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sslcomplexfunctionsl.lcomplexNum.be#
Def . : The set ¢ of complex numbers is
( as a set) equivalent to R? Elements of 6
can be represented as tuples (×, 4) will ×, y EIR

.

In 6 we define addition and multiplication
as follows :

Lt, , Y, ) + ( Xz , Ya) : = (X, -1×2 , Y, + Ya)
(×, , 4, ) - ( Xz , Ya) : = (✗Az-4,41×1%-1×24)

( 6
,
-1
,

- ) is a field ( homework problem)

Difference between IR and 6 : there is no

order relation in 6
.

Consider now (x , 0)

(×, , c) + (xz , c)
= (title, c)

(X, , 0) - (Xz , c) = ( ×, -kid



⇒ { tho) : ✗ c- IR } = R

Instead of (×, c) we can simply write ✗ .

Similarly , (a. 0) - lay) = (ax.az/=alx,y)

corresponds to scalar multiplication in the
vector space IR !

a
complex plane

¥
3.

11,0)

Every complex number can be represented as
IX. y) = ✗ - ( 1,4 + y 10,1)

11,01=-1 10, 1) = i

( x , y) = × . I + y - i = ✗ + iy
i is called imaginary unit

.



I 2 = 10, 1) . (al) = 1- 1
, a) = -1

( ✗ , t iy, ) (xztiyz) = ×, ✗at X, iyz + iy, ×, tidy, y,

= ✗
,
✗
z
- Y

, Yz + i (✗i Yz +⇒
This is the motivation for the definition of

multiplication given above .

Def. : Let 2- = (×, 4) = ✗+ iy c- 6
.

Then we

call ✗ = Retz) the real part of 2- and y=]m(z)
the imaginary part , and I = ✗- iy the conjugate
complex number.

Rules : É = 2-

Re = t ( 2- + E)
3m¥) = ¥ (z - E)
2- .E = (✗ + iy) (x- iy) = ✗

'
+ y

¥ = z¥- = ×¥ E



Polar coordinate representation of complex numbers
a

r=✓FF= ✓IF=: 12-1¥
el

tasse = ¥ ⇒ y= arctan¥ =: avg 2-

argument of z

2- = ✗+ iy = rest + irsinf = r ( case + isin e)

f- avg 2- is unique only modulo Zit

Example : polar coordinate representation of Z, , z,
z
,
= r,

loose
,
+ isin 4)

Zz = rz (cash + isin %)

Z
, -2-2=4 rz [case, cosh - sink sink + i /cost, sink+ asking)]

= 4rz[ cos (9+1) + is in (9+1)]
"" ^

÷÷÷µ.Rez



2- = r / cost + is in e)
2-2 = v2 ( cos Ze + isin Ze)

z
"
= rn ( cos nftisinne) ( *)

cosy -- I - ¥. + 4¥, - . . .

+
. . . .

= It li¥+¥¥+ . .
. .

1 (iy)
"

isiny = ily - ¥ + Y÷ -

.
.

-1
. ) = iy +¥J +⇒ +

.
..

⇒ cosy + isiny = É (4)
"

h=o¥
= eiy

Using this relation, we can write z= veil

proof of 1*1 2-
"
= (reil)

"
= r
"eine= r"(cosnftisinne)

cost + i suit lies on the unit circle

Example : quotient of two complex numbers in
polar coordinates

r,
eiei

¥ =

rzeie,
= ÷ eil"

-%)
= ¥[cos (9-1) + isin His)]



Example : h- k root

Let z=r(case + is in e) = ✓[cos (et Zitk) + isinfl-2.tk)]
wit k c- I

Find complex number W = WE will w"=z

up = [r eitt⇐K)]± = upei (In + ¥21T)

There are exactly n different n- k roots of a

complex number z = veil with 2--1-0

Wu = Wei (In + E.
zit)

will k = 0, 11 . . . . 1h-1
Tmlz) A

6- K root of 1 :÷*.Rez



t.2complext-unctionslel-AC.CIf: A → 6 is a complex function

Example (1) A = ¢ ,
f-(Z) = a.2- tb ; a

,
b c- 6

a -1-0
linear map

f : z stretching lalz ¥Éaz¥¥az+b
Tmz N

Eez7) aztb-É¥§>

Rez

linear maps are bijective :

W= flz) z = d- w - by

Example (2) A = 6 f- 12-1=2-2
^ 1^4

If Z , , Zz lie on a

straight line throughE-
the origin , then z? and Zi
lie on the same half line



E E
Example G) A -_ C) {0} flz)=¥= zz =

12-12

Tmz
= :-# 1¥)

Rez¥¥
Claim : flz )=¥ maps

"

circles
"

onto " circles
"

( "

circles
"

= circles + straight lines )

Proof : Consider M= { 2- = x-ciy.sn/x4yZ)tpx-ry-c--0}
For 2=0 : straight lines

✗ * 0 : circles

✗
'
+ y

-
+ L ✗ + Ly t £ = O

y
'

1×+1×12+4 +%)
'-1-4%-4 a. +1=0

Circle centered at f - p
za ,

- %) and wite
radius a

4N
+ 4% - L

'



Now let 0=1 2- c- M

✗
⇒ ✗ + B ✗z+yz

+ T ¥4 ya + ¥yz =0

⇒ ✗ + B Reflz) -87mHz) + ✓ Iflz)P
-0

For Z c- M satisfies flz)=u+iv the equation

✗+ Bu - Tv torture v4 = 0 circle

f : Gyo} → 61 {0} is bijective will the

inverse map f-
'

(w) = wt

Def . : E : = 6 u { •} is called extended

complex plane .

Then f- : E → E , f-A) =
"É¥}✗ 2- =0

stereographic projection and Riemann sphere :

NDrawing a straight line
•

from the north pole to
•

•

the number 2- uniquely
determines a point on the z f ¢

sphere .



Example 4: linear fractional transformation

flz) =

a 2- + b

Cz + d ce
,
b
, c , d c- ¢

A = G) { - É }
,
assume detl :L)=ad - be -1-0

( = 0 linear map

( * o claim : f = f
,
of, of,

where f
,
and f

,
are linear maps , and fiz

Proof : flz) =
aZ+b E- ( CZ +d) - Id +b
cztd

=

( z + I

be - ad
= F. + I cztd

f
>
(Z) = ( 2- + oh , f, (2) = Iz , f, (z) =

be- ad
c

2- + I

will this f- (z) = f. (fzlf> (z)))

Every function flz) = • 2- +b will deff? bd)-1-0
CZ +I

can be extended to a bijective map f- in I,
which maps

"

circles
" into " circles

"

,

i ) o_0 f- (a) = no



it c±o f- 1-) = E
,
f- C- E)=x

Example 5 : complex exponential function

e.
it

= cosy + isiny

Def: 2- = ✗ + it ,
then eZ:=e×( cosy + isiny)

eZ:=Éo¥- =É '""I"=É÷É.IE/xkiyj-kn=oh!
n=o

=É Ent
4=0 K=o

( h- k) .lk !#
✗
k h- k

n , ) = Ie
">=e×(cos> + isiuyYE.I.t://E.cn

.

The exponential function is periodic will period ziti

exp (z) = exp (2- + Ziti)

Proof : explzi-2.to/=exp(x-i(Y-2iTD--eYccsly-2u-)tisin(y-2it)]
= exp (z)

consider 5 = { 2- i ✗+ iy I -I < yet}
e
" ( cost + isine) - ñ < YET



Tmz n Tmz n
IT

e
"

×.
> >

Rez Rez
- IT

The straight line ✗ = to is mapped onto a circle

will radius e
"
⇒ exp :S → e) {

0} is bijective .

1. 3 Convergence and continuity

The harm 12-1 = FE = ✗
'+9 is the

Euclidean norm in IRZ
.

Def . : a sequence { Zn } , Zn c- ¢
,
he 1N is

called convergent to 2-
.
( zn → 2.) , if

V-FV-lzn-Z.la {
{ 70 New n>N

E = ① v6} 2- n→ - ÉJV 7 Y lznl >÷
Do New HZN

⇐ ¥ -so



Def: c c- 6 is called limit value of a

complex function f at z . ( Lin f- G) = c)
2- →Zo

if and out if every sequence { zu } with zn→Z.
satisfies f- Izu) → c.

Def . : Let A E E, f: A-
→ a

f- is called continuous at z . c- A ⇐

Lim flz)=flz.) ⇐
2-→ 2- a

{ Zu } CA ,
2-n→z. ⇒ flzn ) → f- (e)

⇒ it 7VE>0 or>olz-z.hr/f(Z)-fk-.)/
< {

Example ⑥ Polynomials f-(z) = Éajzi are
j=o

continuous in 4
, aj c- ¢

Example ⑦ rational functions flz)=%¥
p, q polynomials , A- = { 2- c- 6 : 912-1=10}
are continuous in A

.



Example⑧ Logarithm

Def . : Let A- = GYO} biz := lnlzltiargz

1) For real 2- this definition agrees with the usual

definition of the logarithm .

2) lnz is the reverse function of eZ

Proof : Let 2- = ✗
+ iy

W = et = ex eiy

lnw = lnlwl + iargw = lné + iy .- ✗ + iy
T

Problem : avg z is not unique

→ restrict argz to fit , it)
Tmz N

-

ro

= > 2- = r.ee
Rez

Lim tnz = tin llnr. + it) = b. v. + in
e→ñ e→ñ

him b. z = lin llnr. + it)=lnv. - it
I → - IT Y→ -IT

but Lim 2- = - r. bi 2- = - v.

e→ñ e→-ñ



Riemann sheets

Expand the definition of avg 2- such that

the logarithm is continuous

€0T
- it < avg z s

it:::::::
move from one sheet to the other
when approaching the "cut "

Oller example for discontinuity : f(z) = Wei
"

1.4 Complex Differentiation

Def : klz.ir) : = { 2- c- 6 : 12--2=1 < r}

is the "

open ball
"

around z. with radius r.

fr are of the circle without the

Zo boundary .



Def . : Let Ace . A 2- c- 6 is called inner

point of A if Here exists an e such that

Klz ,
a) CA .

Def. : R C G is called open if all its points

are inner points . A CG is called closed

if 61A is open .

&

Extension to É .

Klan) : = { 2- c- 6 : 12-1 > I } v6}

Def : Let RCG be open , z.
c-R andf: r→e .

f- is called partially differentiable
w.at

.
✗

or y in 2- o , if the following limits exist:

f-
✗

(Z.) = Lim th [ f- A. the iy.) - f- (×. + iy.)]
h→o
HEIR

fylz.) = Lin th [ f- (t.tilh-y.D-flx.tiy.ITh→o

HEIR



f- is called continuously partially differentiable inn

if f.
✗
(z) and fylz) exist for all 2- c-R and are

continuous .

D.ef. : Let REG be open , f :D → G
,
z.es

f. is called complex differentiable at z . if

the limit f-
'

( z
.) = Lim f- (z) - flz.)

2-→z.
Z - Z.

exists.

2- =\ Z.
i

Theorem : f is complex differentiable in z.
⇒ f is continuous at z.

Proof. : f- complex differentiable ⇒ f'G.) exists.
⇒ :-p (z) :=fl¥§! -f'(e)→ o

z →Zo

ffz) = flz .) + f'(a)(Z - Zo) + Plz) ( z -z. /
→ flz.)
2-→2-a



Theorem : Let f- be complex differentiable at z. .
Then the partial derivatives of f-
exist in -2

. ,
and the following holds

f-
'
lz.) = fxlz .) = f- fylz)

Remark: When letting f-=u+iv with uiv

real - valued functions , then the

Candy - Riemann differential equations

Ux = Vy I
✓
✗
= - Uy

are equivalent to f×=÷fy

Proof : Consider to special sequences
1) 2- : = 2- . -1 h with held

,
h→o

f-
'

( z . ) = Lim tu [flz.tk/-flz-.)Jh-ohc-lR--limtn-Lflx.th-ciy.)-flx.+iy
.)]

h→o

HEIR

= f-
✗
(Zo)



2) 2- : = 2- • + ih he IR ,
h -30

f-
'(a) = (in [ flz. + ih) - flz .)]

h→o

HEIR

=t.linl-h-lflx.li/h+Y.))-ff-.-iiy.jfh-sohc-lR--!-fylz-.)
Proof of the remark : fl -2.)=u(2.) + ivlz .)

⇒ fxlz .) = Ux (E) + iv. (zf

f-ylzo) = Uylz.) + ivy (e)

f- fy (Zo) = Vylz.) - iuylz .)

Hence
,

f-✗ = f-7 (⇒ i. = Vy , 4- = - Uy

Theorem : Let NCIC be open, f-rise

be continuously partially differentiable
at z

.
ER , and let f×lz.)=÷fylz. ).

Then f is complex differentiable at z. .



Remark : Since f-
'
lz.)=f×lz.) , f- is even continuously

differentiable at za .

Proof : Use a relation from real analysis :

Lef R EIR
" be open , fir → IRM be

continuously partially differentiable atz.es .
Then there exists a function f :D → Rm
will 71-2.1=0, such that the following
relation hold ( ( Df)G.) denotes the Jacobian
matrix of partial derivatives )
f- (z) = ffz.) + (Df)/2.)

. (Z- Z.) + (z- z. ) -Nz)

Identify the complex function f :D→ e with

f- : RCIRZ → IRZ
,

2- = (5) i→µ¥)=flz)
There exists 7 sad that

f-(z) -flz.) = (Df) (Z-Z.) + 4- -E) Plz) *)

(Df ) (z.) (z - z.) = µxlZ.) Uylz
.)

-

x - ×.

4- (e) Vy (e)µ- y.}
= [ 4- (×

-✗c) + Ugly- y,
✓
✗ Ix -✗a) + vyly-%)}



[
4×1+-1-1 - rely-%)

vx It -×.) + Uxly -

= uxlz.IE;] + v×lzd[ "
- "1)- X
.

= [ uxlz.) + iv. (E) ] (Z - Z.)

Divide (*) by (z -z.)

f- (z) -f (Z)
= ax (e) + iv. (z) + Z

-Zo f-(Z)
2- - 2- a Z -Zo

-

2-→z- → o
2-→z,

f-
'
lz .) = U.nl-2 .) + ivy (za) = f× Iz.)

⇒ f- is complex differentiable at z .

Def; Lef NCE
be open . fish → e is called

holomorphic if f- is complex differentiable

at all 2- c- R and f
'
is continuous in d.

f is holomorphic at ✗ if glz)i=f(¥) is holomorphic
at 0 .



Remark : Tf f is holomorphic in a disc around z,

then f- is called holomorphic at za .

Example ① : f : 6 → ① i f- (z) = 2- (identity)

-1×12-1=1 , fylz) = i t2- c- ¢

f-+ and fy are
continuous and we have f×=÷fy

⇒ f is holomorphic in 6 .

② flz) =¥ is holomorphic at no , since

glz) :=f¥)=z is holomorphic at 0.

③ f: E → 6 flz) = Retz)

f is partially differentiable -1×12-1--1
, fylz)=o

⇒ f-* =L f- fy ⇒ flz) is not complex differentiable

Theorem : Let Rc 6 be open , u:D → IR two

times continuously partial differentiable.
Then the following holds :

Au : = Uxx + Uyy = 0⇐ F a functionf holomorphic in
r with Re (f) = U



Proof :
"

⇐
"

Let f- = utiv be holomorphic

=) Ux = Vy , Uy = - Vx

⇒ Un.
= Vyx I Uyy

= - Vxy

Un. Continuous ⇒ vy× continuous

uyy continuous ⇒ Yy continuous}
⇒ Vyx = Vxy
=) U = Uh

+Uyy = Vy,
- Vyx = 0

"

⇒
" Let u :D → IR be given , will au=0

We need to find Vir → IR , such that

f- = utiv is holomorphic , i. e. vi. - Uy
Vy = Ux

choose a 2-a ER and let v12 . )=O

Determine v14 via integration over the following
pull Tmz a

q 2-

1

I >
Rez

E-
- - - - --

i

✗ Y

v12) : = fy.lt/y.)dt-fvylxis)ds
✗ .

Yo

x y

= - fuyltiy.tl/--fuxf-is)ds
✗
.

%



Check that the Candy - Riemann differential
eqs . are satisfied :

y

✓
✗ f-is/ = - Uylx, %) + fun. His)ds

To
y

= - Uylxiy.) - fuyylxis)Is
4.

=
- Uy 1+14.) - Uy 1×14) 1- U> (H2) = - Uy 1+14

Geometrical interpretation of complex differentiability

Let f- be holomorphic at 2- .

5 ( z) : =
f-(z) -flz .)
z - z .

- fllz.) > 0
2-→Zo

⇒ f- (z) = f- (z.) + f-
'(-2.) (z-z.) + Plz)(z -2.)

Let now fllz.) -1-0 , W = f-(z) , w. = f-(z)
7mW N

Tmz A ⑤ *T
. z.

> >
Rez Rew

straight line through z. 2- It/ = zaté" te k

f
'/2-a) = a = ( al eianoa



wlt ) = f (Ht)) = flz.) + f-
'
(e) te
"
+ glz . +teiy-tek-F.EE

= W. + a te
'? W

.

+ /alt eiktarga

Consider two curves , which intersect each other

at a point z. . These curves are mapped onto two
curves in the w- plane , which intersect each other
at w. will the same angle as the original curves
in the z- plane .

Rules for differentiation :

I. f, g are holomorphic at Z. , and a, b e E

⇒ a f- + by , f. g , GI ( g (e) + c) are holomorphic
as well and one has

(afxbg) ' = af 't bg !

( f. g)
'
= f

"

-g + f- g
' '

(Ig) ' = fkg;g'f_
2. Chain rule

f holomorphic at z. , F Holomorphic at f- Iz .)

⇒ g = Faf holomorphic at 2-
• ,
and one has

g
'

(2-.) = F'(flz.)) - f
'
(za)



Examples : ① flz) = Z
" proof by induction

f- holomorphic for all n c- IN
,
and f-

'

(z) = nz
"-1

② Polynomials : flz/ = a.
← a, 2-

+
. . .

c- an Z
"

holomorphic in 6 and

f-
'

(z ) = a,
+ Zaz -2 + . . .

c- man Z
"-1

plz)

③ rational functions flz) = qcz,
are holomorphic

is A -
- { 2- c- E. qlz) -1-0}


