemma 4.17. For v € C§°(D*M) we have §(YV)v = (§(V)vT)T.

Proof. Because the adjoint operation is continuous we have:
3(V)v = 0cV vle=0 = 0c(V v") |e=o = (0:V v |e=0) " = (6(V)v ") ™. O

It is interesting to note that only the variation of the Dirac operator is of
importance for the variation of the relative Cauchy evolution, just like for the
stress-energy-momentum tensor (cf. [43]). It will also turn out that the variation
only depends on the variation of the metric and not on the other freedom in the
variation of the orthonormal frame, even though we are now acting on it with
the C*-algebra-valued field (cf. Remark 4.13). This will follow from the proof of
the following theorem, for which we refer to Appendix B.

Theorem 4.18. For a double test-spinor f € C§°(DMy @ D*My) and x € K:

JW%BOU)) =By ((Sg%ﬁwpgso f) = ;ege%[ij(ac,x),Bo( . (14)

This result compares well with the scalar field case, [2, Theorem 4.3].V As particular
cases we obtain for ¢ and T:

0

Sy (o) = s (Tl 2). Vo),

oy ot () = b T ). v ()

vThe sign explained in footnote t cancels the sign due to the variation with respect to g*° instead
of gag-
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It follows that the same result also holds for products and sums of smeared field
operators.

5. Conclusions

A rigorous formulation of quantum field theories in curved spacetime, going beyond
the well-known scalar field, is a prerequisite for constructing more realistic cosmo-
logical models as well as for improving our understanding of quantum field theory
in Minkowski spacetime. The main purpose of this paper was to present the free
Dirac field in a four-dimensional globally hyperbolic spacetime as a locally covari-
ant quantum field theory in the sense of [2] and to compute the relative Cauchy
evolution of this field, obtaining commutators with the stress-energy-momentum
tensor in analogy with the free real scalar field. We achieved this in a represen-
tation independent way and in a functorial, and therefore manifestly covariant,
framework.

We established some basic properties of the locally covariant free Dirac field
and remarked on the quantization of Majorana spinors. We also provided a detailed
discussion of Hadamard states, closing any gaps in the existing proofs of the equiv-
alence of the definitions in terms of the series expansion of their two-point distri-
bution and a microlocal condition, respectively.

Furthermore, we argued that the observable part of the theory is uniqueley
determined by the relations between adjoints, charge conjugation and the Dirac
operator, although the geometric constructions themselves may not be unique due
to the cohomological properties of the category of spin spacetime. On a mathemat-
ical level we have consistently replaced a single spin spacetime SM by the category
G Gpac of such spacetimes, and the differential geometry on SM by the correspond-
ing functorial descriptions. On a physical level, however, we should not conclude
from this that &&pac is now the physical arena in which our system lives, instead
of a collection of systems. (See [1, Chap. 1] for more detailed philosophical remarks
on the interpretation of the locally covariant approach.)
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Appendix A. Results in Microlocal Analysis

In this appendix, we will list some results concerning the microlocal analysis of
distributions. For a detailed treatment of scalar distributions we refer to [38],
whereas Hilbert and Banach-space-valued distributions are treated in [1,37]. More
details concerning distributional sections of vector bundles can be found in, e.g.,
[1,16,34,41].

Before we discuss distributional sections of vector bundles, we first consider the
scaling limit of a distribution in an open set of R™:

Definition A.1. Let O be a convex open region O C R" containing 0. For all
A > 0 we define the scaling map 05:0 — O by dx(x) := A\x.

Let u be a distribution on a convex open region O C R"™ containing 0. The
scaling degree d of u at 0 is defined as d := inf{3 € [—00,00) | limy_o A?d5u = 0},
where (6u)(f) = A""u(f o6y ").

If w9 := limy_¢ )\d(Sf\u exists we call it the scaling limit of u at 0.

Note that the scaling limit may fail to exist (e.g., u(z) = log|z|) or it may vanish
(e.g., if 0 & supp(u)). On a manifold, we will only consider scaling limits in a certain
choice of local coordinates. How this limit depends on this choice of coordinates will
not be relevant for us.

We now prove the following result™:

Proposition A.2. Let u be a distribution on a convexr open region O C R™ con-
taining 0 with scaling limit u® at 0. Then

{0} x mo(WF (u®)) € WF(u),

where wo denotes the projection on the second coordinate.

Proof. Suppose that (0,&) € WF(u) with & # 0. We will prove that (z,&) &
WF (u®) for all z. By assumption, we can choose x € C§°(O) and an open conic
neighborhood I' C R™ of &y such that x = 1 on a neighborhood of 0 and supp(x) x
I'N WF(u) = 0. We set v := xu and v* := A\?§5v, where d is the scaling degree of u
at 0. Notice that WF(v) N T30 = WF(u) N T30 and u® := limy_ov*, so without

WA similar result was also claimed as [34, Proposition 2.8], but we find their proof unconvincing.
In particular, when localizing the scaling limit u® with a test-function xo and estimating (cf. [34,
Eq. (2.11)))

Xowd(€) = lim X" (xo (1) e7'5)

the test-function Xo(i) becomes singular in the limit A — 0. The quoted reference pays insufficient
attention to this issue in the last sentence of their proof, because their last estimate does not involve

any xo-
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loss of generality, we may prove the result with v replacing v and we can view the
v* as compactly supported distributions on all of R™.

Notice that for A > 0 we have d5u’ = A~%u0, ie. u° is a homogeneous distri-
bution and therefore it is tempered ([38, Theorem 7.1.18]). We now prove that v*
converges to u” in the sense of tempered distributions on R™. For this we first write
v = Zla‘gr(—l)w@“va, where 7 is the order of v and the v, are compactly sup-
ported distributions of order 0 (see [38, Sec. 2.1]). Note that Z‘O‘Kd_n(—l)"’“8("110Y

converges to 0 in S, because for every |a| < d —n and ¢ € S(R™) we have

(=1)1*10%wa) (@) = A" |va(0%(¢ 0 65 1))| < AP0 sup|9* g

which converges to 0 as A — 0. We then set w := Zd_néla‘g(—l)“’“ao‘va, S0
that limy_ow* = u as distributions. By the Uniform Boundedness Principle this
implies
[w (@) < C Y supld“d|, supp(¢) C By, (15)
oo <7

for some C,r > 0, where B; is the (Euclidean) unit ball and 0 < A < 1. In fact, for
A > 1 we also have

[w ()] = X Mw(gos < C D AT suplag|

d—n<|al<r

<C Z sup|0®¢|,

d-n<|al<r

so the estimate (15) holds for all A > 0.

Now, let ¢ € S(R™) be a function of rapid decrease and choose a partition of
unity on R™ as follows. We let xo € C§°(R™) be positive such that x = 1 on By and
x(x) = 0 when [|z|| > 2. We then set X, (z) := x0(27™z) — x0(2!7™z) and note
that:

o0
supp(xm>1) C {z [ 277" <z <271}, > xm =1,
m=0

where the sum is finite near every point. We define ¢,,, := xm® and ji,, := 27"}
and rescale ¢,, in order to apply the estimate (15):

(o)

oSt anfiren ()

o] <7 mn

[ (¢m)| = 1 "

<y Z Z sup|z9%p,,|, m >0, (16)

laf<r |B|<r+n—d
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where the last line uses pd, "~ < (4||z|)lel*+7=4 for m > 1, which follows from
d —n < |a| and the support properties of x,,. (For m = 0 we simply estimate
,ug_n_la‘ by a constant to arrive at the last line of (16).) We now note that
maxXq SuUp,|0%xm| < ¢ for some ¢ independent of m, as the derivatives only bring out
extra factors of 27 < 1. Moreover, for m > 0 we notice that x,,4+1+Xm+Xm—1 = 1
on supp(xm ), where we define x_; := 0. Therefore (16) leads to

|w)\(¢m)| <y Z Z Sunp |xﬁaa¢|(Xm+1 + Xm + Xm—1)

|| <r |B|<r4+n—d

and summing over m > 0 then gives:

[w(¢)] < 3Cs Z Z sup |z°0%¢|.

lal<r |Bl<r+n—d

This shows that w*(¢) can be estimated by a seminorm on S(R™) uniformly in \.
It then follows that w* — u° and hence v* — u° as tempered distributions. Indeed,
for any ¢ € S(R™) and € > 0 we can choose ¢’ € C§°(R™) and Ay > 0 such that
lw(¢p — ¢')| < § for all A > 0 and [w*(¢')| < & for all A < Ao.

Fourier transformation is a continuous operation on tempered distributions, so
we can compute:

[u()] = lim A"

—0

¢ -N
A

~ é : d—n
o(5)] =

= O [lgl|™ Jim AN

forall¢inT, all N € N and suitable C'y > 0. For N > n—d the limit yields 53(5) =0
near &. We then apply [38, Theorem 8.1.8], which says that for a homogeneous
distribution we have for all z # 0 that (z,&) € WF(u®) if and only if (&, —x) €
WF (%) and also (0,&) € WF(u®) if and only if & € supp(u9). O

For a distribution « with values in a Banach space B one can define the wave
front set by using estimates of the norm ||u(xe®")||, which replace the corresponding
estimates of the absolute value |u(ye®")| for scalar distributions [37]. Alternatively,
one can use the following equivalent characterization ( [1, Theorem A.1.4]):

WF(u) = | ] WF(lou)\Z. (17)
leB’

A similar idea works for a distributional section u of a vector bundle ¥V = O x R™
over a contractible region O of R™. Indeed, using a basis e; for R™ with dual basis
e’ we can identify u with a distribution @ on O with values in B® (R™)’, where the
correspondence is given by
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where (, ) denotes the canonical pairing of R™ with the second factor of B® (R™)".
We set by definition WF(u) := WF(a).

Equation (17) allows a straightforward generalization of many results for
scalar distributions on open sets of R™ to Banach-space-valued distributional sec-
tions of a vector bundle over regions over R". Moreover, by showing how these
results transform under changes of coordinates they can be formulated for vec-
tor bundles on a manifold. We list a number of these results in the following
Theorem (cf. [1,38]):

Theorem A.3. Ifu,v are distributional sections of a complex vector bundle V over
the spacetime M with values in the Banach space B, then:

(1) sing supp(u) is the projection of WF(u) on the first variable,
(2) we C>®(V,B) if and only if WF(u) =0,
(3) WF(u+v) C WF(u)+ WF(v),

(4) if P is a linear partial differential operator on V with smooth coefficients
and (matriz-valued) principal symbol® p(x; ), then WF(Pu) C WF(u) C
WF(Pu)UQp, where Qp :={(z;§) € T*M | £ # 0, detp(z;§) = 0},

(5) if v € M, $:U — R"™ is a local trivialization on a convex neighborhood U with
é(x) =0 and (1) *u has a scaling limit u® at 0, then ¢* ({0} x ma( WF (u?))) C
WF(u) N T*M.

In the last item, the scaling limit depends not just on the choice of coordinates, but
also on the choice of a frame e; of V over U and we let the scaling maps d, act on
sections of V componentwise: (3, fle;) 00yt =S (f 05 e

In the particular case where B is a Hilbert space, we also have (see [1,37]):

Theorem A.4. Let ‘H be a Hilbert space and V;,i = 1,2, two finite-dimensional
(complex) vector bundles over smooth n; dimensional spacetimes M; with complex
conjugations J;, i.e. the J; are antilinear, base-point preserving bundle isomor-
phisms J;:V; — V; such that Jf = —id. Let u;, 1 = 1,2. be two H-valued distri-
butional sections of V; and let w;; be the distributional sections of the vector bundle
X; X, over M; x M; determined by w;;(fi1 W fa) := (u;(J; f1), uj(f2)). Then

(,€) € WF(u1) & (v, —&x,£) € WF(w11)
and

WF (w;;) C —(WF(u;) U Z) x (WF(uj) U Z2),
where Z denotes the zero-section.

Finally, we establish some results on the wave front sets of advanced and
retarded fundamental solutions E* (for their existence and uniqueness we refer
to [16]) and S*, S*. These results are analogous to [36, Theorem 6.5.3], but now

*See [16] for the definition of the principal symbol.
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for operators in a vector bundle. Note that for distributional sections of vector
bundles there is a Propagation of Singularities Theorem, which follows from the
propagation of the polarization set [41].

Theorem A.5. Let E* be the advanced (—) and retarded (+) fundamental solu-
tions for a normally hyperbolic operator P acting on the sections of a vector bundle
DM over a globally hyperbolic spacetime M = (M, g) of dimension n > 2. Then

WF(E*) = {(z,&y,m) € T"M™N\Z |z € J=(y), 2 # y, (v, =€) ~ (y,1)}
U{(z,—&a,8) e T"M>*\Z | (2,€) € T"M\}
= A*UB (18)

where Z is the zero-section and (x,&) ~ (y,n) if and only if there is a light-like
geodesic v from x to y to which & and n are cotangent such that they are each
others parallel transport along .

Proof. The first part of this proof follows closely the proof of [31].

We start by reducing the problem to a local one as follows. The principal symbol
of Pis p(z,8) = gu(x)"EV 1, where I is the identity operator on DM, so by the
Propagation of Singularities Theorem, the singularities of E* propagate along light-
like geodesics by parallel transport. By definition the points in set A* are invariant
under the same parallel transport. Now consider a point p := (z,&;y,n) with = # y.
If £ = n = 0 then P is not contained in any set on either side of the equality, so
we may assume & # 0 (the case n # 0 is analogous). Let S be a spacelike Cauchy
surface through y and propagate (x,&) along the light-like geodesic v towards S.
If v ends at S in 2’ # y then P is not contained in A* or B, nor is it contained
in WF(E*), because E(z',y) = 0 when 2/ and y are spacelike, so it cannot have
any singularities there. If v ends at y, on the other hand, we can find a point
p = (2',&;y,7n), where 2’ on « is in any given causally convex neighborhood of y
and ¢ is the parallel transport of ¢ along v to . Then p’ € WF(E®) if and only
if p € WF(E*) and p’ € AT if and only if p € AT. Hence, it suffices to prove the
claim locally.

On a sufficiently small causally convex domain O C M we can find for every
k € N a C*-section W* of DM & D*M on O*? such that ([16, Proposition 2.5.1]):

k+1

E*(z,y) =) Vi(@,y)f*(1® R*(2+2j,)(z,y) + WH(z,y). (19)
j=0

Here, the Hadamard coeflicients V; are uniquely defined smooth sections of DM X
D*M on O*2, R*(a,y) are the retarded (+) and advanced (—) Riesz distributions
(or rather distribution densities) on Minkowski spacetime and they are pulled back
by the smooth diffeomorphism f:0*2 — TO defined by (x,y) — (z,exp,*(y)).
This means we use Riemannian normal coordinates for y centered on z, which is
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well-defined because O is causally convex. The Riesz distributions have many useful
properties, of which we will only use for all j > 0:

WF(R*(2j 4+ 2,-)) = {(2,6) € T*Mo\Z | = 0 or 2° = 0,z € J*(0),¢ || 2}

RY(242j, \z) = A2H"RE(2 4+ 2j,2), A > 0.
(20)

(These can be proved using [16, Proposition 1.2.4 items 4 and 5], (VT R* (2425, -) =
0 and the wave front sets of the distinguished parametrices as determined in [36].)
Hence, for all j € N:

WF(f*(1® RY(2424,-)) = f*(WF(1 ® R*(2+24,")))
= [*(Zlo x WF(R*(2+2j,-)))
= {(z,&y,m) | (&) = df"(0,7') for some
(exp; ' (y), 1) € WF(R™(2+2j,-))},
= (AT UB)NT*O*2, (21)

where df? is the transpose of the derivative df at (z,y). The last equality uses
the wave front set of the Riesz distributions in Eq. (20) and the properties of
Riemannian normal coordinates (cf. [31]). It follows that WF(E*|ox2) C (AT U
B)NT*0O*2, because for each order of differentiation N we can choose a sufficiently
high order k in Eq. (19) to make the required estimate in the definition of the wave
front set.

We can prove the opposite inclusion, if we can show that the wave front set
of the finite sum in (19) also contains (A* U B) N T*0*2, which we will do using
scaling limits (cf. [34]). First, we may employ the Riemannian normal coordinates
f:0%%2 — TO as above. Next, we may assume that O is also a contractible coor-
dinate neighbourhood, so we can consider local coordinates ¢:0O — R™ on O and
the associated coordinate map d¢ on T'O. Moreover, we can choose ¢ in such a way
that ¢(z¢) = 0 for an arbitrarily given xg € O. The composition d¢o f then defines
coordinates on O*?2 such that (zg,z0) — 0 € R?". Using a frame E4 for DM|o
and the dual frame E® we can express the terms in the sum of Eq. (19) in the
local coordinates d¢ o f as Vb (x,y) R=(2+ 24, y). From Eq. (20), we then find the
scaling behavior

O3 (VB (e, y) RF(2+ 2j,y)) = N2 (Vip (A, M) RE (2 + 24,)
for all A > 0. In the scaling limit only the lowest order term survives:
lim \"72(dy 0 [~ 0 do™")" B(w,y) = Vip(0,0)R(2,y) B (x) Ea(y)

= R(2,y)E*(2)Ea(y),
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where we wrote R(2,y) := R™(2,y) — RT(2,y) and we used the explicit expression
Vig(x, ) = 64 ( [16, Lemmas 2.2.2 and 1.3.17]).

Now, the last item of Theorem A.3 (which follows from Proposition A.2) implies
that WF(E) D (d¢ o £)*({(0,0)} x ma( WF(1 ® R(2,)))), because EA(z)E4(y) is
smooth and not identically vanishing. From Eq. (20) and the support properties of
R*(2,-) we easily compute m( WF(1® R(2,-))) = {(0,€) | €2 = 0}. Pulling this
back to O*? and using the properties of Riemannian normal coordinates yields

WF(E) > {(zo, —& 20,€) | £ = 0}.

Because F is a bi-solution to the wave equation we can apply the Propagation
of Singularities Theorem to find that WF(E) > AT U A~ on O*? and from the
support properties of E* and E~ we then conclude that WF(E*) > A*. Finally,
WF(E*) > WF(PE*) = WF(§) = B. This completes the proof. |

Corollary A.6. In the notation of Theorem A5, WF(E) = AT UA-\Z.

Proof. By Theorem A.5 and the support properties of E¥, we have WF(E) =
ATUA™ away from the diagonal. The inclusion D then follows from the closedness of
the wave front set. For the opposite inclusion we consider a point on the diagonal and
use the Propagation of Singularities Theorem to find an approximating sequence of
points off the diagonal. O

Proposition A.7. For the fundamental solutions of the Dirac equation we have,
in the notation of Theorem A.5: WF(S*) = WF(S¥) = AT UB and WF(S) =
WF(S.) = AT UA-\Z.

In other words, WF(S*) = WF(Sf) = WF(E*) and WF(S) = WF(S.) =
WF(E).

Proof. Because ST = (iV + m)E* and Sf = (—iV + m)E* (see [6]) we
immediately find WF(S*) ¢ WF(E*) and WF(S*) ¢ WF(E®*). Similarly
WF(S) C¢ WF(E) and WF(S.) C WF(E). Now suppose that WF(S) =
WF(S.) = WF(E) = At UA~, which we will prove below. By the support
properties of the fundamental solutions we then find that away from the diagonal
WF(S*) = WF(SF) = A*, whereas on the diagonal WF(E*) = B > WF(S*) D
WF(PS*) = WF(6) = B and similarly for cospinors.

To complete the proof we need to show that WF(S) D WF(E) and WF(S.) D
WF(E), for which we adapt (and correct) an idea of [33]. We prove the case of
S, because the other case follows by taking adjoints (cf. Theorem 3.10). Further
note that it is sufficient to prove the claim on the diagonal, because the Propa-
gation of Singularities Theorem applies both to E and to S. Now suppose that
(x,=&x,&) € WF(E)\WF(S). We will derive a contradiction as follows. For every
time-like, future pointing normalized vector ng € T, M we can find a smooth space-
like Cauchy surface C' through z such that ng is normal to C'. We let n denote
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the future pointing normal vector field on C' and ¢:C — M the canonical injec-
tion. By [6, Proposition 2.4(c)] we can restrict S to C*? to find S|ox2 = —idsh
and in particular (z, —diL (€); 2, diT(€)) € WF(S|gx2). By (a component version
of) [38, Theorem 8.2.4], on the other hand:

WE(S|cx2) © (ux ) (WF(S)) = {(z,diz (€):y,duy (€)) | (,&,€') € WE(S)}.

Therefore, there must be a point (z,—n;x,1) € WF(S) such that (z,—dI (n);
v, il () = (v, —diL(€);2,dil(€)) Notice, however, that the transpose of du is
nothing else than restricting the dual vector £ to the tangent space of C'. Because
WEF(S) C WF(E), there are only two possibilities: = £ or n = £ —2(£,n§)no. The
first contradicts our assumption, so we have n = £ — 2(&,n§)no. Now (z, —n; x,n) €
WF(S) must hold for every normalised, time-like, future pointing vector ng € T, M.
Choosing a sequence of vectors ng such that n — £ and using the closedness of the
wave front set we find again (v, —¢&;z,£) € WF(S). Hence, WF(E) = WF(S). O

Appendix B. Proof of Theorem 4.18

The computations involved in the proof of Theorem 4.18 are somewhat similar to the
computation of the stress-energy-momentum tensor. We will work in components
and in local coordinates on O, using Greek indices to indicate the coordinate frame
and coordinate derivatives. To ease the notation we will drop the subscript € on the
local frame e#.

As ~? is independent of ¢ we may use Egs. (5) to vary

1 1
Yo = <8av — Zl"cabv'ycwb> v =ef <8av + Zef{aaeg — efyfﬂfaﬁ}v%'yb> v, (22)
which yields:
a,d a 1 B _d1ec b.a 1 c B b.a
OVv = delel V oy — Zéeb egl vy’ + Zaa(kﬁeb Yy Y

7 ol eSvyey Y. (23)

1 1
— Zdefyegebﬁlﬂaﬂv'yﬂb'y“ — ZM‘
We can perform an integration by parts as follows:
1 c B b.a
Zaafsegeb VYV Y

—1 c i c
= ZPC((SeBefv%'yb) + Zéeﬂech(v%'yb)

1 1 1
— Zéegaaefv%'ybwa — Z(Sedﬁeffcadv'yﬂb'y“ + Zdegegfdabv%'ybwa
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—1 c i c 1 c a
= IPc(éeﬂefmlﬂb) + Zéeﬂebﬁ(Pcv)%wb — Zéeﬂefvav[mﬁb,v ]
1 c B b.a 1 B _d1ec b.a 1 c Brd b.a
_ 156[,8@% vy vt + Zéeb el qvyey" " + Z(Seﬁedf VY e
(24)

Because [7:7",7] = 7e{7", 7"} = {7, 7"}’ = 20?7 — 2684" and e = g, pn°lel
we can write:

1 C a 1 Ci a 1 c
—Zéeﬁefvav[%yb,y | = —5(5(9”57; deg)efn "V avye + E(Seﬁebﬁvcvwb

1
= —E(Sgwnc‘iegegn“bvav% - §egezvavwd
1
= §5go‘ﬁegegvav’yb — de2edV quy. (25)
When substituting Eqgs. (24) and (25) into (23), we can recombine the terms
—1 c B b_a 1 c o By b.a -1 c Yd b_a
T(Seﬁaaeb vy Yt — Zéeveaebf VYY" = TéevedF UV Y
to obtain
—1 ) 1
oVv = IPc(éeﬁef v1en”) + 1566565 (Pev)yen” + 559“6 cachVar
1
— Z6F7aﬁegebﬁefyv’yc'yb’ya. (26)

Note that the variations of the frame def cancel out, except in the terms with P..
These are harmless when we compute By(6¥.Sof), because both By and v solve
the Dirac equation. Therefore, the final answer will not depend on variations of the
frame, as desired.

In the last term of Eq. (26), we can use the symmetry of the Christoffel symbol:

1 3

1 « c a « (& a 1 « (&
—Zéfv(aﬂ)eaefeﬂ{v'yﬂb'y = —1(51"7&56(161) eSvyen b — —Zéfﬁfaﬂg s

esvYe

1 1
= = 799790 " 059" €S 0% — 70adgpuct g™ vy

1
+ gauégageg‘gaﬂvwa. (27)
We handle the last term using an integration by parts as before:

1 « a —1 « { « 1 « a
5009059 Poys = < Pel09ap9 Bu) + 509089 AP — 09a30a9 Puy

— ; 1
§PC(59a59“6 v) + §5gaﬁg“5 P.v— 559“6 Dagapvy®, (28)
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where we used §ga309,9%° = —5gaﬁgaugg,,8ag’“’ = 69“%0,9ap. The penultimate
term in (27) is:

1 1
—Zaaég@ueitgaﬁvw“ - Zab(fiqaﬁ Gangpy)eleng” vy

1 1
= 10609 eGel)vra — 709 ganganOb(clieyg” vy

1 1
= V(g el e — 180 (T ehel + T etel o

1 « 1% a
— Zég Bgauggyab(efl‘el;g Pyoye. (29)
The first term on the right-hand side of Eq. (29) is
1 af a b 1 af a b 1 af a b
va(ég €aes)Va = va((Sg €aCaVYa) — 169 €aes VoY (30)
The other terms can be simplified with some computation:
1 « a c a C ac v
—169 s bceae% + beceaeﬁ + Gapdpen (91,(65629" ))0Ya
1 af a amY a c a M
= —Z(Sg (—Ogeq + €515, —eqdees +eql” 5
+e598,0,9" + ef;abe% + Gaun*Opet ) vy,
1 af ac [ aY amH a  pv
= —169 (—n*elOsgan + 515, +eal” 5 — €a 9" 0pgpu)vVa
1 af a Y a YK
= —§6g (_2679 98Gan + €9 (2089an — Ougap)
+ 09" 089y — 2639pyapgﬁu)v7a
1 aB(,a Y a PV H
= §5g (€59 0ugap + 2€598,9" T, )0Va- (31)
Substituting Eqgs. (27)—(31) into (26) yields:

Z. C Z. C Z. (e} Z. «
oVv = ZPc(éeﬂefv%'yb) + Zéeﬂef(Pcv)%’yb - §Pc(6gaf;g Bo) + gégagg SpP.w

1 1
+ Zégo‘ﬁege%vav’yb + va(égo‘ﬁege%v’ya). (32)



428

K. Sanders

Using Lemma 4.17, we find for a spinor u € C*°(DM):

1

C i C i « i [0
SVu = —P(defe) v veu) - 15%65 Yoo (Pu) + 5P (09asg Fu) — 50909 fPu

4
1 af a b 1 af a b
+ Z(Sg eaesbVall + va(ég €alhVall)- (33)

Using Proposition 4.16 and Eqs. (32) and (33) we notice that the terms with

P, and P cancel out in the following equality, because By and Sy f both satisfy the
Dirac equation:

We

6(BeBo(f)) = —Bo(6PeSo f)

) )
= ZBO((59("ﬁeie%'ybVaSon) + ZBO(Vb((Sg“ﬁeie%'yaSon))

)
= Z5ga5636%(30(7(bva)507f) = VBo(7a)SoTf))- (34)

now compare with Proposition 4.14 to get the final result.
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