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Recap: Formal components of a proof

constructing a proof/argument consists of two parts

1 a number of statements, called premises: these are just statements that we, for
the sake of argument, assume to be True

2 a conclusion, whose truth is demonstrated to necessarily follow from the
assumed truth of the premises

(1) premise 1
premise 2

conclusion

a proof is called valid iff there is no uniform assignment of truth values to its
atomic statements which makes all its premises true and its conclusion false
a proof is called invalid iff there is at least one uniform assignment of truth
values to its atomic statements which makes all its premises true and its
conclusion false

premises and conclusion of a proof are related by the conditional —

(premise 1 A premise 2 A ...— conclusion)
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Recap: Proofs

let us remind ourselves of this based on the proof | Modus Tollens

(2) If Jack drinks beer, he will get drunk.
Jack doesn’t get drunk.
Jack doesn’t drink beer.

®3) (p—q)
(—9)
(=p)

we show the validity of the proof with a truth table (all values are True in the last column)

p g (p—=q9 ((p=9Ar(=9) (=9 A(q)— (-p))
1 1 1 0 1
@ |1 o0 0 0 1
0 1 1 0 1
0 0 1 1 1
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Recap: Fallacies (invalid proofs)

example of an invalid proof: fallacy of affirming the consequent

(5) If Marie eats another pizza, she will get sick.
Marie gets sick.
J.  Marie eats another pizza.

(©) (p—a)
q

/P
we can show that the proof is invalid with a truth table (not all values are True in the last
column)

p g (p=q9 (P=9nrg (((P=9Ng) —p)

1T 1 1 1 1
7 |1 o 0 0 1

0 1 1 1 0

0 0 1 0 1
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Simple proofs

(8) Modus Ponens (12) Simplification
(p—q) (pAq)
P SLop
q (13) Conjunction
(9) Modus Tollens p
(p—q) q
(—q) s (pNq)
(=p)

(14) Addition
(10) Hypothetical Syllogism
Chag) s (pVa
(9—r)
(p—r1)
(11) Disjunctive Syllogism
(pVaq)
(=p)
q
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Simple proofs

(8) Modus Ponens (12) Simplification
(p—q) (pAq)
P SLop
q (13) Conjunction
(9) Modus Tollens p
(p—q) q
(—q) s (pNq)
(=p)

(14) Addition
(10) Hypothetical Syllogism

(p—q) o (pVa)

(9—r)
(p—r1)

(11) Disjunctive Syllogism
(pVaq)
(=p)
q
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Given the premises 1.-5. we can

prove t!

(15) simple proof:

1.

2o =Joey o @

(p—4q)
(pVs)
(g—r)
(s — 1)

(=r)
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Simple proofs

(8) Modus Ponens (12) Simplification
(p—q) (pAq)
P SLop
q (13) Conjunction
(9) Modus Tollens p
(p—q) q
(—q) s (pNq)
(=p)

(14) Addition
(10) Hypothetical Syllogism

(p—q) o (pVa)

(9—r)
(p—r1)

(11) Disjunctive Syllogism
(pVaq)
(=p)
q
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Given the premises 1.-5. we can

prove t!

(15)

simple proof:
(p—4q)

1.

2o =Joey o @

(pv

s)

(q—r)
(s — 1)

(=r)
(=9)

3,5 MT

(=p) 1,6 MT

S

t

2,7 DS
4,8 MP
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Simple proofs: Reverse engineering

(16) Modus Ponens (20) Simplification
A Given the premises 1.-5. we can
(p—4q) (pAg) prove t!
P SLop
9 (21) Conjunction (23) simple proof:
(17)  Modus Tollens p 1. (p—q)
(p—4q) q 2. (pVs)
- A
7&,‘3 (PN q) 3 (g—1)
(22) Addition 4. (s—1)
(18) Hypothetical Syllogism p 5. (o)
. (=r
Chag) s (pVa .
(9—r) '
(p—r) t is part of 4. 7.
. . . With which proof can we 3
(19) Disjunctive Syllogism move from 4. to t? :
(pVq) ot
(=p)
q
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Simple proofs: Reverse engineering

(16)

(17)

(18)

(19)

Modus Ponens

(p—q)
p
q

Modus Tollens

(p—q)
(—9)
(=p)

Hypothetical Syllogism

(p—q)
(g—n)
(p—r)

Disjunctive Syllogism

(pVq)
(=p)
q

Statement Logic IV

(20) Simplification

ﬂ prove t!
p
(21) Conjunction (23) simple proof:
p 1. (p—q)
q 2. (pVs)
(P q) 3. (g—r)
(22) Addition 4. (s— 1)
P 5. (—r)
\%
(pVa) .
t is part of 4. 7.
With which proof can we 5 s
move from 4. to t?
9. t

With MP, but only if s is
true!

Session 9

Given the premises 1.-5. we can

4,8 MP
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Simple proofs: Reverse engineering

(24) Modus Ponens (28) Simplification
(p— q) A Given the premises 1.-5. we can
p=4q M prove t!
P SLop
9 (29) Conjunction (31)  simple proof:
(25) Modus Tollens p 1. (p—q)
(p—4q) q 2. (pVs)
-q A
Eﬂp; (PN q) 3 (g—1)
(30) Addition 4. (s> )
(26) Hypothetical Syllogism p 5. (o)
. (=r
Chag) s (pVa .
(9—r) '
(p—r) s is part of 2. 7.
. . . With which proof can we 5 s
(27) Disjunctive Syllogism move from 2. to s? :
(pVq) 9. t 4,8 MP
(=p)
q
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Simple proofs: Reverse engineering

(24) Modus Ponens (28) Simplification
(p— q) A Given the premises 1.-5. we can
p=4q M prove t!
P SLop
q (29) Conjunction (31)  simple proof:
(25) Modus Tollens p 1. (p—q)
(p—4q) q 2. (pVs)
-q A
Eﬂp; (PN q) 3 (g—1)
(30) Addition 4. (s> )
(26) Hypothetical Syllogism p 5. (o)
. (=r
Chag) s (pVa .
(9—r) '
(p—r) s is part of 2. 7. (—p)
. . . With which proof can we
(27) Disjunctive Syllogism move from 2. to s? 8. s 2,7DS
(pVaq) With DS, but only if (—p) is 9. t 4.8 MP
(—p) true!
q

Statement Logic IV Session 9 January 9"’, 2025 7/26



Simple proofs: Reverse engineering

(32) Modus Ponens (36) Simplification
Given the premises 1.-5. we can
(p—q) (prg) prove t!
P SLop
9 (37) Conjunction (39) simple proof:
(33) Modus Tollens p 1. (p—q)
(p—4q) q 2. (pVs)
-q A
Eﬂp; (PN q) 3 (g—1)
. . (38) Addition 4. (s> )
(34) Hypothetical Syllogism p 5. (o)
. (=r
Chag) s (pVa .
(9—r) '
(p—r) p is part of 1. and 2. 7. (—p)
. . . With which proof can we 8 s 27DS
(35)  Disjunctive Syllogism move from either 2. or 1. to ' ’
(pVq) (=p)? 9. t 4,8 MP
(—p)
q
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Simple proofs: Reverse engineering

(32) Modus Ponens (36) Simplification
Given the premises 1.-5. we can
(p—4q) (prg) prove t!
P SLop
9 (37) Conjunction (39) simple proof:
(33) Modus Tollens p 1. (p—q)
(p—4q) q 2. (pVs)
-q A
Eﬂp; (PN q) 3 (g—1)
. . (38) Addition 4. (s> )
(34) Hypothetical Syllogism p 5. (o)
. (=r
Chag) s (pVa .
(9 1) - 9
(p—r) p is part of 1. and 2. 7. (—p) 1,6 MT
. . . With which proof can we 8 s 27DS
(35)  Disjunctive Syllogism move from either 2. or 1. to ' ’
(pVq) (-p)? >t R
(—p) With MT, but only if (—q) is
q true!
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Simple proofs: Reverse engineering

(40) Modus Ponens (44) Simplification
iven the premises 1.-5. we can
A G he p
(p—4q) (pAg) prove t!
P SLop
9 (45) Conjunction (47) simple proof:
(41)  Modus Tollens p 1. (p—q)
(p—4q) q 2. (pVs)
- A
7&,‘3 (PN q) 3 (g—1)
(46) Addition 4. (s—1)
(42) Hypothetical Syllogism p 5. (o)
. (or
(p—q) s (pVa) .
(g r) )
(p—r) Does (—q) follow from any 7. (—p) 1,6 MT
of the premises 1.-5.7
(43) Disjunctive Syllogism fthe p 8. s 2,7DS
(pVq) 9. t 4,8 MP
(=p)
q
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Simple proofs: Reverse engineering

(40) Modus Ponens (44) Simplification
Given the premises 1.-5. we can
(p—4q) (prg) prove t!
P SLop
9 (45) Conjunction (47) simple proof:
(41)  Modus Tollens p 1. (p—q)
(p—4q) q 2. (pVs)
(—9) s (pAg) 3. (q— 1)
p) (46) Addition o (s 1)
(42) Hypothetical Syllogism p 5. (o)
. (=r
Chag) s (pVa
(q N l’) 6. (_\q) 3,5 MT
(p—r) Does (—q) follow from any 7. (—p) 1,6 MT
. . . of the premises 1.-5.7
(43) Disjunctive Syllogism Yes, with MT. we can con- 8. s 2,7DS
(pVaq) clude (—q) from 3. and 5.! E 4.8 MP
(=p)
q
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Complex proofs

(48)

(49)

(50)

Q)

(52)

Modus Ponens
(p—q)
p
q

Modus Tollens
(p—q)

(—q)

(=p)

Hyp. Syll.
(p— )

(g—r)

(p—r)

Dis. Syll.
(pVvq)

(=p)

q

Simplification

(pAq)

p

Statement Logic IV

(53)

(54)

(55)

(56)

Identity Laws:

a. xV False & x

b. x A False & False
c. xV True & True
d. xA True & x

Conditional Laws:

a. (p=q) < ((-p)Va

b. (p—¢q) = ((-g) —

Commutative Laws:
a. xVy&syVx
b. xANy&yAx

Associative Laws:

(=p))

a (xVy)VzexV(yVz)
b. (xAy)Aze xA(yAz)

Session 9

Given the premises 1.-2.

prove (p — q) !
(57) complex proof:

1. (p—(qVr))

S

January 9"’, 2025
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1 Cond
3 Ass
4 Neg
5 Ident
6 Cond
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Complex proofs: Reverse engineering

(58)

(59)

(60)

(61)

(62)

Modus Ponens
(p—q)
p

(63) Conjunction
p
q

q

Modus Tollens
(p—q)
(~9)
(=p)

Hyp. Syll.
(p—q)
(g—r)
(p—r)

Dis. Syll.
(pVvq)

(=p)

q

Simplification

(pAq)

p

Statement Logic IV

(PNq)

(64) Addition
Y
(pVq)

Is there a proof such that we can

conclude (p — q) given our
premises?

Session 9

Given the premises 1.-2. we can

prove (p — q) !

(65) complex proof:
1. (p—(qVr))

- (p—q)

January 9"’, 2025
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Complex proofs: Reverse engineering

(58)

(59)

(60)

(61)

(62)

Statement Logic IV

Modus Ponens  (63) Conjunction
(p—q) P
p q
q (pPAq)
Modus Tollens  (64) Addition
(p—q) P
(—9) (pVvq)
(=p)
Is there a proof such that we can
Hyp. Syll. conclude (p — q) given our
(p—q) premises?
_ (g=rn) Not really . ..
(p—r) use of equivalence laws to sub-
Dis. Syll. stitute our conclusion into a for-
(pVq) mula we can work with.
(=p)
q
Simplification
(pNq)
p

Session 9

we have to make

Given the premises 1.-2. we can
prove (p — q) !
(65) complex proof:

L.(p—=(qVvr))
2. (—\r)

N o o oa W

- (p—9q)

January 9"’, 2025
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Complex proofs: Reverse engineering

(66)

(67)

(68)

(69)

Idempotent Laws:
a. (xVx)& x

b. (x A x) & x
Complement
Laws:

a. pV(—p) & True
b. =(=p) = p

c. pA(—p) & False
Identity Laws:

a. xV False & x

b. x A False < False
c. xV True & True
d. x A True & x
Commutative Laws:
a xVy<syVx

b. xANy & yAx

Statement Logic IV

(70)

()

(72

Distributive Laws:

a. pV(qAr) & (pVa)A(pVr
b. pA(qvr) < (pAg)V(pAT)

DeMorgan’s Laws:

a. =(pVvq) < (=p) A
b. =(pAg) = (=p)V

Conditional Laws:

a. (p—q) e ((=p)Vq)
b. (p— q) = ((—g) —

Associative Laws:

a. (xVy)VzexV(yVz)
b. (xAy)Az& xAN(yAz)

Which laws can we apply to

(p—q)?

Session 9

complex proof:
1.(p—=(qVr)
- (=)

2
3
4.
D
6
7

- (p—q)

January 9"’, 2025

Given the premises 1.-2. we can
prove (p — q) !
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Complex proofs: Reverse engineering

(66)

(67)

(68)

(69)

Idempotent Laws:
a. (xVx)& x

b. (x A x) & x
Complement
Laws:

a. pV(—p) & True
b. =(=p) = p

c. pA(—p) & False
Identity Laws:

a. xV False & x

b. x A False < False
c. xV True & True
d. x A True & x
Commutative Laws:
a xVy<syVx

b. xANy & yAx

Statement Logic IV

(70)

()

(72

Distributive Laws:

a. pV(qAr) < (pvVa)A(pVr)
b. pA(gVr) & (pAq)V(pAr)
DeMorgan’s Laws:

a =(pVq) = (=p) A (q)

b. ~(pAq) = (=p) V (-q)
Conditional Laws:

a. (p—=q) e ((-p)Va)

b. (p—q) < ((—q) = (-p))
Associative Laws:

a. (xVy)VzexV(yVz)
b. (xAy)Az& xAN(yAz)

Which laws can we apply to

(p—q)?
Conditional laws! The first one
seems more promising . . .

Session 9

1

2
3
4.
D
6
7

complex proof:

- (p—=(qVvr)

- (=)

- ((=p) Vv
- (p—q)

q)

Given the premises 1.-2. we can
prove (p — q) !

6 Cond

January 9"’, 2025

12/26



Complex proofs: Reverse engineering

@5)

(76)

@7

78)

@9

Statement Logic IV

Modus Ponens  (80) Conjunction
(p—q p
p q
q (pAa)
Modus Tollens  (81) Addition
(p—q) P
(~9) (pVq)
(=p)
The next proof is difficult to see.
Hyp. Syll. We will derive 6. by applying DS
(p—q) with the help of premise 2. What
ﬂ would be the other statement we
(p—r) have to create?
Dis. Syll.
(pVaq)
(=p)
q
Simplification
(C2C)
p

Session 9

Given the premises 1.-2. we can
prove (p — q) !

(82)

—

N o oA W

complex proof:
- (p=(qVvr)
- (=)

((=p) Vv q)
- (p—q)

6 Cond

January 9"’, 2025
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Complex proofs: Reverse engineering

@5)

(76)

@7

78)

@9

Modus Ponens

(80) Conjunction

Statement Logic IV

(p—q) P
p q
q (pPAq)
Modus Tollens  (81) Addition
(p—q) P
(—9) (pVvq)
(=p)
The next proof is difficult to see.
Hyp. Syll. We will derive 6. by applying DS
(p—q) with the help of premise 2. What
ﬂ would be the other statement we
(p—r1) have to create?
Dis. Syll. We have to create the disjunction
(pV q) which is the first premise of DS!
(=p)
q
Simplification
(pNq)
p

Session 9

Given the premises 1.-2. we can

prove (p — q) !

(82) complex proof:

1. (p—(qVr))

2. (=)

3.

4.

5. (rv ((~p)V @)

6. ((-p) V q) 2,5 DS
7. (p— q) 6 Cond

January 9"’, 2025
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Complex proofs: Reverse engineering

(83) Idempotent Laws: (87) Distributive Laws:
Given the premises 1.-2. we can

a (xVx)ex a pV(gAn) < (PVa)A(PVD) prove (p — q)!
b. (x A x) & x b. pA(qvr) < (pAg)V(pAT)

(84) Complement (83) DeMorgan’s Laws: (91) complex proof:
Laws: a. =(pVq) < (=p) A(—q) 1. (p—(qVr)

a. pV(—p) & True

b. =(=p) & p
c. pA(—p) & False

- (=)

b. =(pAgq) < (=p) V (~9q) 2

(89) Conditional Laws: 3
a. (p=q) e ((-p)Vq) 4.

(89 Identity Laws: b (p>@ = ()= (p) 5
6

7

Associative Laws:

a. xV False & x

b. x A False < False
a. (xVy)VzexV(yVz)

c. xV True & True
b. (xAy)Az& xAN(yAz)

d. x A True & x
. How does that help us?
(86) Commutative Laws:
a xVy<syVx
b. xANy & yAx
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Complex proofs: Reverse engineering

(83) Idempotent Laws:
a. (xVx)ex
b. (xAx) & x

(84) Complement

Laws:
a. pV(—p) & True
b. =(=p) & p
c. pA(—p) & False
(85) Identity Laws:
a. xV False & x
b. x A False < False
c. xV True < True
d. x A True & x
(86)
a xVy<syVx
b. xANy & yAx

Statement Logic IV

Commutative Laws:

(87)

(88)

(89)

Distributive Laws:
Given the premises 1.-2. we can

a. pV(qAr) < (pvVa)A(pVr) |

b p(qve) < (prg)vipnn) P P D

DeMorgan’s Laws: (91)  complex proof:

a. =(pVq) & (=p) A(=q) 1.(p=(qVr)

b. ~(pAq) = (=p) V (-q) 2. (-r)

Conditional Laws: 3. ((=p)V(qVr)) 1Cond
a. (p—=q) e ((-p)Va) 4. (((-p)Vq)Vr) 3Ass
b. (p— q) & ((—g) = (=p)) 5. (rVv ((=p) V q)) 4 Comm
Associative Laws: 6. ((=p)V q) 2,5 DS
a. (xVy)VzexV(yVz) 7. (p— q) % Comd

b. (xAy)Az& xAN(yAz)

How does that help us?
It turns out that we can simplify 1.
to5.!

Session 9 January 9”', 2025
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Direct conditional proofs

complex proofs such as the one we just went through are tricky
fortunately, there is a simpler method for such a proof, i.e. a proof where the
conclusion is a conditional
if the conclusion of a proof contains a conditional as the main connective, we
can use a method of argumentation called conditional proof

suppose a proof has premises: py, pa, . .. pp and (g — r) as the conclusion

in the conditional proof, we add the antecedent q of the conclusion as an

additional auxiliary premise

we then derive r from the premises p1, p, . .. p, and the auxiliary premise ¢
the validity of the conditional proof is based on the following logical
equivalence:

©2) (prApaA-Apa) > (@) (PrAP2A-ApaAq)—r

Statement Logic IV Session 9 January 9"’, 2025 15/26



Direct conditional proofs

a conditional proof begins with the assumption that the antecedent is true, then logical
reasoning is used to show that the consequent must also be true (given other premises)

a conditional proof shows that the antecedent implies the consequent

Given the premises 1.-2. we can prove

(p—q)!

(93) complex proof:
1L(p—=(qVvr)
(=r)
((=p) V(qVr))
(((=p) V@) Vr)
(rv((=p)V4q))
((=p)Vaq)
(p— 9

EUCLICEI

Statement Logic IV

1 Cond
3 Ass

4 Comm
2,5 DS

6 Cond

Given the premises 1.-2. we can prove
(p—q)!

(94) conditional proof:
1. (p—=(qVvr)

2. (=)

3 p Aux

4,

5

6 q

7. (p—9q) 3-6 CP

Session 9 January 9”’, 2025
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Direct conditional proofs

(95)

(%6)

©7)

(98)

99

Modus Ponens
(p—q)

__r
q

Modus Tollens
(p—q)
(~9)
(=p)

Hyp. Syll.
(p—q)
(g—r)
(p—r)

Dis. Syll.
(pVq)
(=p)
q

Simplification

(pAq)

p

Statement Logic IV

Conjunction

p
q

(pAgq)
Addition

p

(pVq)

What are the next steps?

Session 9

Given the premises 1.-2. we can prove

(p—aq)!

(102) conditional proof:

(p—(qVr))
(=r)
p

(p—q)

Aux

3-6 CP

January 9"’, 2025
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Direct conditional proofs

(95)

(%6)

©7)

(98)

99

Modus Ponens
(p—q)

__r
q

Modus Tollens
(p—q)
(~9)
(=p)

Hyp. Syll.
(p—q)
(g—r)
(p—r)

Dis. Syll.
(pVq)
(=p)
q

Simplification

(pAq)

p

Statement Logic IV

Conjunction

p
q

(pAgq)
Addition

p

(pVq)

What are the next steps?

Session 9

Given the premises 1.-2. we can prove

(p—aq)!

(102) conditional proof:

1.

2
3
4.
5
6
7

(p—(qVr))
(=r)

p

(qVvr)

q
(p—q)

Aux
1,3 MP

3-6 CP
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Direct conditional proofs

(95)

(%6)

©7)

(98)

99

Modus Ponens
(p—q)

__r
q

Modus Tollens
(p—q)
(~9)
(=p)

Hyp. Syll.
(p—q)
(g—r)
(p—r)

Dis. Syll.
(pVq)
(=p)
q

Simplification

(pAq)

p

Statement Logic IV

Conjunction

p
q

(pAgq)
Addition

p

(pVq)

What are the next steps?

Session 9

Given the premises 1.-2. we can prove

(p—q)!

(102) conditional proof:

1.

2
3
4.
5
6
7

(p—(qVr))
(=r)
p
(qVvr)
(rvaq)
q
(p—q)

Aux
1,3 MP

4 Comm

3-6 CP
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Direct conditional proofs

(95)

(%6)

©7)

(98)

99

Modus Ponens
(p—q)

__r
q

Modus Tollens
(p—q)
(~9)
(=p)

Hyp. Syll.
(p—q)
(g—r)
(p—r)

Dis. Syll.
(pVq)
(=p)
q

Simplification

(pAq)

p

Statement Logic IV

Conjunction

p
q

(pAgq)
Addition

p

(pVq)

What are the next steps?

Session 9

Given the premises 1.-2. we can prove

(p—q)!

(102) conditional proof:

1.

2
3
4.
5
6
7

(p—(qVr))
(=r)
p
(qVvr)
(rvaq)
q
(p—q)

Aux

1,3 MP
4 Comm
2,5 DS
3-6 CP
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Direct conditional proofs

conditional proofs are called conditional because they rely on an additional premise

the conclusion is true under the condition that the auxiliary premise is true

Given the premises 1.-2. we can prove

(p—q)!

(103)  complex proof:
1L(p=(qVvr)
(-r)
((=p) vV (gVr))
(((=p)V @) Vr)
(rv((=p)Vq))
((=p) Vv q)
(p—q)

S

Statement Logic IV

1 Cond
3 Ass

4 Comm
2,5 DS

6 Cond

Given the premises 1.-2. we can prove

(p—q)!

(104) conditional proof:

Session 9

1. (p—=(qVvr)

2. (=r)

3 p Aux

4. (gVr) 1,3 MP
5 (rvaq) 4 Comm
6 q 2,5 DS

7. (p—q) 3-6 CP
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Direct conditional proofs

conditional proofs are called conditional because they rely on additional premise
the conclusion is true under the condition that the auxiliary assumption is true

we indicate with a vertical bar every ~ Given the premises 1.-2. we can prove

line of the proof which is based on (p—qg)!

the auxiliary premise

this is to remind ourselves that we (105) conditional proof:

are working with an additional
special assumption

it is very important to always cancel
that auxiliary premise by the rule of
Conditional Proof before ending the
entire proof (means going back to
original position)

under the assumption that p is true,
the conditional (p — q) holds

(p — q) does not follow directly
from premises 1. and 2.

Statement Logic IV Session 9

1.

2
3
4.
5
6
7

(p—(qVvr)
(=r)
p
(qvr)
(rvaq)
q
(p—q)

Aux

1,3 MP
4 Comm
2,5 DS
3-6 CP
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Nested conditional proofs

a conditional proof can be more complicated with two levels of embedding

two auxiliary premises = two Given the premise 1. we can prove
vertical bars, one inside the other ((g—=s)—=(p—9))!
where the inner bar depends on the

outer bar (106) conditional proof:
we can always use a statement from

a higher level in a lower level 1. (p—=(qnr)

but we may not use a statement 2 (g—5s) Aux

from a lower level in a higher level 3 p Aux

under the assumption that p is true, 4.

the conditional (p — s) holds 5.

under the assumption that (¢ — s) 6 3

is true, the conditional

((g—=s) = (p— s)) holds / =9 SOl
8 ((g—s)—(p—s)) 2-7CP
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Nested conditional proofs

(107) Modus Ponens (112) Conjunction
(p—4q) p Given the premise 1. we can prove
_r q ((g—=s) = (p—9))!
q - (pna)

(108) Modus Tollens (113) Addition
(p—1q) P
(—9) - (pVva)
(=p)

(114) conditional proof:

(p—(qnr))
(g—s) Aux

p Aux

What are the next steps?
(109) Hyp. Syll.

1
2
3
4.
(p—q) .
6 s
7 (p—5s) 3-6 CP
8 ((g—s)—(p—s)) 2-7CP

(@—r)

(p—r)
(110) Dis. Syll.

(pVq)

(—=p)

q

(111)  Simplification
(PN q)
p
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Nested conditional proofs

(107) Modus Ponens (112) Conjunction

(p—4q) p Given the premise 1. we can prove
. q ((g=35)=(p—9)!
q s (png)
(108) Modus Tollens (113) Addition (U1 st prioys
(p—q) p 1. (p—=(qgAr)
(—9) - (pva) 2 (g—s) Aux
(=p) 3 p Aux
(109) Hyp. Syll. What are the next steps? 4 (gAT) 13 MP
(p— 9 o
(g—r) 6 s
(p—r) 7 (p—s) 3-6 CP
(110) Dis. Syll. 8 ((g—=s)=(p—s)) 27CP
(pVq)
(=p)
q
(111)  Simplification
(PN q)
p
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Nested conditional proofs

(107) Modus Ponens (112) Conjunction

(p—4q) p Given the premise 1. we can prove
P q ((g=9s)=(p—9)!
q YN
(108) Modus Tollens (113) Addition (114) conditional proof
(p—q) p 1. (p=(qAr))
% -~ (pV9) 2. (q — S) Aux
(=p) 3. p Aux
(109)  Hyp. Syll. What are the next steps? 4. (q A r) 1,3‘MP
(p—q) 5. q 4 Simpl
(g—=r) 6. s
(p—r) 7. (p—s) 3-6 CP
(110) Dis. Syll. 8 ((g—s)—(p—s)) 2-7CP
(pVq)
(=p)
q
(111)  Simplification
(PN q)
p
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Nested conditional proofs

(107)

(108)

(109)

(110)

(111)

Modus Ponens (112) Conjunction
(p—=q P
Y q
q - (pna)

Modus Tollens (113) Addition
(p—1q) P
(—9) - (pVva)
(=p)

What are the next steps?
Hyp. Syll.

(p—q)

(g—=r)

(p—r)
Dis. Syll.

(pVq)

(=p)

q
Simplification

(PN q)

p

Statement Logic IV Session 9

R

Given the premise 1. we can prove
((g=95) = (p—s)!

(114) conditional proof:

(p—(qAT))
(g—s) Aux
p Aux
(gAr) 1,3 MP
q 4 Simpl
s 2,5 MP
(p—s) 3-6 CP

((g—s)—=(p—s) 2-7CP
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Direct conditional proofs: Exercise

(115)

(116)

(117)

(118)

(119)

Modus Ponens (120) Conjunction
(p—=q P
Y q
q - (pna)

Modus Tollens (121) Addition
(p—1q) P
(q) - (pva)
(=p)

What is the auxiliary

assumption?

Hyp. Syll.
(p—q)
(9—r)
(p—r)

Dis. Syll.
(pVq)
(=p)

q

Simplification
(PN q)
p

Statement Logic IV Session 9

Given the premises 1.-3. we can prove
(s—= (t—=u)!

(122) conditional proof:
1. (pV(t—u)

2 (p—~4q)

3. ((-s) V (~9))

4. Aux

5.

6.

7.

8. (s—(t—u)) 47CP
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Direct conditional proofs: Exercise

(115) Modus Ponens (120) Conjunction
(p—4q) p Given the premises 1.-3. we can prove
. q (s = (t—=u))!
q YN

(116) Modus Tollens (121) Addition
(p—q) p 1L (pV(t—u)
(q) - (pva) (p— q)

(=p)
What is the auxiliary ((=s) v (—q))
(117)  Hyp. Syll. assumption?
s Aux

(p—q) What are the next steps?
(¢ —r)

(p—r)
(118)  Dis. Syll.

(pVq)

(=p)

q

(122) conditional proof:

(t—u)
(s— (t—u)) 47CP
(119)  Simplification

(PN q)
p
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Direct conditional proofs: Exercise

(115) Modus Ponens (120) Conjunction

(p—4q) p Given the premises 1.-3. we can prove
_r q (s = (t = u))!
q YN
(116) Modus Tollens (121) Addition (122} conditional proof:
Epﬁ)q) P 1. (pV(t— u))
-q Vv
= (pVaq) 2 (p—q)
What is th ili 3 —s) V(=
(17) Hyp. Syl at is t e7aux1 iary ((=s) V (—q))
assumption: 4 s Aux
Ep : q)) What are the next steps?
r
% 5 (—q) 34 DS
6
(118)  Dis. Syll.
(pVa) 7 (t — u)
) 8. (s—(t—u)) 47CP
q
(119)  Simplification
(PN q)
p
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Direct conditional proofs: Exercise

(115) Modus Ponens (120) Conjunction

(p—4q) p Given the premises 1.-3. we can prove
_r q (s = (t = u))!
q YN
(116) Modus Tollens (121) Addition (122} conditional proof:
Epﬁ)q) P 1. (pV(t— u))
-q Vv
=p) bV 2 (p—~4q)
(117) Hyp. Syll. What is ?he;zuxiliary 3. ((—s) V(—q))
assumption: 4 s Aux
Ep : q)) What are the next steps? ’
r
% 5. (—q) 3,4 DS
6. - 2,5 MT
(118)  Dis. Syll. p)
(pVaq) 7. (t— u)
) 8. (s—(t—u)) 47CP
q
(119)  Simplification
(PN q)
p
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Direct conditional proofs: Exercise

(115) Modus Ponens (120) Conjunction

(p—4q) p Given the premises 1.-3. we can prove
_r q (s = (t = u))!
q s (png)
(116) Modus Tollens (121) Addition (122} conditional proof:
Epﬁ)q) P 1. (pV(t— u))
-q v
=p) bV 2 (p—~4q)
(117) Hyp. Syll. What is ?he;zuxiliary 3. ((—s) V(—q))
assumption: 4 s Aux
Ep : q)) What are the next steps? ’
r
% 5. (—q) 3,4 DS
6. - 2,5 MT
(118)  Dis. Syll. p)
(pVq) 7. (t—u) 1,6 DS
) 8. (s—(t—u)) 47CP
q
(119)  Simplification
(PN q)
p
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Indirect conditional proofs

the types of proofs we have seen are all direct proofs and direct conditional
proofs
that means the goal of the proof has been to prove g from a premise p, where
we have started with p and ended with g
indirect proofs aim at contradictions
this form of argumentation uses the logic of reductio ad absurdum, which we
have seen earlier
we still start with premise p, but we introduce the negation of the conclusion,
i.e. (—q) as an auxiliary premise
then we try to derive a contradiction
if we derive a contradiction, then we have indirectly shown that ¢ does follow
from p by showing that (—q) is not compatible with p
if we don’t derive a contradiction, then we have indirectly shown that the proof is
not valid after all and that g does not follow from p
an indirect proof is a type of conditional proof since it uses an auxiliary premise
unlike in the conditional proofs seen earlier, the auxiliary premise here is not a
part of the conclusion: rather, it is the negation of the conclusion
also: the conclusion itself doesn’t need to be in a conditional form, it could even
be an atomic statement
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Indirect conditional proofs

(123) Modus Ponens (128) Conjunction
(p—1q) p
PP q
q - (pAa)
(124) Modus Tollens (129) Addition
(p—1q) P
(—9) - (pVva)
(=p)
(125) Hyp. Syll.
(p—1q)
_ (g=rn)
(p—r)
(126) Dis. Syll.
(pVa)
)
q

What is the auxiliary
assumption?

(127)  Simplification
(PN q)
p

Statement Logic IV Session 9

Given the premises 1.-3. we can
prove p !

(130) indirect proof:

1. (pVa)

2. (g—=r)

3. (-r)

4 Aux
5.

6

7

8. p 4-7 1P
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Indirect conditional proofs

(123) Modus Ponens (128) Conjunction

(p—4q P
Y 9
q YN
(124) Modus Tollens (129) Addition
(P—q P
(—9) -~ (pV9)
(=p)

What is the auxiliary
(125)  Hyp. Syll. assumption?

(p—q) What are the next steps?
(¢ —r)

(p—=r)
(126) Dis. Syll.
(pVq)
(=p)
q
(127)  Simplification
(PN q)
p

Statement Logic IV Session 9

Given the premises 1.-3. we can

prove p !

(130) indirect proof:
1.

2
3
4
5
6
7
8

(pVa)

(g—r)

(=r)
(—=p)

Aux

4-7 1P

January 9"’, 2025

24/26



Indirect conditional proofs

(123) Modus Ponens (128) Conjunction

(p—4q P
Y 9
q YN
(124) Modus Tollens (129) Addition
(P—q P
(—9) -~ (pV9)
(=p)

What is the auxiliary
(125)  Hyp. Syll. assumption?

(p—q) What are the next steps?
(¢ —r)

(p—=r)
(126) Dis. Syll.
(pVq)
(=p)
q
(127)  Simplification
(PN q)
p

Statement Logic IV Session 9

Given the premises 1.-3. we can

prove p !

(130) indirect proof:
1.

2
3
4
5
6
7
8

(pVa)

(g—r)

(=r)
(—=p)
q

Aux
1,4 DS

4-7 1P
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Indirect conditional proofs

(123) Modus Ponens (128) Conjunction

(p—4q P
Y 9
q YN
(124) Modus Tollens (129) Addition
(P—q P
(—9) -~ (pV9)
(=p)

What is the auxiliary
(125)  Hyp. Syll. assumption?

(p—q) What are the next steps?
(¢ —r)

(p—=r)
(126) Dis. Syll.
(pVq)
(=p)
q
(127)  Simplification
(PN q)
p

Statement Logic IV Session 9

Given the premises 1.-3. we can

prove p !

(130) indirect proof:
1.

2
3
4
5
6
7
8

(pVa)

(g—r)

(=r)
(—=p)
q

r

1,4 DS
2,5 MP

4-7 1P
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Indirect conditional proofs

(123) Modus Ponens
(p—=q
Y

q

Modus Tollens
(p—1q)
(q)
(=p)

(124)

(125) Hyp. Syll.
(p—q)
(g—=r)

(p—r)
Dis. Syll.

(pVq)

(-p)

q

(126)

(127)  Simplification
(PN q)

p

Statement Logic IV

(128) Conjunction
p
q

(pAq)

Addition
I
(pva

(129)

What is the auxiliary
assumption?
What are the next steps?

Session 9

Given the premises 1.-3. we can

prove p !

(130) indirect proof:
1. (pVa)

2. (g—=r)

3. (-r)

4| (-p)

5 q

6 r

7 (rA(=r))

8 p

January 9"’, 2025

Aux

1,4 DS
2,5 MP
3,6 Conj
4-7 IP
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Indirect conditional proofs: Exercise

(131) Modus Ponens

(p—4q
p
q

(132) Modus Tollens
(p—1q)
(—9)
(=p)

(133) Hyp. Syll.
(p—1q)
(g—=r)
(p—=r)

(134) Dis. Syll.
(pVq)
(=p)
q

(135) Simplification
(PN q)
p

Statement Logic IV

(136) Conjunction

p prove m!
-9
(pAgq) (138) indirect proof:
(137) Addition il
P, 2. (n—p)
PV
3. (o= (=p)
What is the auxiliary 4
assumption?
What are the next steps? 5.
6
7
8
9
10.
11. m

Session 9

Given the premises 1.-3. we can

(=m) — (nA o)

Aux

4-10 IP
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Indirect conditional proofs

(139) Modus Ponens (144) Conjunction
(p—=q p
P q

q YN

(140) Modus Tollens (145) Addition
(p—1q) P

(—9) o (pva)

(=p)
(141)  Hyp. Syll.
(p—4q
(@—r)
(p—r)
(142) Dis. Syll.
(pVq)
(—=p)
q

What is the auxiliary
assumption?

(143) Simplification
(PN q)
p

Statement Logic IV

Session 9

Given the premises 1.-3. we can
prove m!

(146) indirect proof:
1. (=m) = (nA o)

2. (n—p)

3. (o= (-p))

4 Aux
5.

6

7

8

9

10.

11. m 4-10 IP
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Indirect conditional proofs

(139)

(140)

(147)

(142)

(143)

Modus Ponens (144) Conjunction Given the premises 1.-3. we can
(p—4q p prove m!
S 9
q - (pAg) (146) indirect proof:
Modus Tollens (145) Addition 1. (-m) = (nAo)
(p—a) p
N 2 n—
(q) - (pVa) ( P)
(=p) 3. (o= (=p)
What is the auxiliary
Hyp. Syll. assumption? 4 (=m) Aux
(p—q) What are the next steps? 5.
(9—r)
(p—r) 6
Dis. Syll. 7
(pVa) 8
(=p) 9
q
Simplification 10.
(PN q) 1. m 4-10 IP
p
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Indirect conditional proofs

(139)

(140)

(147)

(142)

(143)

Modus Ponens (144) Conjunction Given the premises 1.-3. we can
(p—4q) p prove m!
S 9
q - (pAg) (146) indirect proof:
Modus Tollens (145) Addition 1. (-m) = (nAo)
(p—q) P
N 2 n—
(q) - (pVa) ( P)
») 3 (0 (+p))
What is the auxiliary
Hyp. Syll. assumption? 4 (=m) Aux
(P9 \What are the next steps? 5. (nA o) 1,4 MP
(9—r)
(p—r) 6
Dis. Syll. 7
(pVq) 8
(=p)
q 9
Simplification 10.
(PN q) 1. m 4-10 IP
p
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Indirect conditional proofs

(139)

(140)

(147)

(142)

(143)

Modus Ponens (144) Conjunction Given the premises 1.-3. we can
(p—4q p prove m!
S 9
q - (pAg) (146) indirect proof:
Modus Tollens (145) Addition 1. (-m) = (nAo)
(p—a) p
N 2 n—
(q) - (pVa) ( P)
(=p) 3. (o= (=p)
What is the auxiliary
Hyp. Syll. assumption? 4 (=m) Aux
(P9 \What are the next steps? 5. (nA o) 1,4 MP
(g—r) .
(p—=r) 6 n 5 Simpl
Dis. Syll. 7
(pVa) 8
(=p)
q 9
Simplification 10.
(PN q) 1. m 4-10 IP
p
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Indirect conditional proofs

(139)

(140)

(147)

(142)

(143)

Modus Ponens (144) Conjunction

(p—4q p prove m!

N q
q YN

Modus Tollens (145) Addition
(p—a) p
(=9) s (pVa)
(=p)

What is the auxiliary

assumption?

(p—q) What are the next steps?
(¢ —r)

(p—r)
Dis. Syll.

(pVq)

(=p)

q

Hyp. Syll.

Simplification
(PN q)
p

Statement Logic IV Session 9

1.

2
3
4
5.
6
7
8
9

10.
11.

(146) indirect proof:

Given the premises 1.-3. we can

(=m) — (nA o)

(n—p)

(0= (=p))

m

(=m)
(nA o)

()

Aux

1,4 MP
5 Simpl
5 Simpl

4-10 IP
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Indirect conditional proofs

(139) Modus Ponens (144) Conjunction

(p—4q P
P 9
q YN
(140) Modus Tollens (145) Addition
(P—q P
(—9) -~ (pV9)
(=p)

What is the auxiliary
assumption?

(141)  Hyp. Syll.

(p—q) What are the next steps?

(g—=r)
(p—=r)
(142) Dis. Syll.
(pVq)
(=p)
q
(143) Simplification
(PN q)
p

Statement Logic IV

Given the premises 1.-3. we can

prove m!

(146) indirect proof:
(=m) — (nA o)
(n—p)

1.

2
3
4
5.
6
7
8
9

10.
11.

Session 9

(0= (=p))

m

(=m)
(nA o)

()

p

Aux

1,4 MP
5 Simpl
5 Simpl
2,6 MP

4-10 IP
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Indirect conditional proofs

(139)

(140)

(147)

(142)

(143)

Modus Ponens (144) Conjunction

(p—4q p prove m!
S 9
q s (png)
Modus Tollens (145) Addition 1.
(p—q) p 2
(—9) s PV
(=p) 3.
What is the auxiliary 4
Hyp. Syll. assumption? ’
(p—q) What are the next steps? 5.
(9—r)
(p—r) 6.
Dis. Syll. 7.
(pVa) 8.
(=p)
q 9.
Simplification 10.
(PN q) 11.
p
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(146) indirect proof:

Given the premises 1.-3. we can

(=m) — (nA o)

(n—p)
(0= (=p))
(—=m)
(nA o)

()

p
(=p)

Aux

1,4 MP
5 Simpl
5 Simpl
2,6 MP
3,7 MP

4-10 IP
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Indirect conditional proofs

(139)

(140)

(147)

(142)

(143)

Modus Ponens (144) Conjunction Given the premises 1.-3. we can
(p—4q p prove m!
S 9
q - (pAg) (146) indirect proof:
Modus Tollens (145) Addition 1. (-m) = (nAo)
(p—a) p
2 n—
(q) - (pVa) ( P)
(=p) 3. (o= (=p)
What is the auxiliary
Hyp. Syll. assumption? 4 (=m) Aux
(P9 \What are the next steps? 5. (nA o) 1,4 MP
(g—r) .
(p—=r) 6. n 5 Simpl
Dis. Syll. 7. 0 5 Simpl
(pVq) 8. p 2,6 MP
% 9. (=p) 3,7 MP
Simplification 10. (A (=p) ) (€]
(PN q) 1. m 4-10 IP
p
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